
J. Comp. & Math. Sci. Vol. 1(7), 895-914 (2010) 

Journal of Computer and Mathematical Sciences Vol. 1, Issue 7, 31 December, 2010 Pages (769-924) 

A Three Plant Optimal Production Problem Under 
Variable Inflation and Demand with Necessity  

Constraint, Imperfect Quality and  
Learning Effects 

 
 SAVITA  PATHAK  and SEEMA SARKAR (Mondal) 

 

Department of  Mathematics, National Institute of  Technology,  
Durgapur, West Bengal-713209, India. 

 
ABSTRACT 

 

An optimal production inventory model for three plants, situated 
in different locations under a single management producing same 
item with different rates of demand, production and random 
defectiveness, is presented under fuzzy stochastic environment 
with learning effects. The demand and production rates are taken 
as control variables. The available budget for the management 
house is imprecise. All costs are arbitrary functions of time and 
are affected by inflation and time value of money. The inflation 
rate is time dependent and imprecise; demand rates are 
proportional to inflation. The imprecise parameters are triangular 
fuzzy numbers which are transformed to corresponding weighted 
interval numbers. Following interval mathematics, the objective 
function is changed to respective crisp multi–objective functions. 
Shortages are allowed in two plants but it is partially 
backlogged. Total cost consisting of production, holding, 
shortage, lost and transportation cost, is expressed as an optimal 
control problem and solved using weighted sum method, the 
Kuhn – Tucker conditions, Pontryagin’s optimal control 
principle and generalized reduced gradient (GRG) technique. 
The model has been finally illustrated with numerical data. The 
optimum results are presented in graphical forms. 
 

Keywords:  Necessity, three plant, optimal control, random 
defective, learning curve, fuzzy inflation, inflation dependent 
demand. 

 

1.  INTRODUCTION  
 
 In most of the classical inventory 
system, deterministic lot size models are 

formulated with constant demand. But it is 
observed in the market that sales of the 
fashionable goods, electronic gadgets, food 
grains, seasonable products etc. change with 
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time. For these reasons dynamic models of 
production inventory systems have been 
considered and solved by many authors25 
and others. In these models, though demand 
is assumed to be continuous functions of 
time and production is assumed to be 
independent of time. In reality, production 
also varies with time. Only few researchers 
(cf.11,8 and 4) have taken time dependent 
production function under crisp constraints. 
In addition to deterministic situations, there 
are two types of uncertainties involved in 
real world problems. One of these is of 
stochastic type and another is the 
uncertainties in non- stochastic sense that is 
fuzzy in nature. In a practical problem, 
variables, parameters and / or constraints/ 
resources may be of fuzzy type. Two plant 
production inventory problems with 
dynamic production, trended demand and 
imprecise parameters are presented by Maity 
et al.9. In 1978, professor Zadeh applied a 
new concept “Fuzzy Set Theory” (cf.  
Appendix A) to accommodate the 
uncertainty in non – stochastic senses. 
Pathak et. at.21 presented a paper for multi-
objective and perishable fuzzy inventory 
models having Weibull life –time with time 
dependent demand, demand dependent 
production and time varing holding cost : a 
possibility/necessity approach. Huang20 
presented a paper for capital budgeting with 
fuzzy parameters. In a production process, 
production of defective units is a natural 
phenomenon. Imperfect quality production 
process was considered by several 
researchers such as18, 9 and others. Wee      
et. al.8 developed an inventory model with 
imperfect quality in stochastic environment.  
 

There are many inventory papers for 
deteriorating items with time proportional 
demand and shortages under inflation and 

time value of money7, 26. In the real life 
situation, some but not all customers will 
wait for backlogged items during the 
shortage period, such as for fashionable 
commodities or high tech products with the 
short product life cycle. The longer the 
weighting time is, the smaller the 
backlogging rate would be. According to 
such phenomenon, taking the backlogging 
rate into account is necessary. Thus the 
model incorporates partial backlogging. 
Abol Fazal1,2 presented a paper with partial 
backlogging under variable inflation and 
demand with considering deterioration cost. 
Some researchers developed inventory 
model with inflation and time value of 
money4,20. Z. T. Balkhi24 considered  all cost 
parameters as  arbitrary function of time. 
They are affected by both inflation and time 
value of money.  Alamri1 presented a model 
with learning and forgetting effects. Till 
now, none has considered a three plant 
optimal production inventory system 
producing random defective units of an item 
with a fuzzy resource constraint, time 
dependent fuzzy inflation, shortages but 
partially backlogged, all costs with arbitrary 
function of time and affected by fuzzy 
inflation and time value of money, inflation 
depending demand via optimal control 
theory with learning effects. 
 

In this paper, three plants situated at 
three different places are assumed to 
produce a single item under a single 
management at different production rates. 
The production process is defective ie. some 
random defective units with good ones are 
produced and defectiveness are reduced with 
learning effects. The inflation dependent 
demand which are different at different 
places are normally met from the respective 
local plants but if the stocks are exhausted at 
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any two plants, then some stocks from the 
third plant is immediately transported to the 
stock out plants increasing some additional 
transportation costs. Here, analogous to 
chance constrain, budget limitation has been 
introduced in pessimistic sense through a 
necessity constrain. The costs are arbitrary 
function of time and, affected by time 
dependent fuzzy inflation and fuzzy time 
value of money. Demands are proportional 
to inflation. Productions are taken as control 
variables and so the problem becomes an 
optimal control problem. The rate of 
defectiveness is uniformly distributed. For 
the imprecise budget constraint, the 
proposed inventory model is formulated as a 
crisp optimal control problem using fuzzy 
relation (cf.10). It is solved using weighted 
interval approximation (cf.19), weighted sum 
method, the Kuhn – Tucker conditions, 
Pontryagin’s optimal control principle and 
generalized reduced gradient (GRG) 
technique (cf.6). The model has been 
illustrated through a numerical experiment. 
The results are presented in both tabular and 
graphical forms. 
 

2.  ASSUMPTIONS  AND  NOTATIONS 
 
The model under consideration is  

developed with the following assumptions 
and notations. 
 

