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ABSTRACT 

 
Many algorithms on floating point arithmetic for the dynamic 

range of representations and require millions of calculations per 

second. Such computationally intensive algorithms are candidates 

for acceleration using Custom Computing Machines (CCMs) 

being tailored for the application. Unfortunately, floating point 

operators require excessive area or time for conventional 

implementations. Instead, custom formats, derived for individual 

applications, are feasible on CCMs, and can be implemented on a 

fraction of a single FPGA with the help of VHDL language.  

 

Keywords: Floating Point, Format of Addition, Subtraction, 

Multiplication & Division Algorithm. 
 

 

1.  INTRODUCTION  
 
Until recently, any meaningful 

floating point arithmetic has been virtually 
impossible to implement on FPGA based 
systems due to the limited density and speed 
of older FPGAs. With the introduction of 
high level languages such as VHDL, rapid 
prototyping of floating point units has 

become possible. An advantage of using a 
CCM for floating point implementation is 
the ability to customize the format and 
algorithm data flow to suit the application’s 
needs. This paper examines the implement-
tations of various arithmetic operators using 
two floating point formats similar to the 
IEEE 754 standard. Eighteen and sixteen bit 
floating point adders/subtracters, multipliers, 
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and dividers have been synthesized for 
Xilinx FPGAs.  

 
2.   FLOATING POINT FORMAT  
      REPRESENTATION 
 

The format which was used is 
similar to the IEEE 754 standard used to 
store floating point numbers. For comparison 
purposes, single precision floating point uses 
the 32 bit IEEE 754 format shown in   
Figure 1. 
 

 
 

Figure 1: 32 Bit Floating Point Format. 
 
The floating point value (v) is computed by:  
 

v = -1s 2(e - 127) (1.f) 
 

In Figure 1, the sign field, s, is bit 31 and is 
used to specify the sign of the number. Bits 
30 down to 23 are the exponent field. This 8 
bit quantity is a signed number represented 
by using a bias of 127. Bits 22 down to 0 are 
used to store the binary representation of the 
floating point number. The leading one in 
the mantissa, 1.f, does not appear in the 
representation; therefore the leading one is 
implicit. For example, -3.625 (dec) or -
11.101 (binary) is stored in the following 
way: 
 

v = -11 2(128-127)1.1101 
 

Where: s = 1, e = 128 (dec) 80 (hex), and f = 
680000 (hex). 
 
Therefore -3.625 are stored as: C0680000 
(hex). 

The 18-bit floating point format was 
developed, in the same manner, for the 2-D 
FFT application. The format was chosen to 
accommodate two specific requirements: (1) 
the dynamic range of the format needed to 
be quite large in order to represent very large 
and small, positive and negative real 
numbers accurately, and (2) the data path 
width into one of the Xilinx processors of 
two operands were needed to be input on 
every clock cycle. Based on these 
requirements the format in Figure 2 was 
used. 
 

 
 

Figure 2: 18 Bit Floating Point Format. 
 
The 18 bit floating point value (v) is 
computed by: 
 

v = -1s 2(e - 63) (1.f) 
 
The range of real numbers that this format 
can represent is ±3.6875 X 1019 to   ±1.626 X 
10-19. 
 

The second floating point format 
investigated was a 16-bit representation used 
by the FIR filter application. Like the FFT 
application, since multiple arithmetic 
operations needed to be done on a single 
chip, we chose a 16-bit format for two 
reasons: (1) local, 16-bit wide memories 
were used in pipelined calculations allowing 
single read cycles only, and (2) more logic 
was necessary to implement the FIR taps in 
addition to the two arithmetic units. The 16-
bit format is shown in Figure 3. 
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Figure 3: 16 Bit Floating Point Format. 
 

The 16 bit floating point value (v) is 
computed by: 

v = -1s 2(e - 31) (1.f) 
The range of real numbers that this 16 bit 
format can represent is ±8.5815 X 109 to 
±6.985 X 10-10. 
 

3.  FLOATING-POINT ADDITION AND  
    SUBTRACTION 
 

3.1 Algorithm  
The notation si, ei and fi are used to  

represent the sign, exponent and mantissa 
fields of the floating point number, vi. A 
block diagram of the three-stage adder is 
shown in Figure 4.  
 

Stage 1: 
 
•  If the absolute value of v1 is less than the 

absolute value of v2 then swap v1 and v2. 
The absolute value is checked by 
comparing the exponent and mantissa of 
each value. 

•  Subtract e2 from e1 in order to calculate the 
number of positions to shift f2 to the right 
so that the decimal points are aligned 
before addition or subtraction in Stage 2. 

