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ABSTRACT 

 
       Under 1g and  μg situations, between an upper free/adiabatic and a lower 

rigid/isothermal boundary, a horizontal layer of Boussinesquian fluid with internal 

angular momentum is considered to study the role of internal heat source on the onset 

of natural convection driven by suction-injection combination . The inhibition of 

convection is caused by a stationary and uniform internal heat source. The Rayleigh–

Ritz technique is used to analyze the influence of various parameters by obtaining the 

eigen values. Treating Marangoni number as the critical parameter it is shown that 

stabilization of the system, in case of any particular infinitesimal disturbance, is 

possible with internal heat source. 
 

Keywords: Rayleigh- Bénard –Marangoni convection, internal heat source, suction–

injection–combination (SIC), fluids with internal angular momentum, Rayleigh-Ritz 

technique. 

 
1.  INTRODUCTION  

 

In recent years, many investigators carrying out their research in the problems related 

to engineering and geophysics and energy storage applications, in which controlling of 

convective instability has a key role. In these, more investigations are carried out in studying 

thermal convection in a horizontal fluid layer by considering different temperatures at the 

boundaries but at constant rate. By maintaining a non-uniform temperature gradient across the 

http://www.compmath-journal.org/
mailto:yekasi.vasudha@christuniversity.in
mailto:pranesh.s@christuniversity.in


 Vasudha Yekasi, et al., Comp. & Math. Sci. Vol.9 (6), 526-537 (2018)  

527 

fluid layer, we can control this convective instability. 

The classical Rayleigh-Bénard problem is modified by considering vertical through-

flow by suction of the fluid at one boundary and injecting at the other boundary, where the 

boundaries are permeable. Many authors Pranesh12,13, Siddheshwar20 studied about this 

suction-injection-combination. 

In space exploration, controlling convection in a problem involving both buoyancy 

effect and surface tension effect, Rayleigh-Bénard-Marangoni (RBM) convection, is more 

important one. We come across this type of convection in materials processing in the 

laboratory and in manufacturing materials with unique properties, it helps us to understand the 

physical processes involved in the manufacture. Several investigations have been carried out, 

in clean fluids (i.e. fluids with no suspended particles) and unclean fluids (fluids with 

suspended particles), to evolve a suitable mechanism for the simulation of µg environment in 

the laboratory by suppressing the appearance of unwanted Rayleigh-Bénard instabilities. 

Lebon and Cloot11, Nield7, Rudraiah18,19 and Pranesh and Siddheshwar21,22,23,24 have studied 

the onset of convection driven by both surface tension variation and buoyancy. 

Fluids with internal angular momentum are modelled by using theory of micropolar 

fluid due to Eringen3,4,5. This theory allows the presence of particles in the fluid by additionally 

accounting for particle motion. In these fluids we have to consider the conservation of angular 

momentum in addition to the conservation of linear momentum. Fluids with internal angular 

momentum are very useful in explaining the flow of colloidal suspensions, liquid crystal, 

fluids with additives and animal bloods. The theory of fluids with internal angular momentum 

considers the microscopic effects arising from their local structure and micro rotation of the 

fluids elements. Extensive reviews on this theory and its application can be found in recent 

books of Eringen5 and Lukasziewicz8. Thermal effects in fluids with internal angular 

momentum flow problems have been extensively investigated due to many applications in 

engineering problems. Many authors6,9,21,22,23,24 investigated Rayleigh- Bénard - Marangoni 

convection in fluids with internal angular momentum3,4,5.  

Theoretically, Roberts17 and Sparrow25 studied non-linear temperature distribution in 

a horizontal fluid layer arising due to internal heat source. For Bénard-Marangoni convection, 

Char and Chiang2 addressed quadratic basic state temperature gradient effect by considering 

uniform internal heat generation. To analyse the effect of internal heat source, a combination 

of analytical and numerical techniques was used by Wilson26 on the onset of Marangoni 

convection. Many authors10,14,15,16 studied about internal heat source in fluids with internal 

angular momentum. 

In this paper, we study the effect of suction-injection-combination with internal heat 

source in the fluids with internal angular momentum under 1g and µg in view of 

mathematically challenging nature of this problem and also due to the numerous applications. 
 

