
J. Comp. & Math. Sci. Vol.3 (6), 645-652 (2012) 

Journal of Computer and Mathematical Sciences Vol. 3, Issue 6, 31 December, 2012 Pages (557-663) 

On Some Categories of L-Fuzzy Groups 
 

SOURIAR SEBASTIAN1, ALEXANDER MENDEZ2 
and DIVYA MARY DAISE. S3 

 

1 & 2 Department of Mathematics, 
St. Albert’s College, Ernakulam, Kochi, Kerala, INDIA. 

3Department of Mathematics, Fatima Mata National College, 
Kollam, Kerala, INDIA. 

 
(Received on: November 30, 2012) 

 
ABSTRACT 

 
In this paper we discuss the basic concepts in category theory and 
form some different   categories of L-Fuzzy groups .We also 
discuss the relationship between these categories. 
 
Keywords: Category, Lattice, L-fuzzy group, L-fuzzy 
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1. INTRODUCTION 

 
Eilenberg and MacLane5 introduced 

the concept of Categories and Functors in 
1945. It is a usual practice in Mathematics to 
study about certain structures and the 
gadgets to compare them. For example, sets 
and set maps, groups and group 
homomorphisms, vector spaces and linear 
transformations, topological spaces and 
continuous maps between them , to cite a 
few. In Category Theory, these are 
abstracted to objects which include the 
structures and morphisms which include the 
comparing gadgets. The recognition that an 
appropriate unit for study is a class of 
objects together with its structure-preserving 
maps leads to Category Theory. The subject 

of Partially Ordered Sets and Lattices was 
initiated by George Boole, Richard 
Dedekind, Charles Sanders Pierce and 
Ernest Schr��der. The work of Garrett 
Kirchhoff2 in the 1930’s is where the initial 
work of Partially Ordered Sets and Lattices 
was developed to the point where these areas 
emerged as subjects in their own right. 
Fuzzy Set theory and Fuzzy Logic were 
developed by   Lotfi A. Zadeh10. The 
characteristic function of a crisp set 
(classical set) assigns a value of either 0 or 1 
to each individual element in the universal 
set. 1 indicates membership and 0 non- 
membership. The membership function of a 
Fuzzy Set assigns values in the interval [0,1] 
to the individual elements of the universal 
set (which is always a crisp set) and hence 
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makes provision for partial membership 
also. Fuzzy Sets are useful for representing 
concepts with imprecise boundaries. 

J.A. Goguen7 considered a complete 
and distributive lattice L for the membership 
set, as replacement for [0,1], thus 
introducing the concept of an L-Fuzzy Set. 
L-Fuzzy Sets would help one to impart an 
order structure to the universal set, by 
ordering its elements along the lattice chosen 
as the membership set. Soon after L.A. 
Zadeh introduced the concept of fuzzy sets, 
mathematicians set about fuzzifying 
important mathematical structures. One of 
the important structures with many practical 
applications, for example, in nuclear physics 
and information sciences is that of groups. In 
1971 A. Rosenfeld9 fuzzified the group 
structure and proved a number of results. 
Just like fuzzy sets were generalized using 
lattices as membership sets, fuzzy groups 
also could be generalized. 

 

In this paper we discuss some   
categories of L-fuzzy groups with respect to 
various morphisms. Terms and notations in 
Category Theory used in this paper are as 
found in Bodo Pareigis3 and those in Lattice 
Theory are as found in Bernard Kolman1 and 
Davey B.A.4. 

