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ABSTRACT 

 
In this paper we prove existence the solution for system of fractional hybrid 

functional integral equations in Banach Space. A hybrid fixed point theorem in 

Banach space are used for proving the main result. 
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1.  INTRODUCTION  

 

In this paper, our purpose is to prove the existence the extremal solution for system of 

fractional hybrid functional integral equation (FHFIE) by fixed point theorem. 

We consider the following FHFIE 

𝓍(𝑡) = 𝑓 (𝑡, 𝓍(𝛼1(𝑡)), 𝓍(𝛼2(𝑡))) +
1

Γ(𝜉)
∫
𝑔 (𝑡, 𝑠, 𝓎(𝛾1(𝑠)),𝓎(𝛾2(𝑠)))

(𝑡 − 𝑠)1−𝜉

𝑡

0

𝑑𝑠

𝓎(𝑡) = 𝑓 (𝑡, 𝓎(𝛼1(𝑡)), 𝓎(𝛼2(𝑡))) +
1

Γ(𝜉)
∫
𝑔 (𝑡, 𝑠, 𝓍(𝛾1(𝑠)), 𝓍(𝛾2(𝑠)))

(𝑡 − 𝑠)1−𝜉
𝑑𝑠

𝑡

0 }
 
 

 
 

 , 

 

∀ 𝑡 ∈ ℝ+                                                                                                                                 (1.1) 

Where 𝜉 ∈ (0,1) and the functions 

 𝑓: ℝ+ × ℝ× ℝ → ℝ,𝑔:ℝ+ × ℝ+ × ℝ ×ℝ → ℝ,   𝛼𝑖 , 𝛾𝑖: ℝ → ℝ, 𝑖 = 1,2 are continuous. 

 

By a solution of system of FHFIE (1.1) we mean a function (𝓍, 𝓎) ∈ 𝒜𝒞(ℝ+, ℝ × ℝ)is the 

space of absolutely continuous real valued functions on ℝ+. 

http://www.compmath-journal.org/
mailto:sshelke1234@gmail.com
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Our method of study is to convert the FHFIE (1.1) into an operator equation and then 

apply the fixed point theorem in the Banach space under some suitable conditions on the 

nonlinearities 𝑓  and  𝑔. 

 

2.  PRELIMINARIES 

 

In this section, we introduce notations, definitions and theorems which will be used in 

the sequel. 
 

Definition 2.15: An operator ℚ on a Banach space 𝕏 into itself is called compact if for any 

bounded subset 𝑆 of 𝕏, ℚ(𝑆) is relatively compact subset of 𝕏. If ℚ is continuous and compact, 

then it is called completely continuous on 𝕏. 
 

Definition 2.25: Let 𝕏 be a Banach space with the norm ‖∙‖ and let ℚ:𝕏 → 𝕏, be an operator 

(in general nonlinear). Then ℚ is called 

i. Compact if ℚ(𝑋) is relatively compact subset of 𝕏. 

ii. Totally compact if ℚ(𝑆) is totally bounded subset of 𝕏 for any bounded subset 𝑆  of 𝕏 . 

iii. Completely continuous if it is continuous and totally bounded operator on  𝕏. 
 

Definition 2.36: Let 𝑓 ∈ ℒ1[0, 𝕋]and 𝛼 > 0. The Riemann – Liouville fractional derivative of 

order 𝜉 of real function 𝑓 is defined as 𝔇𝜉𝑓(𝑡) =
1

𝛤(1−𝜉)

𝑑

𝑑𝑡
∫

𝑓(𝑠)

(𝑡−𝑠)𝜉
𝑑𝑠     ,     0 < 𝜉 < 1

𝑡

0
 

Such that 𝔇−𝜉𝑓(𝑡) = 𝐼𝜉𝑓(𝑡) =
1

𝛤(𝜉)
∫

𝑓(𝑠)

(𝑡−𝑠)1−𝜉
𝑑𝑠  

𝑡

0
respectively. 