2. MATHEMATICAL FORMULATION 
 

An infinite horizontal layer of a Boussinesquian fluid with internal angular momentum 

layer of depth 𝑑 is considered with the presence of internal heat source. Cartesian coordinate 
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system (𝑥, 𝑦, 𝑧) is considered with origin in the lower boundary and 𝑧-axis pointing vertically 

upwards.  Let ∆T be the temperature difference between the upper and lower boundaries (see 

Figure 1). SIC, a constant flow in the vertical direction, is maintained at the boundaries. 

 
Figure 1. Physical representation of the Flow Configuration 

 

The governing equations for the Rayleigh-Bénard situation in a Boussinesquain fluid 

with internal angular momentum are: 

 

Continuity Equation: 

∇. �⃗� = 0  ,                 (1) 

 

Conservation of Linear Momentum: 

𝜌0 [
𝜕�⃗⃗�

𝜕𝑡
+ (�⃗�. ∇)�⃗�] = −∇𝑝 + 𝜌�⃗��̂� + (2𝜁 + 𝜂)∇2�⃗� + 𝜁(∇ × �⃗⃗⃗�) ,    (2) 

 

Conservation of Angular Momentum: 

𝜌0𝐼 [
𝜕�⃗⃗⃗⃗�

𝜕𝑡
+ (�⃗�. ∇)�⃗⃗⃗�] = (𝜆′ + 𝜂′)∇(∇. �⃗⃗⃗�) + 𝜂′∇2�⃗⃗⃗� + 𝜁(∇ × �⃗� − 2�⃗⃗⃗�),    (3) 

Conservation of Energy: 
𝜕𝑇

𝜕𝑡
+ (�⃗�. ∇)𝑇 =

𝛽

𝜌0𝐶𝜐
(∇ × �⃗⃗⃗�). ∇𝑇 + 𝜒∇2𝑇 + 𝑄(𝑇 − 𝑇0)  ,     (4) 

 

Equation of State: 

𝜌 = 𝜌0[1 − 𝛼(𝑇 − 𝑇0)] ,           (5) 

where,  �⃗�  is the velocity, 𝜌0 is density of the fluid at temperature T = 𝑇0, p is the pressure, 𝜌 

is the density, �⃗�  is acceleration due to gravity, ζ is coupling viscosity coefficient or vortex 

viscosity,  �⃗⃗⃗�  is the angular velocity, I is moment of inertia, λ'  and  η' are bulk and shear spin 

viscosity coefficients, T is the temperature, χ is the thermal conductivity, β is micropolar heat 

conduction coefficient, α is coefficient of  thermal expansion, η is the shear spin-viscosity 

coefficient, 𝐶𝜐is the specific heat, Q is the internal heat source and t is time. 
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3. BASIC STATE 

 

The basic state of the fluid is assumed to be at rest which is given by: 

�⃗� =  𝓌0�̂�, �⃗⃗⃗� = 𝜔𝑏⃗⃗⃗⃗⃗⃗ (0,0,0), 𝑝 = 𝑝𝑏(𝑧), 𝜌 = 𝜌𝑏(𝑧), 𝑇 = 𝑇𝑏(𝑧) .     (6) 

Substituting equation (6) into equations (1) – (5), we get the following basic state equations, 
𝑑𝑝𝑏

𝑑𝑧
= −𝜌𝑏𝑔,          (7) 

𝓌0
𝑑𝑇𝑏

𝑑𝑧
= 𝜒

𝑑2𝑇𝑏

𝑑𝑧2 + 𝑄(𝑇𝑏 − 𝑇0) ,        (8) 

𝜌𝑏 = 𝜌0[1 − 𝛼(𝑇𝑏 − 𝑇0)] .                                     (9) 

where, b refers the basic state, 𝓌0 is the strength of the imposed constant suction (or injection) 

and 𝑘 ̂is the unit vector in the z-direction. 