 
2. ELEMENTARY CONCEPTS 
 
A category � consists of  
 
(1) A collection of objects, denoted as Ob �    

and whose members are denoted as A, 
B, C… 

(2) A family of mutually disjoint sets 
{Mor ��, �	/ for all objects A,B 
 Ob 
��,whose elements f, g, h…
 Mor(A,B) 
are called morphisms from A to B and 

(3) A family of maps called composition 
Mor(A,B) X Mor(B,C) � Mor(A,C)}in 
which  
(f,g)  gf,   for all A,B,C 
 Ob�. 

satisfying the following axioms: 
 
(1) Associativity: For all A,B,C,D 
 Ob � 
and all f 
 Mor(A,B), g
Mor(B,C)  and 

h 
 Mor(C,D), h(gf) = (hg)f. 
(2) Existence of Identity: For each object 
A
Ob � there is a morphism IA 
Mor(A,A), 
called the identity, such that fIA=f  and IAg=g  
for all B,C 
 Ob�, and all  f 
 Mor(A,B) and 
g 
 Mor(C,A). 
 

 The following are some examples of 
category: (i) all sets together with the set 
maps and juxtaposition form a category. 
This category is denoted by S;(ii)groups are 
the objects and group homomorphisms are 
the morphisms  of the category Grp and (iii) 
topological spaces are the objects and 
continuous functions the morphisms in the 
category Top. 

 
  A category � is called a 
subcategory of a category � if Ob � � Ob 
�  and    ������, �	 � ������, �	, for all 
A,B
Ob �, if the composition of 
morphisms in � coincides with the 
composition of the same morphisms in � 
,and if the identity of an object in � is also 
the identity of the same object viewed as an 
object of �. Furthermore if, ������, �	 �
������, �	, for all A,B
Ob �, we say that 
� is a full subcategory of �. 

A relation � on a set A is called a 
Partial Order if � is reflexive, 
antisymmetric and transitive. The set A 
together with the partial order � is called a 
partially ordered set (or a poset) and is 
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denoted as (A,�) or simply A. The elements 
a and b of a poset A are said to be 
comparable if   a ≤b or b ≤a. If every pair of 
elements in a poset A is comparable, we say 
that A is a linearly (or totally) ordered set 
and the partial order in this case is called a 
linear (or total) order. We also say that such 
an A is a chain (or loset or toset). For any set 
S, its power set �(S) together with set 
inclusion  � is a poset. If |S|�2, it is not 
totally ordered. The set Z+ of positive 
integers together with the usual order � is a 
totally ordered set (toset). An element � 
 A 
is called a maximal element of A if there is 
no element � in A such that � � � and an 
element  � 
 A is called a minimal element 
of A if there is no element � in A such 
that � � �. An element � 
 A is called the 
greatest [least] element of A if � � � 
[� � �� for all � 
 A. The greatest element 
of a poset, if it exists, is denoted by I and is 
called the unit element. The least element of 
a poset, if it exists, is denoted by O and is 
called the zero element. 

 

Consider a poset A and a subset B of 
A. An element � 
 A is called an upper 
bound of B if � � � for all  � 
 B. An 
element � 
 A is called a lower bound of B 
if �≤b for all � 
 B. An element a 
 A is 
called a least upper bound of B (or 
supremum of B) denoted as lub(B) (or sup B 
or � B) if a is an upper bound of B and a 
≤a’, whenever a’ is an upper bound of B. An 
element a 
 A is called a greatest lower 
bound of B (or infimum of B) denoted as 
glb(B) (or inf B or � B) if a is a lower bound 
of B and a’≤ a, whenever a’ is a lower bound 
of B. A lattice is a poset (L,≤) in which 
every subset {a, b} consisting of two 
elements has a least upper bound and a 
greatest lower bound. We denote 

lub({�, �,}) and glb(��, ��) by � � � and 
� � � respectively and call them the join and 
meet respectively of � and �. For any non-
empty set S, ( �(S),�) is a poset. For any 
A,B 
  �(S), A�B = A   B and A � B = A 
!B exist and so it is a   lattice. Another 
example of a lattice is (Z+,�) where ≤ is 
defined by � � � iff a divides b. Here � � � 
= lcm(�, �	 and � � � = gcd(�, �	. For any 
positive integer n, let Dn denote the set of all 
positive divisors of ".Then Dn together with 
the relation divisibility is a lattice. 