Assumptions: 
 

 (i)  shortages are allowed at two plants only  
 i.e. at plant-2 and plant-3, 
(ii) production is unknown function of time 

and considered as a control variable. It 
is also bounded, 

(iii) transportation is made from the plant-1 
with excess stock to meet the demand at 
the stock-out plants i.e.  other two plants 
and the transportation cost is known, 

(iv) this is a single period inventory model 
with finite planning horizon, 
(v) the stock level is continuous function 
of time  

 

Notations: 
 
 

For ith (i=1, 2 ,3) plant, it is assumed that 
T time length of the cycle, λ � Lagrangian multipliers, Z� imprecise budget cost, 
m  number of intervals in between (0,T) 

during which stocks from plant-1 are 
transported to other two plants, 

Tic(t)  transportation cost (=Tic0 exp(Tict)) per  
 unit item per unit time at time t, <0Tic0 

,Tict <1, 
Shi(t) shortage cost (=si0 exp(sit)) per unit  

item per unit time at time t, 0< si0, 
sit<1,  

Cui(t)  production cost (= Cui0 exp(Cuit)) per 
unit item per unit time at time t, 0 < 
Cui0 ,Cuit <1, 

Hi(t)  holding cost (= hi0 exp(hit)) per unit 
item per unit time at time t, 0 < hi0 ,hit 
<1, 

 

L i(t) shortage cost for the lost item 
(=l i0exp(l it)) per unit item per unit 
time at time t,0< li0, l it <1, 

 �i(τ) rate of back ordered items per unit 
time (=exp(- τ),where τ = t1 ), 

I i(t)  Inventory level at time t,(Ii(t)=X i(t), 
X i(t)>0), Θ�� random defective rate which is 
uniformly distributed in [��� ,���] , 
where  0 	 ���< ���< 1,[cf.Appendix 
B], 

Ui(t) production rate per unit time, 
��� imprecise inflation rate which are 
linear time-dependent (= a� +bt , a� is a 
triagular fuzzy number i.e. 
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a� � �a��, a��, a��� and b is a real number), r�  imprecise discount rate (triangular 
fuzzy number i.e. r� �  �r�, r�, r��), v� imprecise discount rate net of inflation 
(= r� - 
�  

 = �r�, r�, r�� � ��a��, a��, a��� �bt� � �v�, v�, v��), D� i(t) imprecise demand rate per unit time 
which is a linear function of the 
inflation rate (= a�+b�o � , ai>0,bi <0) 

i.e. D� i(t) = ai + bi( a�+bt)=A�i + Bi (t),where  A�I = ai + bi a� = ai + bi �a��, a��, a��� ��A��, A��, A��� and Bi =bib) α��  the fraction of the surplus stock of the 
plant-1 that can be transported to the 
other (n-1) plants in the interval [tj-1 , 
tj] with 0≤α��≤1, i=1,2,…,n  and 
j=1,2,….,m,  

 qi(t) adjoint  variable. 
 
3. MATHEMATICAL FORMULATION  
    OF OPTIMAL CONTROL PROBLEM 
 
3.1 Proposed inventory model in fuzzy-
stochastic environment: 
 Here, it is assumed that due to some 
locational and other advantages, the plant-1 
produces more units than the demand at that 
place, so that the stock is continuously 
increased up to certain time and after that the 
production rate is changed to be equal to the 
demand rate and at the end of the time T, the 
stock becomes zero, after transporting some 
stock several  times at different points of 
time during time period, T from this plant to 
plant -2 and plant-3. Let the demand of the 
plant-2 and plant-3 is more than its 
production, so initially it starts with 
shortages which are accumulated up to a 
certain time. Then the excess units from 

plant-1 are transported to plant-2 and plant-3 
in a bulk release pattern so that shortages are 
met out of transported amount and an excess 
amount is stocked after meeting the 
shortages at plant-2 and plant-3.Such 
transportation from plant -1 is made several 
times to minimize the loss of good will by 
backlogging shortages at plant-2 and plant-3, 
so that total cost involved in this system is 
minimum. So at the three plants the stock 
levels are continuous at a finite number of 
points during time horizon. 
  Let us assume that time length T is 
divided into m equal subinterval [tj-1 , 
tj],(j=1, 2,….,m). As production rate is more 
than the demand, so the stock is accumulated 
in plant-1. But as the demand rate is more 
than the production at plant-2 and plant-3 
the shortages are allowed at these plants in 
the first interval [0, t1] and then at the right 
neighborhood of t1, i.e. at time (t1 + 0), the 
required quantity α��I1(t1)(i=2,3) is 
transported to plant-2 and  plant-3 from 
plant-1 such that meeting the accumulated 
shortages, some excess stock is created. Due 
to the insufficient production, after meeting 
the demand during the period t2 ,the said 
excess stock is exhausted at plant-2 and 
plant-3 at time t2 and again to counter the 
insufficient production, the quantity α��I1(t2) 
(i=2,3) is transported to plant-2 and plant-3 
from plant-1 and similar process is repeated 
in each of the remaining intervals  
[t j-1+0, tj], j = 3,4,…m-1.  
Hence, mathematically, I2(tj)=0,  
I2(tj+0)= α��I1(tj) and I3(tj)=0,  
I3(tj+0)= α��I1(tj) and I1(tj) =(1- α��- α��) 
I1(tj),  
where  0≤ α��<1, 0≤ α��<1 and  

0≤( α��+ α��)<1, tj=
��
� , j= 1,2,….,m-1.  

Also we consider that I1(t)=I2(t)=I3(t)=0. 
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The differential equation of the inventory 
level Xi (t) for ith (i=1,2,3) plant during a 
fixed time horizon is 
�	� 
��

�� = (1- Θ�) Ui(t) - D� i(t), (1)                                                                                                                          

with    I1(0) = I2(0) = I3(0) = 0,  
X2(tj) = X3(tj) = 0,     (2) 

and    
I1(tj+0)= (1- α��- α��) I1(tj), X2(tj+0)= 
 α��I1(tj), X3(tj+0)= α��I1(tj), I1(T)=0,    (3)   

0≤( α��+ α��)<1,  tj=
��
� , j= 1,2,….,m ,  

where  
 

I i(t) = max(Xi(t),0), Si(t) = max(-Xi(t),0),                          
 D� i(t) =�A�� 
 B��t�,  A�� 
 B��t�,  A�� 

B��t��  
 
=�D���t�, D���t�, D���t��.     (4) 
 
Minimization of total cost consisting of time 
dependent production, holding, shortage, 
lost, transportation costs and imprecise 
budget cost is as follows 