Solving equation (8) for 𝑇𝑏 subject to the following boundary conditions; 

𝑇𝑏 = 𝑇0 + ∆𝑇 at z = 0 and 𝑇𝑏 = 𝑇0 at z = d, 

we get     𝑇𝑏(𝑧) =
∆𝑇

𝑒𝑚1𝑑−𝑒𝑚2𝑑
[𝑒𝑚1𝑑𝑒𝑚2𝑧 − 𝑒𝑚2𝑑𝑒𝑚1𝑧] + 𝑇0                (10) 

where  𝑚1 =
1

2
[

𝓌0

𝜒
+ √

𝓌0
2

𝜒2 − 4 ∗
𝑄

𝜒
] ,   𝑚2 =

1

2
[

𝓌0

𝜒
− √

𝓌0
2

𝜒2 − 4 ∗
𝑄

𝜒
]              (11) 

 

4. LINEAR STABILITY ANALYSIS 

 

The finite amplitude perturbations on the basic state are superposed in the following 

form: 

�⃗� =  𝓌0�̂� + 𝑞′⃗⃗⃗⃗ ,  �⃗⃗⃗� = 𝜔𝑏⃗⃗⃗⃗⃗⃗ + 𝜔′⃗⃗ ⃗⃗⃗, 𝑝 = 𝑝𝑏 + 𝑝′, 𝑇 = 𝑇𝑏 + 𝑇′, 𝜌 = 𝜌𝑏 + 𝜌′,                (12) 

where, the prime indicates that the quantities are infinitesimal perturbations. 

Substituting equation (12) into the equations (1) - (5) and then using the basic state solutions, 

we get linearized equations governing the infinitesimal perturbations in the form: 

∇. 𝑞′⃗⃗⃗ ⃗ = 0 ,                                      (13) 

𝜌0 𝓌0
𝜕𝑞′⃗⃗ ⃗⃗

𝜕𝑧
= −∇𝑝′ − 𝜌′𝑔�̂� + (2𝜁 + 𝜂)∇2𝑞′̅ + 𝜁(∇ × 𝜔′⃗⃗ ⃗⃗⃗) ,                        (14) 

𝜌0 𝓌0𝐼
𝜕𝜔′⃗⃗⃗⃗⃗⃗

𝜕𝑧
= (𝜆′ + 𝜂′)∇(∇. 𝜔′⃗⃗ ⃗⃗⃗) + 𝜂′∇2𝜔′⃗⃗ ⃗⃗⃗ + 𝜁(∇ × 𝑞′⃗⃗⃗⃗ − 2𝜔′⃗⃗ ⃗⃗⃗) ,                       (15) 

 𝓌0
𝜕𝑇′

𝜕𝑧
=

𝜕𝑇𝑏

𝜕𝑧
[

𝛽

𝜌0𝐶𝜗
∇ × 𝜔′̅̅ ̅ − 𝑊′] + 𝜒∇2𝑇′ + 𝑄𝑇′ ,                            (16) 

𝜌′ = −𝛼𝜌0𝑇′.                                                         (17) 

Operating curl twice on equation (14) to eliminate 𝑝′, use equation (17) to eliminate 𝜌′in 

equation (14), and operating curl once on equation (15) and then render the resulting equations 

and equation (16) dimensionless using the following transformations 
 

(𝑥∗, 𝑦∗, 𝑧∗) = (
𝑥

𝑑
,

𝑦

𝑑
,

𝑧

𝑑
)  , 𝑞∗⃗⃗⃗⃗⃗ =

𝑞′⃗⃗⃗⃗⃗

𝜒

𝑑

  , 𝑇∗ =
𝑇′

∆𝑇
 ,   𝑡∗ =

𝑡

𝑑2/𝜒
  ,  𝛺∗ =

𝛻×𝜔∗⃗⃗ ⃗⃗ ⃗⃗

𝜒/𝑑3   ,  𝜔∗⃗⃗⃗⃗⃗⃗ =
𝜔′⃗⃗⃗⃗⃗⃗

𝜒/𝑑2,       (18) 

we obtain the non-dimensional governing equations in the form (on dropping the asterisks for 

simplicity) 
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𝑃𝑒

𝑃𝑟

𝜕

𝜕𝑧
(𝛻2𝑊) = 𝑅 𝛻1

2𝑇 + (1 + 𝑁1)𝛻4𝑊 + 𝑁1𝛻2𝛺 ,                             (19) 