 
2.1. Definition1. A lattice L is called 
distributive if for any elements �, � and � in 
L, we have the following distributive 
properties: 

1. � � ��$�	 � �� %�	  � ��%�	 
2. � � �� � �	 � �� � �	 � �� � �	 

 
2.2. Definition1. A lattice L is said to be 
complete if every non-empty subset of it has 
a glb and lub. 
 
2.3. Example.   ( �(S),�) is a complete and 
distributive lattice. 
 

2.4. Definition6. Given a universal set X, a 
Fuzzy Set on X (or a fuzzy subset of X)is 
defined as a function  A:X�[0,1].Its range is 
denoted as Im(A). 
 

2.5. Example. Let X= {a, b, c, d, e}. 
Define A:�[0,1] by A(a)=0.1; A(b)=0.2; 
A(c)=0.3; A(d)=0.4; A(e)=0.5. Then A is a 
fuzzy subset of X and Im(A) = {0.1, 0.2, 0.3, 
0.4, 0.5}. 
 

2.6. Definition7. If L is a lattice and X is a 
universal set,  then  an  L-fuzzy set A on X 
(or an L-fuzzy subset A of X) is a function A 
: X �  L.  We  shall  write  A
LX for A is an  
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L- fuzzy set on X.  
2.7. Example. Let X = {a, b, c, d}   and   L 
= D6 = {1, 2, 3, 6} under divisibility. Define 

A : X�L by A(a)=1,A(b)=2,A(c)=3 and 
A(d)=6. Then A is an L-fuzzy set on X. Its 
sketch is given below as figure (i). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure(i): Example of an L-fuzzy set. 

 
3. FUZZY GROUPS 
  

3.1. Definition9. A fuzzy subset A of a 
multiplicative group G is said to be a fuzzy 
subgroup of G (or a fuzzy group on G) if for 
every x, y 
G 
(i) A (x y) � min {A(x), A(y)}  and 
(ii)  A(x-1) = A(x). 
 

3.2. Example. Let G = {1, -1, i, -i} under 
multiplication  of  complex  numbers.  
Define A : G�[0,1] by A(1)=1, A(-1) = 0.5 , 
A(i) = A(-i) =0.25. Then A is a fuzzy 
subgroup of G. 
 

3.3. Definition8. An L-fuzzy subset A of G 
is called an L-fuzzy subgroup of G (or an L-
fuzzy group on G) if 
(i) A( x y)�A(x)� A(y), &x,y
G, and 
(ii)  A(x-1) �A(x) , &x
G 
 

3.4. Example. Let G be the group Z6 
={0,1,2,3,4,5} under addition modulo 

6.Take L=D6={1,2,3,6}={0,a,b,1} where o 
and 1 denote 1 and 6 respectively; and a and 
b are 2 or 3(interchangeable). Define A: 
Z6 �  D6 by A(0)=1,A(2)=A(4)=a, A(3)=b 
and A(1)=A(5)=0.Then A is an L-fuzzy 
group on Z6. 
 
3.5. Example. Let V = {e, a, b, c} be the 
Klein-4 group, whose composition table is 
as follows: 

 
Table (i): Definition of binary operation * on V. 
 

* e a b c 

e e a b c 

a a e c b 

b b c e a 

c c b a e 

 
 
 
 
 
 
 
 

a   ● 

b   ● 

c    ● 

d   ● 

 

6 

2 3 

1 
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Let L = D6 = {0, x, y, 1}. Define A:V�D6 by 
A(e)=1,A(a)=x, A(b)=y and A(c)=0.Then A 
is an L-fuzzy group on V. 
 