Minimize J =  � � ∑ �H��t�I��t� 
 C���t�U��t� 
 S���t�β��τ�S��t� 
 L��t��1 ��
���

�
�

β��τ��S��t��� e���� dt+∑ ∑ T���t����
��� α��I��t���

��� e����          (5) 

 
subject to constraints (1) – (4)  

and   ∑ � C���t�U��t��
�

�
��� e���� dt "  Z$       (6) 

X1(t)≥0, and D1(t)≤U1(t)≤U1 ,0≤U2(t)≤D2(t), 
0≤U3(t)≤D3(t)       (7) 
 

      With the imprecise resultant 
inflationary effect i.e. v& ' (v� , v�) and 
demand rate i.e. D� �(t)=[D���t� , D���t�] (cf. 
Appendix A) equation (5) becomes 

Minimize J = � � ∑ �H��t�I��t� 
 C���t�U��t� 
 S���t�β��τ�S��t� 
 L��t��1 ��
���

�
�

β��τ��S��t��� e����� ,��� dt+∑ ∑ T���t����
��� α��I��t���

��� e����� ,���  (8)

Subject to constraints (6) and (7). 
 

3.2 Equivalent deterministic  
      representation of the proposed model: 
 

In the proposed model, these constraints are  
represented in the setting of possibility 
theory in which fuzzy numbers are 
interpreted by the degree of uncertainty.  
According to Maity and Maiti [2007b], the 
constraint (6) reduces to following 
respective necessity constraint. The 
imprecise budget constraint (6) is written 
under necessity constraint as 

Nes �∑ � C���t�U��t�e�����
�

�
��� dt " Z$� > ρ,  0 

< ρ < 1, ρ is the managerial attitude factor.                                                        
  (9) 

Theorem 1. If f (u) be integrable in a ≤ u ≤ 

b and f(u)≥0, then  f�u�	



du ≥ 0 . 

Proof. Let k be the greatest lower bound of 
f(u) ≥ 0, then  

 f�u�du $ k�b � a� $ 0	



,therefore 

 f�u�du $ 0.	



□ Let  Z� = (Z1 , Z2 , Z3) be a 

triangular fuzzy number . Then using 
Lemma 2 in Section A.3 in Appendix  A , 
we get  
∑ � ��������������������

�

	


���

�����
 ≤ �1 �  ρ� (10) 

Using theorem 1, we get,      
 ∑ C���t�U��t�e���� 	 �����������

�
�
���  (11) 
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Also following Grzegorzewski19 and 
Maity 12, the fuzzy numbers are now 
transformed to interval numbers and by 

  
 

using Lemma 1 in Section A.1, the 
expression (8) is expressed as  
Minimize [ JL , JR]    (12) 
 

where JL =      -∑ .H��t�I��t� � C���t�U��t� � S���t�β��τ�S��t� � L��t��1 ��
���

�

�β��τ��S��t�56 e���  d+∑ ∑ T� �t�!��
��� α��I��t���

��� e���                (13) 

and  JR =  - ∑ .H��t�I��t� � C���t�U��t� � S���t�β��τ�S��t� � L��t��1 ��
���

�

�β��τ��S��t�56 e�� �� dt +∑ ∑ T� �t�!��
��� α��I��t���

��� e�� ��                                             (14) 

Usually , the multi-objective 
problem, in case of minimization problem, is 
formulated in a conservative sense as 
Minimize  [ JC , JR]             (15) 
 

where    JC = 
"�"�

�
                (16) 

Here, the interval optimization problem (15) 
is a multi-objective problem which is 
converted to a single – objective problem by 
using the following weighted sum method.  
 
Minimize  JCR = w1JC + w2JR   (17) 
 

Subject to  
�#����

��
 �  �1� E�Θi��U��t� � 8 w�

$�����$�����

�
� w�D���t�: , (2) - (4), (18)   

and    ∑ �w�
�����������

� 
 w�e����� C���t�U��t� " ����
�����	

�
�
���                  (19) 

and w1+w2 = 1, w1 , w2 > 0                    (20) 
 
        Here , w1  and  w2  are the weights 
of the objective functions. Since the 
minimum of the above problem does not 
change if all the weights are multiplied by a 
constant, it is the usual practice to choose 
weights such that their sum is one.  
Theorem 2. The solution of the weighted 
sum problem (17)-(20) is weakly Pareto 
optimal. 
 
Theorem  3.   The solution of the weighted 
sum problem (17)-(20) is Pareto optimal if 
the weighting coefficients are positive ,that 
is wi > 0 for all I = 1,2,3. 
 
 

Proof. Miettinen14 proved theorems 2 and 
3.□ 
Problem (15) is solved by the weighted sum  

method and theorems 2 and 3. Using this 
method, the multi-objective problems are 
reduced to a corresponding single-objective 
optimization problem which are solved 
using the Kuhn-Tucker conditions, 
Pontryagin’s Optimal Control policy and 
generalized reduced gradient (GRG) 
technique (cf. 6). The multi-objective 
optimization problem is to find the minimum 
values of Jc  and  JR for particular values of  
w1  and  w2. 
 
4. MATHEMATICAL TECHNIQUE TO  
   SOLVE THE ABOVE FUZZY MODEL    
 
              For problem (17)-(20), the 
corresponding  Hamiltonian function is 
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∑ +� ,�H��t�I��t� 
 C���t�U��t� 
 S���t�β��τ�S��t� 
�
���

L��t��1 � β��τ��S��t�� �w�
�����������

� 
 w�e�����- 
   q��t� ,�1 � E�Θ���U��t� �
0 w�

 ��
��� ��
��
� 
 w�D���t�-12                                                                                                  

            (21)                                                                  
and the Lagrangian function for the constraints is  
 

L= H+λ1I1(t)+ λ2I2(t) + λ3I3(t)+ λ4 � ∑ �w�
�����������

� 
 w�e����� C���t�U��t� ��
���

����
�����	

� �                             (22)  

 
where,  λi  ≥ 0  ,I = 1,2,3,4  is the Lagrange multipliers .Then, the Kuhn – Tucker conditions 
are    

 λ1I1(t) = 0,λ2I2(t) = 0, λ3I3(t) = 0, λ4 � ∑ �w�
�����������

� 
 w�e����� C���t�U��t� ��
���

����
�����	

� � ' 0.                              (23) 
The corresponding adjoint function qi(t) , i= 1,2,3 is given by first- order differential 
equation: 

     q!5 �t� =  � "�
"#�
��    ,  with  q�(T) = 0.                     (24) 