𝑁2
𝑃𝑒

𝑃𝑟

𝜕𝛺

𝜕𝑧
= 𝑁3∇2𝛺 − 𝑁1∇2𝑊 − 2𝑁1𝛺 ,                          (20) 

𝑃𝑒
𝜕𝑇

𝜕𝑧
=

𝜕𝑇0

𝜕𝑧
[𝑊 − 𝑁5𝛺] + ∇2𝑇 + 𝑅𝑖 𝑇 ,                          (21) 

The dimensionless groups are 

 𝑃𝑒 =
𝓌0𝑑

𝜒
 ,  (Peclet Number) 

 𝑃𝑟 =
𝜁+𝜂

𝜒𝜌0
 ,  (Prandtl Number) 

 𝑅 =
𝜌0𝛼𝑔0∆𝑇𝑑3

𝜒(𝜁+𝜂)
  ,  (Rayleigh Number) 

 𝑁1 =
𝜁

𝜁+𝜂
  ,   (Coupling Parameter) 

 𝑁2 =
𝐼

𝑑2  ,   (Inertia Parameter) 

 𝑁3 =
𝜆′+𝜂′

(𝜁+𝜂)𝑑2  ,   (Couple Stress Parameter) 

 𝑁5 =
𝛽

𝜌0𝐶𝜗𝑑2 ,   (Micropolar Heat Conduction Parameter) 

 𝑅𝑖 =
𝑄𝑑2

𝜒
  .   (Internal Rayleigh Number) 

In equation (21), 
𝜕𝑇0

𝜕𝑧
 is the non-dimensional form of  

𝜕𝑇𝑏

𝜕𝑧
, where 

𝜕𝑇0

𝜕𝑧
=

1

𝑒𝑤1−𝑒𝑤2
[𝑤2𝑒𝑤1𝑒𝑤2𝑧 − 𝑤1𝑒𝑤2𝑒𝑤1𝑧],                         (22) 

where 𝑤1 =
𝑃𝑒+√𝑃𝑒2−4𝑅𝑖

2
  ,     𝑤2 =

𝑃𝑒−√𝑃𝑒2−4𝑅𝑖

2
                (23) 

The infinitesimal perturbation W, Ω and T are assumed to be periodic waves (see 

Chandrasekhar [1]) and hence these permit a normal mode solution in the form 

[
𝑊
𝛺
𝑇

] = [

𝑊(𝑧)
𝛺(𝑧)
𝑇(𝑧)

] 𝑒𝑖(𝑙𝑥+𝑚𝑦) ,                   (24) 

where, l and m are horizontal components of the wave number �⃗�. 

Simplifying equations (19) – (21) after substituting equation (24) , we get 
 

[
𝑃𝑒

𝑃𝑟
 𝐷 − (1 + 𝑁1)(𝐷2 − 𝑎2)] (𝐷2 − 𝑎2)𝑊 = −𝑅𝑎2𝑇 + 𝑁1(𝐷2 − 𝑎2)𝐺 ,               (25) 

[𝑁2
𝑃𝑒

𝑃𝑟
𝐷 − 𝑁1(𝐷2 − 𝑎2) + 2𝑁1] 𝐺 = −𝑁1(𝐷2 − 𝑎2)𝑊 ,                         (26) 

[𝑃𝑒 𝐷 − (𝐷2 − 𝑎2) − 𝑅𝑖]𝑇 = 𝑓(𝑧)(𝑁5𝐺 − 𝑊) ,                (27) 

where   𝑓(𝑧) =  
𝜕𝑇0

𝜕𝑧
 . 

Boundaries are assumed to be rigid/ conducting/ isothermal surface at lower boundary and 

above by a free/ insulating/ adiabatic surface. Furthermore, the spin is assumed to vanish at 

the boundaries. Hence, equations (25) – (27) are solved subject to the following boundary 

combinations: 
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𝑊 = 𝐷𝑊 = 𝑇 = 𝐺 = 0 𝑎𝑡 𝑧 = 0 

𝑊 = 𝐷2𝑊 + 𝑎2𝑀𝑇 = 𝐷𝑇 = 𝐺 = 0 𝑎𝑡 𝑧 = 1                  (28) 

where 𝑀 =
𝜎𝑇∆𝑇𝑑

𝜇𝜒
  is the Marangoni number. 