3.6. Lemma8.Let G be a group and A
 LG.  
Then A is an L-fuzzy group on G iff 
Aa={x/x
G, A(x) � a} is a subgroup of G, 
& a 
 A(G)   {b
L/b�A(e)} ■ 
 

3.7. Notation8. If G is a group and L is a 
lattice, then (G,L) shall denote the collection 
of all L-fuzzy groups on G. 
 

3.8. Example. Consider the group  <Z18,+18> 
and the lattice D12 ={1,2,3,4,6,12} whose 
diagram is given in figure(ii) below:  
 
 
 
     
  
 
 
 
 
 

 
Figure(ii) : Lattice diagram of D12 

 

Define A : Z18 �D12 by  
 A:0'1,{3,15}'a,{6,12}'d,9'

b,{2,4,8,10,14,16}'c,{1,5,7,11,13,17}'0 
Then A is an L-Fuzzy subgroup of Z18 as can 
be verified using the lemma 3.6. 
 

4. CATEGORY OF L-FUZZY GROUPS 
 

4.1. Definition. Let A 
 (G, L) and B 
 
(H,L) where G and H are groups. Let f: 
G�H be a group homomorphism. Let f-1(y) 
= {x/y=f(x)}. (Note that f-1(y) = ( if y is not 
an image of any x in G. This happens when f 
is not   onto). Let Pr f = {f-1(y)/y 
H}. 
Define �: Pr , � - by  

� (f -1(y)) = ${A(x)/x  
 f -1(y)},  
for y 
 H for which f -1(y) ≠ ( 
= 0, if f-1(y) = (. 
 
 We say that f is an L-fuzzy 
homomorphism from A into B if � (f -1(y) 
=B(y), for every y 
 H for which f -1(y) ≠ 
(.If this condition holds we write, f(A) = B. 
f is said to be a weak L-fuzzy homomorphism 
from A into B if � (f -1(y) ≤ B(y), for every 
y 
 H.We shall denote this by f(A) ≤ B. 
 
4.2. Example. Let G= {1,-1, i, -i} and H = 
{1,-1}. Both are groups with respect to usual 
multiplication. Define f: G �H by f(x) = 1, 
& x 
 G. Then f is a group homomorphism. 
Now, take L= [0,1] and define  
         A : G � L by A : 1' 0.8, -1' 0.6,   
{i, -i} ' 0.4 and B : H � L by B : 1' 0.9,  
-1' 0.3. 
Then A and B are L-fuzzy groups on G and 
H respectively.  Also, 
 

         �(f -1(1)) = $ {A(x)/x 
f -1(1)}  
= ${A(x)/x 
G}= 0.8 ≤ B(1)  and 
        �(f -1(-1)) = 0 ≤ B (-1). 
 

Hence, � (f -1(y)) ≤ B(y),& y 
 H; and � (f -
1(y)) . B(y), for any y 
 H. Therefore, f is a 
weak L-fuzzy homomorphism from A into B 
which is not an L-fuzzy homomorphism. 
 
4.3. Example.  Let G, H, L and A be as in 
the above example. Now define B: H �L by 
B: 1'0.8,-1'0. 
Then B is an L-fuzzy group on H and �     
(f-1(y)) = B(y), &y
H. Hence f is an L-fuzzy 
homomorphism from A into B. 
 
4.4. Remark. Every L-fuzzy homomorphism 
is a weak L-fuzzy homomorphism; but the 
converse is not true. 

1 
b  d 
            a             c  

0 
 
 

12 

4 6 

2 3 

0 
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4.5. Example. Let A: Z18 �D12 be as in 
example 3.8. and  let <3> denote the 
subgroup {0,3,6,9,12,15}  of Z18 .Define 
B:<3> �D12   by 
B: 0'd, {6,12}'c, 9'a, {3,15}'0. 
Then B is an L-fuzzy group on H. Now, 
define f: <3> � Z18 by f(3)=3,f(6)=6,f(9)=9 
f(12)=12 and f(0)=0. We can verify that this 
defines a weak L-fuzzy homomorphism 
from B into A, which is not an L-fuzzy 
homomorphism. 
 