 

or, q�5 �t� = H1(t) �w�
�����������

� 
 w�e����� �  λ1      as   I1(t) ≥ 0               (25) 

 q�5 �t�= H2(t) �w�
�����������

� 
 w�e����� � λ2         as   I2(t) ≥ 0                (26) 

= � �S���t�β��τ�S��t� 
 L��t��1 � β��τ��S��t�� �w�
�����������

�

 w�e����� if  X2(t) < 0        (27) 

and,  q�5 �t� = H3(t) �w�
�����������

� 
 w�e����� � λ3 as   I3(t) ≥ 0                (28) 

= � �S���t�β��τ�S��t� 
 L��t��1 � β��τ��S��t�� �w�
�����������

�

 w�e�����  if X3(t) < 0        (29) 

Following the maximum principle , the Langrangian function is maximized at every 
point of time with respect to admissible controllable production function Ui(t). this leads to 
the relation : 

"�
"$�
�� = �1 �  E�Θ���q�(t) - (1- λ4) Cui(t) �w�

�����������

� 
 w�e�����                (30) 

Here, Ui(t) is the control variable 
and bounded with lower and upper bounds 
and from equation (30), we have Langragian 

function ( L ) is maximum at upper value , 
lower value or middle value of Ui(t). Hence 
three cases may arise (cf. 13), 

H= 
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Case-1:    
"�

"$�
��  6 0 ;   

Case-2:     
"�

"$�
�� ' 0;    

Case-3:     
"�

"$�
�� 7 0     

     For Case-1 , the Langrangian 
function is an increasing function of 
production function , U��t� , for Case-2 , the 

Langragian function is independent of 
production function, U��t� ,  and for Case-3 ,  
the Langragian function is a decreasing  
function of production function, U��t� . 
     So for bounded production function 
0 ≤ D��t� ≤ U��t� ≤U� , 0 ≤ U��t� ≤ D��t� , 0 
≤ t ≤T , Case-1 and Case-3 furnish the 
optimal production function as 
 

U1(t) = U1 for �1 �  E�Θ���q�(t) > (1- λ4) Cu1t) �w�
�����������

� 
 w�e�����              (31) 

= � w�
�������������

�

 w�D���t�� for �1 �  E�Θ���q�(t)<(1-λ4)Cu1(t) �w�

�����������

�



w�e�����                              (32)          

U2(t) = 0 w�
 	�
��� 	�
��

� 
 w�D���t�-,for �1 �  E�Θ���q�(t) > (1- λ4) Cu2(t) 

 �w�
�����������

� 
 w�e�����                    (33) 

 

= 0 for �1 � E�Θ���q�(t) < (1- λ4) Cu2(t) �w�
�����������

� 
 w�e�����  (34) 

U3(t)= 0 w�
 
�
��� 
�
��

� 
 w�D���t�- ,for �1 �  E�Θ���q�(t) > (1- λ4)  

Cu3t) �w�
�����������

� 
 w�e�����                                           (35)                                                  

= 0 for  �1 � E�Θ���q�(t) < (1- λ4) Cu3(t) �w�
�����������

� 
 w�e�����   (36) 

        Let  equations (31), (33) and (35) are satisfied for 0 ≤ t ≤ t11 , 0 ≤ t ≤t12 , 0 ≤ t ≤ t13 , 
respectively. So the shortages are allowed during 0 ≤ t ≤ t1 and then the excess units from 
plant-1 is transported to plant-2 and plant-3 in a bulk release pattern  and required quantities  α��I1(tj) and  α��I1(tj), j=1,2,…,m-1  is transported to plant-2 and plant-3 from plant-1 
respectively.  Using (25) – (29) , from (31) – (36) ,we get the optimum production function 
 
U1(t)  = U1  for   0 ≤ t ≤ t11                   (37) 
 
          = D1(t) for    t11 < t ≤ T                   (38) 
 
U2(t)  = D2(t) for    0 ≤ t ≤  t12                   (39) 
 
           = 0 for    t12 < t ≤ T                   (40) 
 

U3(t) = D3(t) for     0 ≤ t ≤ t13                    (41) 
 
= 0 for       t13 < t ≤ T                              (42) 
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Now, A�= � w�
%���%��

� 
 w�A���   (cf. Appendix B),  

 
Using (37) and  (38) from (1) – (4), the optimum stock function in (0 , T) for plant-1 is 
 

I��t� = I��t� 
 0� 
 ��1 � E�θ���U� � A���t � t�� � B� 0�	���
	

� - for  t� 7 9 " t��  (43)                                                   

= I��t��� � E�θ�� ,A��t � t��� 
 B� ��	����
	

� �1  for  t�� " t " t���               (44) 

= I��t� 
 0� 
 ��1 � E�θ���U� � A���t � t�� � B� 0�	���
	

� - for     t 6 t���              (45) 

 
Similarly, using (39) and (40) from (1)-(4) , the optimum shortage / stock function in [0,T] 
for plant-2 
 

X��t� = I��t� 
 0� � E�θ�� ,A��t � t�� 
 B� 0�	���
	

� -1 for  t� 7 9 " t��               (46) 

= X��t��� � A��t � t��� � B� ��	���	
	

� � for   t�� " t " t���                (47) 

 

= I��t��� 
 0� � A��t � t���� � B� 0�	�����
	

� - for    t��� 7 9 " ;                (48) 

 
and, using (41) and (42) from (1)-(4) , the optimum shortage / stock function in [0,T] for 
plant-3 

X��t� = I��t� 
 0� � E�θ�� ,A��t � t�� 
 B� 0�	���
	

� -1 for  t� 7 9 " t��               (46) 

= X��t��� � A��t � t��� � B� ��	���

	

� � for   t�� " t " t���                (47)                                                        

= I��t��� 
 0� � A��t � t���� � B� 0�	�����
	

� - for    t��� 7 9 " ;                (48) 

Problem (17) is now reduced to  
 
Minimize J&� ' ∑ �H� 
 P� 
 S� 
 L�� 
 ∑ �T���t�e���α�� 
 T���t�e���α������

���
�
��� I��t�� (49) 

 
Subject to constraints (2)-(4),(19) and   w� 
 w� ' 1, w�, w� 6 0,               (50) 
 
where H�, P�, S�, L� , ∑ �T���t�e���α������

���     i=1,2,3   are given in Appendix B. 
 