Now, we will multiply equations (25), (26) and (27) by W, G and T respectively. Integrate the 

resultant equations by parts with respect to z from 0 to 1. Take W =AW1, G = BG1, T = CT1 

in which A, B and C are constants and W1, G1 and T1 are trial functions. Now by using the 

single-term Rayleigh-Ritz technique, the critical eigen value is given by 

𝑀 =
𝑅𝑎2<𝑊1𝑇1>𝑌4−𝑌1𝑌2𝑌3−𝑌5

𝑎2𝑇1(1)𝐷𝑊1(1)𝑌4
                              (29) 

where  

𝑌1 =
𝑃𝑒

𝑃𝑟
 < 𝑊1𝐷(𝐷2 − 𝑎2)𝑊1 > −(1 + 𝑁1)[< (𝐷2𝑊1)2 > −2𝑎2 < 𝑊1𝐷2𝑊1 >  +𝑎4 < 𝑊1

2 >], 

𝑌2 = 𝑁2
𝑃𝑒

𝑃𝑟
< 𝐺1𝐷𝐺1 > −𝑁3 < 𝐺1(𝐷2 − 𝑎2)𝐺1 > +2𝑁1 < 𝐺1

2 > , 

𝑌3 = 𝑃𝑒 < 𝑇1𝐷𝑇1 > −< 𝑇1(𝐷2 − 𝑎2)𝑇1 > −𝑅𝑖 < 𝑇1
2 > , 

𝑌4 = 𝑌2 < 𝑓(𝑧)𝑇1𝑊1 > +𝑁1𝑁5 < 𝑓(𝑧)𝑇1𝐺1 >< 𝐺1(𝐷2 − 𝑎2)𝑊1 > , 

𝑌5 = 𝑁1
2 < 𝑊1(𝐷2 − 𝑎2)𝐺1 >< 𝐺1(𝐷2 − 𝑎2)𝑊1 > 𝑌3 . 

In the equation (29), < −> denotes integration with respect to z between z = 0 and z = 1. 

𝑀(𝑊1, 𝐺1, 𝑇1)  in equation (29) is a functional and Euler- Lagrange equations for the 

extremization of M in equations (25)- (27). From the equation (29), we can distinguish three 

contributions from SIC. One is Pe/Pr which is arising from the vertical transport of momentum, 

second one is Pe arising from the vertical transport of perturbation temperature and the last 

one is f(z) arising from the curvature of the basic temperature distribution. There is an 

interaction between these three contributions since M depends on Pe. But these contributions 

are isolated for Pe=0. 

The trial functions satisfying (28), except𝐷2𝑊 + 𝑎2𝑀𝑇 = 0, at z= 1, are 

𝑊1 = 𝑧2(1 − 𝑧2), 

𝐺1 = 𝑧(2 − 𝑧) ,                       (30) 

𝑇1 = 𝑧(1 − 𝑧). 

The residual from𝐷2𝑊 + 𝑎2𝑀𝑇 = 0, at z= 1 is included in the residual from the differential 

equations. Simplifying the equation (29) after substituting the equations (30) and performing 

the integration, at the minimum𝑎𝑐
2, we attain critical Marangoni number Mc. 

 

5. RESULTS AND DISCUSSIONS 
 

The criterion for the onset of 1g and µg convection in fluids with internal angular 

momentum in the presence of suction-injection combination and internal heat source is 

investigated theoretically. The sensitiveness of critical Marangoni number, Mc to the changes 

in the micropolar fluids parameters N1, N2, N3, N5, Ri and Pr are also studied.   

Figure 2 is the plot of 𝑀𝑐 versus Pe for various values of internal Rayleigh number Ri. 

We found that the critical Marangoni number 𝑀𝑐  decreases as the value of internal Rayleigh 

number Ri increases i.e. the onset of convection is advanced by the increase in the heat supply 

due to increase in Ri . Thus, the system is destabilized with increase in Ri, which has a 
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significant impact on the thermal and surface tensile modes. Pro-gravity suction-injection-

combination i.e.(Pe < 0), makes the system stable with the increase in 𝑀𝑐 by the increase in 

Pe . In the case of anti-gravity suction-injection-combination i.e.(Pe > 0), with the increase in 

Pe upto a certain critical value of Pe, namely Pec ,𝑀𝑐 decreases initially (for small values of 

Pe) and further beyond Pec, Mc increases. Thus, due to distortion of the basic temperature 

profile caused by SIC, the system IS destabilized. We get a case of convection dominated by 

buoyancy force, when 𝑀𝑐 becomes smaller and smaller because of large value of R .  