 

Definition 2.46: The Riemann-Liouville fractional integral of order 𝜉 ∈ (0,1) of the function 

𝑓 ∈ ℒ1[0, 𝕋] is defined by the formula:  𝐼𝜉𝑓(𝑡) =
1

𝛤(𝜉)
∫

𝑓(𝑠)

(𝑡−𝑠)1−𝜉
𝑑𝑠 ,    𝑡 ∈ [0, 𝕋]

𝑡

0
 

where Γ(𝜉) denote the Euler gamma function. The Riemann-Liouville fractional derivative 

operator of order 𝜉  defined by 𝔇𝜉 =
𝑑𝜉

𝑑𝑡𝜉
=

𝑑

𝑑𝑡
°𝐼1−𝜉 .It may be shown that the fractional integral 

operator 𝐼𝜉 transforms the space ℒ1(ℝ+, ℝ) into itself and has some other properties. 
 

Theorem 2.15: (Arzela-Ascoli Theorem) If every uniformly bounded and equicontinuous 

sequence {𝑓𝓃} of functions in𝒞(ℝ+, ℝ), then it has a convergent subsequence. 
 

Theorem 2.25: A metric space X is compact iff every sequence in X has a convergent 

subsequence. 
 

Theorem 2.35 (Lebesgue’s dominated convergence theorem): Suppose that {ℊ𝓃} is a 

sequence of measurable functions, that ℊ𝓃 → ℊ pointwise a.e. as  𝓃 → ∞, and that  |ℊ𝓃| ≤
𝑓, ∀ 𝓃, where  𝑓 is integrable then ℊ is integrable and 
 

∫ℊ𝑑𝜇 = 𝑙𝑖𝑚𝓃→∞∫ℊ𝓃𝑑𝜇 
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Definition 2.53,4: A mapping 𝜑:ℝ+ → ℝ+ is called dominating function or in short 𝒟-function 

if it is continuous and monotonic nondecreasing function satisfies 𝜑(0) = 0. 
 

Definition 2.63,4: Let 𝕏 be a Banach algebra with norm ‖∙‖. A mapping 𝐺:𝔼 → 𝔼 is called 𝒟- 

lipschitz or nonlinear 𝒟- lipschitz, if there exist continuous nondecreasing function 𝜑:ℝ+ →
ℝ+ such that ‖𝐺𝓍 − 𝐺𝓎‖ ≤ φ‖𝓍 − 𝓎‖ for all 𝓍,𝓎 ∈ 𝕏 where 𝜑(0) = 0, if 𝜑(𝑟) = 𝑘𝑟, 𝑘 >
0, then G is called lipschitz with lipschitz constant 𝑘. 
If 𝑘 < 1, G is called contraction with contraction constant 𝑘. 
Finally G is called nonlinear 𝒟-contraction if it is nonlinear 𝒟- lipschitz with 𝜑(𝑟) < 𝑟 for 

𝑟 > 0. 
Now recall the definition of coupled fixed point for a bivariate mapping. 
 

Definition 2.78: An element (𝓍, 𝓎) ∈ 𝕏 × 𝕏 is called coupled fixed point of a mapping Τ: 𝕏 ×
𝕏 → 𝕏 if Τ(𝑥, 𝑦) = 𝓍and  Τ(𝓎, 𝓍) = 𝓎 

By a solution of system of FHFIE (1.1) we mean a function 𝓍,𝓎 ∈ 𝒜𝒞(ℝ+, ℝ × ℝ) such that: 

i. The function 𝑡 → 𝓍 − 𝑓(𝑡, 𝓍1, 𝓍2) is absolutely continuous for each 𝓍1, 𝓍2  ∈ ℝ, and 

ii. (𝓍, 𝓎)satisfies the system of equations in (1.1) 

Where 𝒜𝒞(ℝ+, ℝ × ℝ)is the space of absolutely continuous real valued functions on ℝ+. 

The following lemma (2.1) we introduce the certain Banach space which is used in our result. 
 

Lemma 2.18: Let �̃� = 𝕏 × 𝕏. Define ‖(𝓍,𝓎)‖ = ‖𝓍‖ + ‖𝓎‖ 

Then �̃� is Banach space with respect to the above norm. 
 

Definition 2.82: A closed and non-empty set  𝕂   in a Banach Algebra  𝕏  is called a cone if  

i. 𝕂+𝕂 ⊆ 𝕂 

ii. ℷ𝕂 ⊆ 𝕂  for  ℷ ∈ ℝ, ℷ ≥ 0  
iii. {−𝕂} ∩ 𝕂 = 0where 0 is the zero element of  𝕏. and is called positive cone if  

iv. 𝕂 ∘ 𝕂 ⊆ 𝕂 

And the notation  ∘  is a multiplication composition in  𝕏 

We introduce an order relation  ≤  in 𝕏  as follows. 