The function (49) is minimized using a gradient based optimization technique – Generalized 
Reduced Gradient method. 
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5. IMPERFECT QUALITY WITH  
    LEARNING EFFECTS 
 
   Jaber et al17, have considered 
learning effects on an economic order 
quantity for items with imperfect quality. 
However Θ�  is  replaced with Θi(k) ,i=1,2,3; 
which is the percentage of defective per 
shipment k. For example Θi(k)  is  expressed 
using a S-shaped logistic learning curve 
model as follows:    

Θi(k) =   %��

%���&�
��
   where  γ��, γ��, γ��   are 

positive model parameters. 
 
6. NUMERICAL EXPERIMENT AND 
SOLUTION (using LINGO software). 
 
6.1 Example 1 : without learning effects, 
Input data 
 
            To illustrate the above fuzzy 
inventory model, let us consider the statistics 
of production processes at plant-1, plant-2 
and plant-3 for five time units, i.e. 5 months 
(say). The other appropriate relevant data 
are:  
             Budget cost,i.e. total production cost 
at two plants is fuzzy and assumed to be a 
triangular fuzzy number and equal to 
(A�,, A�, A�) = ($ 580,$760,$940).   And ,   

Nes�∑ � C��U��t�dt " Z$�
�

�
��� � 6 0.05 �' ρ�.  

Similarly, inflation rate is a time dependent 
triangular fuzzy number i.e 
(�a��, a��, a��� 
 bt) = (�0.05,0.06,0.07� + 
0 .005t) which is transformed to an  interval 
number (�a�, a�� 
 bt)= ((0.056,0.066 )+ 
0.005t).The discount rate is a triangular 
fuzzy number (r�, r�, r�) = (0.12,0.16,0.20) 
which is transformed to an  interval number 
(r�, r�) = (0.144,0.184).Therefore , discount 
rate net of inflation i.e.  

v& = r& - G&  
= �r�, r�, r�� � ��a��, a��, a��� 
 bt� '
 ��d�, d�, d� � � bt� ' �v�, v�, v��, which is 
also transformed to an interval number �v�, v�) = (�d�, d�� 
 bt)= (0.088,0.118 + 
0.005t)  or �v�, v�) = (0.088 + 0.005t , 0.118 
+ 0.005t). All interval numbers are weighted 
interval numbers with q = 0.6 (cf. Appendix 
A).  
Now, demand rate per unit time which is a 
linear function of the inflation rate i.e. D� i(t) 
= a�+b�o I , ai > 0 , bi < 0) is a time dependent 
triangular fuzzy number and  D� i(t) = ai + bi 
((a��, a��, a��� 
 bt)=��A��, A��, A���  + Bi 
t),where (A��, A��, A��� = (ai + 
bi�a��, a��, a���� and Bi =bib , Bi < 0 , which 
is also transformed to an interval number �D��, D��) = (�A��, A��� 
 Bi t�. If demand 
rates are  D��(t)= 68 -100 ((0.05,0.06,0.07) + 
0.005t) , D��(t)=  185- 100 ((0.05,0.06,0.07) 
+ 0.005t), D�� (t) =  176 – 100 ( 
(0.05,0.06,0.07) + 0 .005t) ,then its interval 
numbers are �D��, D��)  
= (62.4, 61.4 � 0.5 t�, �D��, D��)  
= ((179. 4, 178.4� � 0.5 t�, �D��, D��)  
= ((170 .4, 169.4� � 0.5 t�. Again, U1=135, 
w1 = w2 = 0.5 and  D� = A� 
 Bi t ( for A� cf.  
Appendix B) and D�= 61.45 +0.5t , D� 
= 178.45+0.5t ,  D� =169.45 +0.5t . The 
relevant other input data are given in    
Table-1  
 
6.1.2  Optimum  Results 
 

              Using the expressions (31)-(36) for 
Ui(t) and expressions (43)-(48) for 
shortage/stock Xi(t) and demand Di(t) = A� 
 Bi t, i=1,2,3, Ui(t), Xi(t), Di(t) are 
evaluated and given in Table-2. The 
corresponding minimum value of objective 
function is JCR = 994.98$ with five time 
transportations from plant-1 to plant-2 and -
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3 .These functions can be plotted for 
different values of t in (0 ,T).Here, Ii(t), 

Ui(t), Di(t),i=1,2,3 are depicted in figure 1,2 
and 3 respectively. 

 
Table -1  Input data 

 
 

i ;'( ;)( ;*( <'+  <)+ Tic0 Tic si0 si Cui0 Cui Li0 li hi0 hi 

1 70.067 819.76 .7932 0 0.17 --- --- --- --- 0.1 0.2 --- --- 0.41 0.15 

2 73.066 818.66 .7831 0 0.176 0.11 0.14 0.8 0.2 0.2 0.2 0.2 0.2 0.60 0.23 

3 74.065 817.98 .7796 0 0.18 0.12 0.15 0.3 0.2 0.3 0.2 0.2 0.2 0.65 0.25 
 

 
Table -2    values  of  Xi(t) ,  Di(t)  and  Ui(t)  (without learning effect) 

 
  

t 0 1 1.01 2 2.01 3 3.01 3.7 4 4.01 4.64 4.7 5 

X1(t) 0  51.84 0.73 62.45 32.65 94.86 65.15 108.81 107.29 4.98 1.81 1.51 0 

X2(t) 0 -15.68 15.48 0 15.44 0 15.39 4.66 0 63.54 53.76 52.81 0 

X3(t) 0 -15.22 15.03 0 14.99 0 14.94 4.52 0 69.62 60.13 50.11 0 

D1(t)   61.45 60.95 60.945 60.45 60.445 59.95 59.945 59.60 59.45 59.445 59.13 59.10 58.95 

D2(t)   178.45 177.95 177.945 177.45 177.445 176.95 176.945 176.60 176.45 176.445 176.13 176.10 176.95 

D3(t)   169.45 168.95 168.945 168.45 168.445 167.95 167.945 167.60 167.45 167.445 167.13 167.10 166.95 