4.6. Definition. If  f:G�H  is a group 
isomorphism, then corresponding to y
H, 
there is at most one x
G such that y=f(x).In 
this case we say that f is an L-fuzzy 
isomorphism from A into B if A(x)= 
B(f(x)) , & x 
G.If this condition holds, we 
write, f(A)/B. We say that f is a weak        
L-fuzzy isomorphism from A into B if A(x) ≤ 
B(f(x)), & x 
 G.If this condition holds, we 
write f(A) 0 B. 
 
4.7. Proposition. Let A 
 (G,L) and B 
 
(H,L) and let f : G � H be a group 
homomorphism. Then f is a weak L-fuzzy 
homomorphism if and only if A(x) ≤ B(f(x)), 
& x 
G. 
 
Proof: Suppose that f is a weak L-fuzzy 
homomorphism. Then, � (f-1(y) ≤ B(y) for 
all y 
 H. Let x 
 G. Then there is a unique 
y 
 H such that y = f(x). For these x and y, 
A(x) ≤ � (f -1(y)), by the definition of � (f-

1(y)) .Hence A(x) ≤ B(y) =B(f(x)). 
Conversely, suppose that   A(x) ≤ B(f(x)), & 
x 
G. Let y 
H.Then we have two distinct 
cases. 
 
Case (i): There is an x 
G such that y=f(x) 
in which case f-1(y).  (. Then   ${A(x)/x 
f-

1(y)} ≤ B(f(x)). Hence � (f-1(y)) ≤ B(f(x)) 
=B(y). 
 
Case (ii): y is not an image of any x in G, in 
which case   f-1(y)�  (. Then � (f-1(y)) = 0 
≤ B(y). 
Thus, in both the cases,  � (f-1(y) ≤ B(y). 
Hence the proof ■ 
 
4.8. Proposition. Let A 
 (F,L), B
(G,L),  
C
(H,L) ; f:A�B and  g:B�C be weak L-
fuzzy homomorphisms.  Then A(x) ≤ C((g 
f)(x)) & x 
 F and so gf is a weak L-fuzzy 
homomorphism from A into C.  
 
Proof:  f : F � G and g : G � H are group 
homomorphisms. Hence, gf : F� H defined 
by (gf)(x) = g(f(x)) is a group homomor-
phism. We shall show that gf : A � C is a 
weak L-fuzzy homomorphism. Let x 
 F. 
Then A(x) ≤ B(f(x)). Corresponding to this 
f(x) in G, there is a unique g(f(x)) 
 H. 
Hence, B(f(x)) ≤ C(g(f(x)) = C((gf)(x)). 
Thus A(x) ≤ C((gf)(x)) & x 
 F. This shows 
that gf : A � C is a weak L-fuzzy 
homomorphism ■ 
 
4.9. Theorem. The collection of L-fuzzy 
groups together with weak L-fuzzy 
homomorphisms and their composition   
form a category. 
 
Proof: Associativity. Let A 
 (F,L), B 


 (G,L), C 
 (H,L) and  D 
 (K,L).Also let h : 
A � B, g : B � C and  f : C � D be weak  L-
fuzzy homomorphisms corresponding to the 
group homomorphisms, h : F � G, g : G �

 H and  f : H � K. Then (fg)h = f(gh) as 
group homomorphisms from H into K and 
((fg)h)(x) = (f(gh))(x) & x 
 F. Also,  
A(x) ≤ D(((fg)h)(x)) = D((f(gh))(x)),& x 
 F. 
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Hence both (fg)h and f(gh) are equal weak 
L-fuzzy homomorphisms from A into D. 
Identity. Let   A 
 (F, L) and B 
 (G,L) be 
L-fuzzy groups and IF : F�F be the identity 
isomorphism on F. Then IF : A�A is the 
corresponding L-fuzzy isomorphism. Hence 
A(x) = A(IF(x)),& x 
 F. Let f : A�B and g : 
B�A be weak L-fuzzy homomorphisms 
corresponding to the group homomorphisms 
f : F� G and g : G�F respectively.Then  
A(x) ≤ B(f(x)) = B((fIF)(x)), & x 
 F and  
B(y) ≤ A(g(y)) = A((IFg)(y)), & y 
 G. 
Hence IF is the identity L-fuzzy 
isomorphism of A ■ 
Note: We shall denote the above category by 
LWH. 
 