Figure 3 is the plot of 𝑀𝑐 versus Pe for various values of Coupling Parameter 𝑁1 and 

the Rayleigh number R. Clearly Mc increases with N1. The onset of convection is delayed with 

the increase in N1 which isdue to increase in N1  increases R. These elements to consume the 

greater part of the energy of the system in developing the gyrational velocities of the fluid with 

the increase in the concentration of suspended particles. Therefore, the increase in N1 is to 

stabilize the system.  

Figure 4 is the plot of 𝑀𝑐versus Pe for various values of inertia parameter 𝑁2 and R. 

We find that as 𝑁2 increases 𝑀𝑐  decreases, because of increase in inertia of the fluid due to the 

suspended particles and thereby destabilizing the system.  

Figure 5 is the plot of 𝑀𝑐 versus Pe for various values of couple stress parameter 𝑁3 

and R. Clearly 𝑀𝑐 decreases with the increase in 𝑁3 which decreases the couple stress of the 

fluid and causes an increase in microrotation. This makes the system more unstable. 

Figure 6 is the plot of 𝑀𝑐 versus Pe for various values of micropolar heat conduction 

parameter 𝑁5 and R. When 𝑁5 increases, the heat transfer from bottom to top reduces due to 

increase in the heat induced into the fluid due to these microelements. The decrease in heat 

transfer is responsible for delaying the onset of instability which makes the system stabilize. 

Figure 7 is the plot of 𝑀𝑐 versus Pe for various values of Prandtl number Pr and R. 

We observe that in the case of anti-gravity SIC, the increase in Pr decreases the 𝑀𝑐 and destabilize 

the system. But and in the case of pro-gravity SIC, increase in Pr stabilizes the system.  
 

 
Figure 2. Plot of 𝑴𝒄 versus Pe for different Values of internal Rayleigh number Ri for lower rigid-isothermal 

and upper free-adiabatic boundary 
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Figure 3. Plot of 𝑴𝒄 versus Pe for different Values of Coupling Parameter 𝑵𝟏 and internal Rayleigh number 

Ri for lower rigid-isothermal and upper free-adiabatic boundary. 

 

 

 
 

Figure 4. Plot of 𝑴𝒄 versus Pe for different Values of Inertia Parameter 𝑵𝟐  and internal Rayleigh number 

Ri for lower rigid-isothermal and upper free-adiabatic boundary. 
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Figure 5. Plot of 𝑴𝒄 versus Pe for different Values of Couple Stress Parameter 𝑵𝟑 and internal Rayleigh 

number Ri for lower rigid-isothermal and upper free-adiabatic boundary. 

 

 

 

 
 

Figure 6. Plot of 𝑴𝒄 versus Pe for different Values of micropolar heat conduction parameter 𝑵𝟓 and internal 

Rayleigh number Ri for lower rigid-isothermal and upper free-adiabatic boundary. 
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Figure 7. : Plot of 𝑴𝒄 versus Pe for different Values of Prandtl number Pr and internal Rayleigh number Ri 

for lower rigid-isothermal and upper free-adiabatic boundary. 

 

6. CONCLUSION 
 

In this paper, we used the linear stability analysis to investigate the effect of suction-

injection combination of 1g and µg convection in fluids with internal angular momentum and 

internal heat source. The following are the conclusions drawn from the study 

(I) Increase in 𝑁1 and 𝑁5, increases 𝑀𝑐 . 
(II) Increase in 𝑁2 and 𝑁3, decreases 𝑀𝑐 . 
(III) Ri destabilizes the system. 

(IV) Pr plays a key role in deciding the stability of the system. 

(V) 𝑀𝑐 becomes zero for large values of R. 

(VI) Rayleigh-Bénard-Marangoni convection or pure Marangoni convection may be delayed 

in fluids with internal angular momentum compared to Newtonian fluids. 
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