U1(t) 135 135 135 135 135 135 135 135 59.45 59.445 59.13 59.10 58.95 

U2(t) 178.45 177.95 177.945 177.45 177.445 176.95 176.945 176.60 176.45 176.445 176.13 176.10 0 

U3(t) 169.45 168.95 168.945 168.45 168.445 167.95 167.945 167.60 167.45 167.445 167.13 0 0 

  

 
DISCUSSION 
                                                                                     
             As per the assumption the plant-1 
starts with positive inventory after meeting 
the demand and plant-2, plant-3 with 
shortages as demand at this location is more 
than the production. These initial 
assumptions are reflected in Table-2 and 
figure 1(a), 1(b), 1(c). Figure 1(a), 1(b), 1(c) 
also indicate that after a time unit-1 (i.e. t1), 
a portion of the inventory to from plant-1 is 
transported to plant-2 and plant-3. Due to 
transportation, the inventory at plant-1 is 
reduced and at plant-2 and plant-3 positive 
inventory is made after meeting the 
shortages. This is required to satisfy the 
demand of the customers of plant-2 and 
plant-3 and also to prevent the losses of the 

plant-2 and plant-3. These are also reflected 
in figure 1(a), 1(b), 1(c).  After this, at the 
intervals of time units 2, 3, 4, again some 
stocks from plant-1 is transported to plant-
2,plant-3 to avoid the occurrence of 
shortages further. As Production is a control 
variable, it behaves as a bang-bang control at 
plant-1 and at time unit 3.7, it is changed 
from U1(t) to D1(t) and brings down the 
stock at zero at the end of time period T. 
Similarly, production at plant-2 varies 
between (D2(t),0) and plant-3 between 
(D3(t),0). It takes the value D2(t) up to time 
unit 4.7 and D3(t) up to time unit 4.64, and 
after that productions are discontinued and 
ultimately the stocks are reduced 
to zero at time unit 5 of both the plants (see 
figure 2). 
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Figure 1(a). Optimum result of plant-2 
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Figure  1(b). Optimum result of plant-3 
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Figure 1(c). Optimum result of plant-1  

180  
 
Production\Demand                                                                                                            

170 
70 

60 
50 

40 

30 
20 

10 
0 
 0 1 2 3      3.7 4      4.64   4.7   5 

140 Production 
 
 
 
 
 
Demand 

130 

120 

110 

100 

70 

60 

50 

10 

0 

 0          1              2             3         3.7  4    4.64 4.7 5 

P
ro

du
ct

io
n

/D
em

an
d

/S
to

ck
 le

ve
l 

 
P

ro
du

ct
io

n
/D

em
an

d
/S

to
ck

 le
ve

l 
 

P
ro

d
u

ct
io

n
/D

em
an

d
/S

to
ck

 le
ve

l 
 



Savita Pathak, et al., J. Comp. & Math. Sci. Vol. 1(7), 895-914 (2010) 

Journal of Computer and Mathematical Sciences Vol. 1, Issue 7, 31 December, 2010 Pages (769-924) 

907

Figure 2. Pos and Nes of  TFN �� 
 

1                                                                              1 

 

 

0                    a1              a2                 a3                  0         a1                       a2               a3                         

    Figure2(a) TFN �� and Pos ( �� �  b)             Figure 2(b) TFN �� and Nes (b < ��)
6.2 Example 2: with learning effects                                                                                
         In this example, we consider the 
same parameters that we used in example 1 
except Θi(k) which the percentage of 
defective per shipment k. The S-shape 
learning curve is plotted in figure 3. For the 
first 20 shipments values of JCR are given in 
Table-3. As the learning takes place in the 

system, the  defective rate is going to 
decrease. Therefore ,values of JCR ,increases 
and values of t13 decreases and from fourth 
shipment it is being constant whenever 
values of t12 is constant up to ninth shipment 
and decreases from tenth shipment to 
fourteen shipment and then it is being 
constant. 

 
Table -3 (with learning effects) 

 
k JCR X1(t) X2(t) X3(t) t11 t13 t12 k JCR X1(t) X2(t) X3(t) t11 t13 t12 

1 997.06 62.29 -15.86 -15.28 3.7 4.64 4.7 11 1089.78 72.44 -2.06 -2.05 3.7 4.05 4.44 
2 997.50 62.33 -15.81 -15.23 3.7 4.63 4.7 12 1094.65 73.15 -1.01 -1.01 3.7 4.05 4.39 
3 998.45 62.41 -15.70 -15.13 3.7 4.62 4.7 13 1096.95 73.49 -0.48 -0.48 3.7 4.05 4.36 
4 1000.48 62.59 -15.47 -14.91 3.7 4.61 4.7 14 1098.01 73.67 -0.22 -0.22 3.7 4.05 4.35 
5 1004.68 62.96 -14.99 -14.45 3.7 4.58 4.7 15 1098.49 73.74 -0.102 -0.103 3.7 4.05 4.34 
6 1012.79 63.70 -14.02 -13.54 3.7 4.51 4.7 16 1098.71 73.78 -0.047 -0.048 3.7 4.05 4.34 
7 1026.50 65.02 -12.30 -11.91 3.7 4.40 4.7 17 1098.81 73.79 -0.021 -0.22 3.7 4.05 4.34 
8 1044.82 69.99 -9.69 -9.43 3.7 4.23 4.7 18 1098.86 73.79 -0.01 -0.01 3.7 4.05 4.34 
9 1062.27 70.26 -6.61 -6.48 3.7 4.05 4.7 19 1098.88 73.79 -0.01 -0.01 3.7 4.05 4.34 
10 1079.97 71.18 -3.90 -3.86 3.7 4.05 4.54 20 1098.89 73.80 -0.002 -0.002 3.7 4.05 4.34 

 

  
            

 

 

 

 

 
 

Figure 3. with learning effects 

4

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

0 5 10 15 20 25

T
im
e

Shipment

t13

t12

T
i
m
e 



Savita Pathak, et al., J. Comp. & Math. Sci. Vol. 1(7), 895-914 (2010) 

Journal of Computer and Mathematical Sciences Vol. 1, Issue 7, 31 December, 2010 Pages (769-924) 

908

 

 

 
 
Appendix A 
 
A.1  Interval Arithmetic: 
 
Lemma 1. If f is a continuous interval-
valued function of a real variable x in [a , b], 
then there is a pair of continuous real-valued 
functions f1, f2 such that f(x) =[f1(x), f2(x)] 
and the integral of f is equivalent to � f�x'�.