4.10. Lemma. Let f : A � B be an L-fuzzy 
homomorphism corresponding to the group 
homomorphism f : G � H and    the L-fuzzy 
groups A 
 (G, L) and B 
 (H,L). Let a 
 
f(G) with t = B(a) ≤ B(y) for every y 
 f(G). 
Then Bt = f(G). 
 

Proof: By lemma 3.6., Bt ={y 
H/B(y) � t} 
is a subgroup of H. Also, since f: G�H is a 
group homomorphism, f(G) is a subgroup of 
H. Let z 
 f(G).Then B(z) �t.Hence, z 
 Bt , 
and so  f(G)�Bt. Let z 
 Bt. The identity 
element e’ of H is an element of both Bt and 
f(G). Also, B(e’) � B(z). Hence, we have, t 
≤ B(z) ≤ B(e’). Thus z 
 f(G). So Bt � f(G). 
Therefore, Bt � f(G)■ 
 

4.11. Proposition. Let A 
 (F,L), B
(G,L), 
C
(H,L)  ; and f:A�B ,  g:B�C be  L-fuzzy 
homomorphisms. Then A(x) = C((gf)(x)), & 
x 
 F, and so gf is an L-fuzzy homomor-
phism from A into C. 
  
Proof: Given f : F� G and g : G � H are 
group homomorphisms. Hence, gf : F� H 

defined by (gf)(x) = g(f(x)) is a group 
homomorphism. We shall show that gf : A 
� C is an L-fuzzy homomorphism. Let  x 

F.Then A(x) =B(f(x)) .Corresponding to 
this f(x) in G, there is a unique g(f(x)) 

H.Using  lemma 4.10, we can show that  
B(f(x)) =C(g(f(x))=C((gf)(x)) and thus  A(x) 
=C((gf)(x)), & x 
F. This shows that gf : A 
� C is an L-fuzzy homomorphism ■ 
 

Now we proceed to give some theorems 
omitting their proofs, which are similar to 
the proof of theorem 4.9. 
 
4.12. Theorem. The collection of L-fuzzy 
groups together with L-fuzzy 
homomorphisms and their composition   
form a category■ 
 

4.13. Theorem. The collection of L-fuzzy 
groups together with weak L-fuzzy 
isomorphisms and their composition   form a 
category ■ 
 

4.14. Theorem. The collection of L-fuzzy 
groups together with L-fuzzy isomorphisms 
and their composition   form a category■ 
 

4.15. Notations. The above categories shall 
be denoted by LH, LWI and LI respectively. 
 
5. CONCLUDING REMARKS 
 
We have formed four categories of L-fuzzy 
groups, viz., LWH, LH, LWI and LI. Of 
these, LI is a subcategory of both LWI and 
LH. Both LWI and LH are subcategories of 
LWH. None is a full subcategory.  LWI is 
not a subcategory of LH, and LH is not a 
subcategory of LWI. 
 
 We can also form similar categories 
with a fixed group G and lattice L. Let 
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LWHG [LHG, LWIG, LIG] denote the 
category with object class (G,L) and 
morphisms L-fuzzy weak homomorphisms 
[homomorphisms, weak isomorphisms, 
isomorphisms] on G. Then LWHG [LHG, 
LWIG, LIG] is a full subcategory of LWH 
[LH, LWI, LI].  
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