 

 
 

Figure 4: Three stage 18-bit Floating Point Adder. 
 
Stage 2: 
•  Shift 1.f2 to the right (e2 - e1) places 

calculated in the previous stage. 
•  Add 1.f1 to 1.f2 if s1 equals s2, else subtract 

1.f2 from 1.f1. 
•  Set the sign and the exponent of the final 

result, v3, to the sign and the exponent of 
the greater value v1. 

Stage 3: 
 
•  Normalization of f3 is done by shifting it 

to the left until the high order bit is a one. 
•  Adjusting exponent of the result, e3, is 

done by subtracting it by the number of 
positions that f3 was shifted left. 
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3.2  Eighteen Bit Floating Point Addition  
       Example 
 

To demonstrate an 18 bit, 3 stage  

floating point adder we add v1 + v2 = v3,  
Where v1 = 24.046875 and v2 = -25.40625.  
 

Therefore v3 should equal -1.359375. 
 

 Decimal Binary  18 Bit Format 
v1   24.046875 1.1000000011 x 24 0 1000011 1000000011 
v2  -25.40625 1.1001011010 x 24 1 1000011 1001011010 

 
Therefore: s1 = 0 e1 = 1000011 1.f1 = 
1.1000000011; s2 = 1 e2 = 1000011 1.f2 = 
1.1001011010  
 
Stage 1: 
 
•  Swap v1 and v2 since e1= e2 and f2 > f1 

Now: s1 = 1 e1 = 1000011 1.f1 = 
1.1001011010 

  s2 = 0 e2 = 1000011 1.f2 = 1.1000000011 
• Since e1 - e2 = 0, 1.f2 does not need to be 

shifted in the next stage. 
 
Stage 2: 
 
•  Since s1 does not equal s2, 1.f3 = 1.f1 - 1.f2. 

•  Also, s3 = f1 and e3 = e1 since they are the 
sign and exponent of the greater value. 
After stage 2: s3 = 1 e3 = 1000011 1.f3 = 
0.0001010111 

 
Stage 3: 
 

•  Normalize f3 by shifting it 5 places to the 
left. 

•  Adjust the Exponent, e3, by subtracting 5 
from it. 

 

After final stage: s3 = 1 e3 = 0111111 1.f3 = 
1.0101110000 
 
The result, v3, after addition is shown as 
follows: 

 
 Decimal Binary 18 Bit Format 

v3 -1.359375 1.010111 x 20 0 0111111 0101110000 
 
3.3 Optimization 
 

An 8-bit and a 16-bit Xilinx hard-
macro adder/subtractor were used in place of 
VHDL code written for the exponent and 
mantissa computation. This increased the 
overall speed of the design even though a 
smaller 12-bit adder/subtracter was replaced 

with a 16-bit adder/subtracter hard macro. 
The first cut at the normalization unit 
resulted in a very slow and large design.  
The result of using the second method is 
shown in Table 1. The variable 11-bit shifter 
became two times smaller and three times 
faster. 

 

 Method 1 Method 2 Advantage 
FG Function Generators (used/available) 85/800 10% 44/800 5% 2x smaller 
Flip Flops 6% 6% same 
Speed 6.5 MHz 19.0 MHz 2.9x faster 

 

Table 1: Optimizations for Variable 11-Bit Barrel Shifter. 
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The second method calculates the 
number of places to shift the mantissa to the 
left in order to position the most significant 
bit (msb) in the high order location. By 

using the second method, the normalization 
unit became 2.9 times smaller and 2.6 times 
faster.  

 
 Method 1 Method 2 Advantage 
FG Function Generators 167/800 20% 58/800 7% 2.9 x smaller 
Flip Flops 6% 6% same 
Speed 5.1 MHz 13.4MHz 2.6 x faster 

 
Table 2: Optimizations for Normalization Unit. 

 

4. FLOATING POINT MULTIPLICATION 
 
Like the architecture of the floating 

point adder, the floating point multiplier unit 
is a three stage pipeline that produces a 

result on every clock cycle. The bottleneck 
of this design was the integer multiplier. 
Four different methods were used to 
optimize the integer multiplier in order to 
meet speed and size requirements. 

 
 

 
 

Figure 5: three stages 18 bit Floating Point Multiplier. 
 