�),*�  dQ'  =  

+R S��Q'�TQ'
.

�+,,�

 R S��Q'TQ'�.

�+,,�
2 

 
Proof.   Maity and Maity12 proved this 
Lemma 1 .    □ 
A.2   The nearest interval approximation of a 
fuzzy number:  
 
    If A� is a fuzzy number with η-cut (A��η�, A��η�) then according to 
Grzegorzewsky [19], the nearest interval 
approximation of A�  is 

V� A��η�dη�
� , � A��η�dη�

� W. Therefore,  

middle point of the expected interval number 
considering A� = �a�, a�, a�� as a triangular 
fuzzy number is  (��a� 
 a�� 2⁄ �, ��a� 
 a�� 2⁄ �) and  
sometimes its generalization, called  
weighted expected value, might be  
interesting. It is given by  Y��1 � q�a� 
 qa��, ��1 � q�a� 
 qa��Z . 
 
A.3 Possibility and necessity constraints : 
Any fuzzy subset a�  of  (where  

represents a set of real numbers) with 
membership functionµ
, �x�: ? @ A0,1B is 
called a fuzzy number. Let a� and b�   be two 
fuzzy quantities with membership functions µ
, �x� and µ	-�x� respectively. Then 
according to Dubois and Prade [1983] 
Pos �a� D b��= sup  

Emin .µ
, �x�, µ	-�y�5 , x, yI ?, x D yJ 

Nes �a� D b��= inf  

Emax .1 � µ
, �x�, µ	-�y�5 , x, yI ?, x D yJ                                                               

Where the abbreviation Pos represents 
possibility, Nes represents necessity and * is 
any of the relations >,<,=,≤,≥ . 
     Let a� = �a�, a�, a�� be atriagular 
fuzzy number. Then for these fuzzy 
numbers, the following Lemma 2 can be 
derived. 
Lemma 2. 
Nes (b < a�) > ρ . 
From figurer 3, it is clear that 
Pos (b ≥a�) =  

KL
M 1                 for  a�  	 b

ξ �  b � a�a� � a�0                   for a�  $ b
 O for a� P Q

P  a� 
Hence, using figure 2, Nes (b < a�) > ρ  R �1 � Pos �b $  a��� > ρ . 

There, Nes (b < a�) > ρ  iff   ξ �  	�
�

��
�

 < 1- 

ρ , �a� P Q P a�� .             □ 
 
Appendix B     
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            [� ,[�  is random defective rate 
which is uniformly distributed, i.e. θ�~ U 
[[� ,[�] with its p.d.f. as φ(θ�) and expected 

value E(θ�). φ(θ�) = �
-���,-��

, [� "  θ� " [� 

= 0, otherwise 

Then  E(θ�) = 
-���,-��

�  .  

Now, A� �=[A�� , A��] , A�=  

� w�
%���%��

� 
 w�A��� and 

 

I�
' =� \w� 0����	
�	������	
�	�

� - 
 w�e�����*��] h��e���  dt, 
I�

'= � _���.�
� �e
�������*�� 
 e
�������*��� 
 h��w�e
�������*��` dt , 

 

=� _���.�
� ��1 
 �h� � d��t 
 bt�� 
 �1 
 �h� � d��t 
 bt��� 
 h��w��1 
 �h� � d��t 


bt��` dt ,=� _h��w� �1 
 �h� � 
������
� � t 
 bt�� 
 h��w��1 
 �h� � d��t 
 bt��`dt 

=� h�� _1 
 0h� � �.�
� �d� 
 d�� 
 w�d��- t 
 bt�`dt, =� h���1 
 H��t 
 bt��dt   

=h�� �t 
 H��
��
� 
 b �

� � ,   where, H�� ' 0h� � �.�
� �d� 
 d�� 
 w�d��-                 (51) 

I�
''=C��� �t 
 C��

��
� 
 b �

� �, where, C�� ' 0C�� � �.�
� �d� 
 d�� 
 w�d��-              (52) 

 

I�
'''=s�� �t 
 S��

��
� 
 b �

� �, where, S�� ' 0s� � �.�
� �d� 
 d�� 
 w�d��-                (53) 

 
 

I�
''''=b�� �t 
 L��

��
� 
 b �

� �,where, L�� ' 0b� � �.�
� �d� 
 d�� 
 w�d��-                (54) 

and,   K���=�t��� � t�� 
 H�� 0��
�� ����

� - 
 b 0��
� ���

� - ,    i=1,2,3;   j=0,1,2,…m-1              (55)           

K���=0��
�� ����

� - 
 H�� 0��
� ���

� - 
 b 0��
�� ����

/ -                                                    (56)  

K���=0��
� ���

� - 
 H�� 0��
�� ����

/ - 
 b 0��
�� ����

0 -                                                         (57)            

Then,   H1 =�  H��t�e��� I��t�dt�
�                    (58) 

= ∑ � H��t�e���I��t���
�
��

1	��	� 2��
��� dt  

 

+ � � 
3��
3������ �

�  � H��t�e���I��t�dt 
3������ �
�

3��
+ ∑ � H��t�e���I��t�dt��
�

��
���
��1	��	� 2��                        (59) 

 
= 
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     h�� ∑ _�1 �  α�� �  α���I��t��K��� 
 ��1 � θ��U� � A���K��� � t�K���� �1	��	� 2��
���

4�
� �K��� � t�

�K����` 
 h�� _�1 �  α�� �  α���I��t��K��� 
 ��1 � θ��U� � A���K��� �
t�K���� � 4�

� �K��� � t�
�K����`

���3������ �

��
��3�� 
 h�� _I��t���K��� � θ� 0A��K��� � t�K���� 

4�
� �K��� � t�

�K����-`
3��3��

3�
��1����� 2�� 
 h�� ∑ _�1 �  α�� �  α���I��t��K��� 
5��
6�1����� 2��

��1 � θ��U� � A���K��� � t�K���� � 4�
� �K��� � t�

�K����`                                                                                                                                

           (60) 

H2 =�  H��t�e��� I��t�dt�
�                     (61) 

 

= ∑ � H��t�e���I��t���
�
��

1	��	� 2��
��� dt 

+ � � 
3��
3������ �

�  � H��t�e���I��t�dt 
3������ �
�

3��
+ ∑ � H��t�e���I��t�dt��
�

��
���
��1	��	� 2��                        (62) 