 

4.1 Algorithm 
 
The block diagram for the three 

stage 18 bit floating point multiplier is 
shown in Figure 5. The algorithm for each 
stage is as follows: 
 

Stage 1: 
•  The exponents, e1 and e2 are added and the 

result along with the carry bit is stored in 
an 8-bit register. If the addition of two 

negative exponents results in a value 
smaller than the minimum exponent that 
can be represented, i.e. -63, underflow 
occurs. In this case the floating point 
number is set to zero. If overflow occurs, 
the result is set to the maximum number 
the format can represent.  

 

•  If the floating point number is not zero, 
the implied one is concatenated to the left 
side of the f1 and f2 terms. 
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• The sign bits are only registered in this 
stage. 

 
Stage 2: 
•  Integer multiplication of the two 11-bit 

quantities, 1.f2 and 1.f1, is performed. The 
top 12 bits of the 22-bit result is stored in a 
register. 

•  The exponent is adjusted depending on the 
high order bit of the multiplication result. 

• The sign bits of the two operands are 
compared. If they are equal to each other 
the result is assigned a positive sign, and if 
they differ the result is negative. 

 
Stage 3: 
•  Normalization of the resulting mantissa is 

performed. 
•  The resulting sign, exponent and mantissa 

fields placed into an 18-bit floating point 
word. 

 
4.2 OPTIMIZATION 
 

Four different methods were used to 
optimize the 11-bit integer multiplier. The 

first method used the integer multiply. The 
second method was a simple array multiplier 
composed of ten 11-bit carry-save adders. 
The last two methods involved pipelining 
the multiplier in order to increase the speed 
of the design. The multiplication of the two 
11-bit quantities were broken up and 
multiplied in the following way:  

 

X6 X5 
       *    Y6 Y5 

X5Y5 
       X6Y5 
       X5Y6 

           + X6Y6 
  22 Bit Result 
 
In the third method, the first stage of 

the multiplier was the multiplication of the 
four terms X5Y5, X6Y5, X5Y6, and X6 Y6. 
The second stage involved adding the results 
of the four multiplications. In method 4, two 
stages were used to sum the multiplication 
terms. The advantage in terms of the number 
of times faster and the number of times 
larger than Method 1 is shown. 

 
 Method 1 Method 2 Method 3 Method 4 

FG Function Generators 35% 31% 45% 47% 
Stages 1 1 2 3 
Speed 4.9 MHz 3.7 MHz 6.2 MHz 9.4 MHz 

Area  Advantage 1.0 0.90 1.29 1.34 
Speed Advantage 1.0 0.75 1.24 1.92 

 

Table 3: Results from Four Methods Used to Optimize an Integer 11-Bit Multiplier. 
 

Method 1 was used in the floating 

point multiplier unit since the size of the unit 

was too large using methods 3 or 4 to allow 

an additional floating point unit in the same 

chip.  

5. FLOATING POINT DIVISION 
 

5.1 Algorithm 
 

The reciprocal of a floating point 
value can be accomplished in two steps: (1) 
reciprocate the mantissa value, and (2) 
negate the power of the base value. Since the 
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floating point representation already has its 
fields segregated, the task becomes trivial 
for a processing element which is 
complemented by a memory bank of at least 
2n x n bits, where n is the size of the 
mantissa’s normalized binary representation. 
Local memories to the processing elements 
store the reciprocal of each bit combination 

of the mantissa. In order to pipeline the 
design, three steps prior to the multiplication 
are necessary: (1) extract the mantissa from 
the input as the memory address and negate 
the exponent, (2) provide a delay until the 
memory data is valid, and (3) insert the new 
mantissa. The data word created during 
Stage 3 is passed to the multiplier. 

    

 
Figure 6: three stages 18 bit Floating Point Divider. 

 

6. SUMMARY AND CONCLUSIONS 
 

The aim in designing the floating 
point units was to pipeline each unit a 
sufficient number of times in order to 
maximize speed and to minimize area it is 
important to note that once the pipeline is 
full, a result is output every clock cycle. A 
multiply unit would require two Xilinx and 

an adder/subtracter unit broken up into four 
12-bit multipliers, allocating two per chip. 
We found that a 16x16 bit multiplier was the 
largest parallel integer multiplier that could 
fit into a Xilinx. When synthesized, this 
multiplier used 75% of the chip area each of 
the floating point arithmetic units has been 
incorporated into two applications: a 2-D 
FFT and a FIR filter. 

 

 

Table 4: Summary of 16 bit Floating Point Units. 
 Adder/Subtracter Multiplier  Divider  

FG Function Generators 26 % 36% 38% 
Flip Flops 13 % 13% 32% 

Stages 3 3 5 
Speed 9.3 MHz 6.0 MHz 5.9 MHz 
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