= 

  h�� ∑ _ α��I��t��K��� � θ� 0A��K��� � t�K���� 
 4�
� �K��� � t�

�K����-` 
1	��	� 2��
���

h�� _ α��I��t��K��� � θ� 0A��K��� � t�K���� 
 4�
� �K��� � t�

�K����-`
���3������ �

��
��3�� 


h�� _I��t���K��� � 0A��K��� � t�K���� 
 4�
� �K��� � t�

�K����-`
3��3��

3�
��1����� 2�� 

h�� ∑ _ α��I��t��K��� � A��K��� � t�K���� � 4�

� �K��� � t�
�K����`5��

6�1����� 2��                    (63)                                                       

and , H3 =�  H��t�e��� I��t�dt�
�                     (64) 

= ∑ � H��t�e���I��t���
�
��

1	�	� 2��
��� dt 

+ � � 
3��
3����� �

�  � H��t�e���I��t�dt 
3����� �
�

3��
+ ∑ � H��t�e���I��t�dt��
�

��
���
��1	�	� 2��                 (65) 

= 

  h�� ∑ _ α��I��t��K��� � θ� 0A��K��� � t�K���� 
 4
� �K��� � t�

�K����-` 
1	�	� 2��
���

h�� _ α��I��t��K��� � θ� 0A��K��� � t�K���� 
 4
� �K��� � t�

�K����-`
���3����� �

��
��3� 
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h�� _I��t���K��� � 0A��K��� � t�K���� 
 4
� �K��� � t�

�K����-`
3��3�

3�
��1���� 2�� 

h�� ∑ _ α��I��t��K��� � A��K��� � t�K���� � 4

� �K��� � t�
�K����`5��

6�1���� 2��                                                                             

                     (66)  

P1 =�  C���t�e��� U��t�dt�
�                                                                                                                                                                  

 
= 

� C����e�&��� \w� 0����	
�	������	
�	�

� - 
 w�e�����*��] U�
���

� dt 

� C����e�&��� \w� 0����	
�	������	
�	�

� - 
 w�e�����*��] � A� 
 B�t��
��� dt                                                                                                                             

 

= C���U� �t�� 
 C��
����
� 
 b ���

� �+C���A� ,�T � t��� 
 C�� ��������
� � 
 b ������

� �1+ 

C���B� ,7������� 8
� 
 C�� ������

� � 
 b ��������
/ �1       (by using (52))               (67) 

Similarly, P2 =�  C���t�e��� U��t�dt�
�   =�  C���t�e��� U��t�dt���

�  

 or, P�=C���A� �t�� 
 C��
����
� 
 b ���

� �+C���B� �����
� �

�
� C�� ����

�

	
� � b ����

�



�� (by using (52)) (68) 

and, P3 =�  C���t�e��� U��t�dt�
�   =�  C���t�e��� U��t�dt��

�  

 or, P�=C���A� �t�� 
 C��
���
� 
 b ��

� �+C�	�B	 �����
� �

�
� C		 ����

�

	
� � b ����

�



�� (by using (52)) (69) 

S� = �  s��d9�3���e�e��� S��t�dt ��
�  = �  s��d9�3d�3�e��� S��t�dt ��

�                 (70) 

=d�3�  s��A�θ��k� �t� 
 S��
���
� 
 b ��

� �+d�3�g��B�θ��k� ,7���8
� 
 S�� ���

� � 
 b ����
/ �1 

S� = �  s��d9�3���e�e��� S��t�dt ��
�  = �  s��d9�3d�3�e��� S��t�dt ��

�                             (71) 

=d�3�  s��A�θ��k� �t� 
 S��
���
� 
 b ��

� �+d�3�g��B�θ��k� ,7���8
� 
 S�� ���

� � 
 b ����
/ �1 

L� = �  b��d:�3�1 �  ����e�e��� S��t�dt ��
�  = �  b��d:�3�d�3��e��� S��t�dt ��

�                       (72) 

=�1 � d�3�� l��A�θ��k� �t� 
 L��
���
� 
 b ��

� �+	1 � ����l��B�θ�	k ����
��

�
� L�� ���
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� � b ���

�



�� 

L� = �  l��d:3�1 � ����e�e��� S��t�dt ��
�  = �  l��d:3�1 � d�3��e��� S��t�dt ��

�  (73) 
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��
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∑ �T��	t �w
����������	

�
� w�e���	�  α�����

�� =∑ �T���e��� �w
����������	

�
� w�e���	�  α�����

��  
 

=∑ T����1 � T��t� � bt��� α��
��
�� ,  where, T�� � �T� � ���

�
	d� � d� � w�d�� ,i=2,3 , (74)                                                                                          

∑ �T�		t �w
����������	

�
� w�e���	�  α	����

�� =∑ �T	��e��� �w
����������	

�
� w�e���	�  α	����

��  

=∑ T����1 
 T��t� 
 bt�
�� α��

���
��� , (75)  

 
CONCLUSION 

 

A realistic three plant optimal 
production problem with random defective 
rate, imprecise budget cost, and costs of 
holding, shortage, lost, transportation, 
production are arbitrary function of time 
,and they are affected by fuzzy variable 
inflation and fuzzy discount rate, demand is 
a linear function of inflation in an inventory 
control system , has been solved via optimal 
control theory. Furthermore, we have also 
extended a single plant inventory control 
problem to the case of three plants 
producing the same unit in fuzzy stochastic 
environment. By allowing the plants to 
interact within themselves in terms of 
production and capacity with above given 
various costs involved, it is possible to 
optimize the performance of the overall 
production - inventory system using optimal 
control theory. As the present dynamic 
inventory problem is a case of three plants 
only, and interaction between them is 
straight forward. At two plants demands are 
more than the production rates and the 
scenario is opposite for the third plant. As 
the plants are under single management, the 
excess production at a plant is brought to 
meet the demand at the other two plants 
where the productions are less. In future, it 
may be extended to four and more plants 
with different productions and demands 
within their capacity, which will be the 
generalized case under a single management 

house. Such a generalized production 
inventory problem will be very intere-sting. 
This may be the topic of the future research. 
Some more real life features such as ramp 
type demand, deterioration may be fuzzy 
and the function of time, ect.. A different 
game approach to the multi-plant problem 
can also be developed.  
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