Let 𝓍, 𝓎 ∈ 𝕏  then 𝓍 ≤ 𝓎  if and only if   𝓎 − 𝓍 ∈ 𝕂. A cone 𝕂  is called normal if the norm   
‖∙‖  is monotone increasing on  𝕂.  It is known that if the cone   𝕂  is normal in  𝕏  then every 

order-bounded set in  𝕏  is norm-bounded set in  𝕏. We equip the space  𝒞(ℝ+, ℝ)  of 

continuous real valued function on  ℝ+  with the order relation   ≤  with the help of cone 

defined by,  

𝕂 = {𝓍 ∈ 𝒞(ℝ+, ℝ): 𝓍(𝑡) ≥ 0 ∀𝑡 ∈ ℝ+}                                                                             (2.1) 

We well known that the cone  𝕂  is normal and positive in  𝒞(ℝ+, ℝ). As a result of positivity 

of the cone  𝕂  we have:  
 

Lemma 2.23:   Let 𝓅1, 𝓅2, 𝓆1, 𝓆2 ∈ 𝕂  be such that   𝓅1 ≤ 𝓆1  and  𝓅2 ≤ 𝓆2 then  𝓅1𝓅2 ≤ 𝓆1𝓆2. 
 

For any  𝓅, 𝓆 ∈ 𝕏 = 𝒞(ℝ+, ℝ), 𝓅 ≤ 𝓆   the order interval  [𝓅, 𝓆] is a set in 𝕏 given by,   
[𝓅, 𝓆] = {𝓍 ∈ 𝕏:𝓅 ≤ 𝓍 ≤ 𝓆}                                                                                                (2.2) 
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we prove the existence of extremal solutions of the equations (1.1) under certain monotonicity 

conditions by using following fixed pint theorem of Dhage4. 

 

Theorem 2.44 : Let [𝓅, 𝓆] be an ordered interval in a Banach Space  𝕏. Suppose that 

𝔸,𝔹: [𝓅, 𝓆] → 𝕏  are two operators such that 

a. 𝔸  is a nonlinear  𝒟- contraction with 𝒟-function α, 

b. 𝔹  is completely continuous, 

c. 𝔸𝓍 + 𝔹𝓍 ∈ [𝓅, 𝓆]  for each 𝓍 ∈ [𝓅, 𝓆]  and 

d. 𝔸and𝔹  are nondecreasing. 

Further if the cone 𝕂  is normal then the operator equation  𝔸𝓍 + 𝔹𝓍 = 𝓍  has the 

maximal and minimal solution in  [𝓅, 𝓆]. 
 

3.  EXISTENCE THEORY 

 

Let  𝕏 = 𝒞(ℝ+, ℝ)equipped with the supremum norm. Clearly it is a Banach space 

with respect to point wise operations and the supremum norm. 

Define scalar multiplication and a sum on 𝕏 × 𝕏 as follows: 

(𝓍1, 𝓎1) + (𝓍2, 𝓎2) = (𝓍1 + 𝓍2, 𝓎1 +𝓎2) 
and 𝛼(𝓍, 𝓎) = (𝛼𝓍, 𝛼𝓎)for 𝛼 ∈ ℝ. Then  𝕏 × 𝕏 is a vector space on ℝ. 

 

Definition 3.1: The function  𝑔:ℝ+ × ℝ+ ×ℝ × ℝ → ℝ is called Caratheodory if  

i. The function (𝑡, 𝑠) → 𝑔(𝑡, 𝑠, 𝓍, 𝓎)  is measurable for each  𝓍,𝓎 ∈ ℝ 

ii. The function (𝓍, 𝓎) → 𝑔(𝑡, 𝑠, 𝓍, 𝓎) is continuous for almost each  (𝑡, 𝑠) ∈ ℝ+ × ℝ+ 

iii. Further the Caratheodory function 𝛽(𝑡, 𝑠, 𝓍, 𝓎) is called ℒ1Caratheodory if 

iv. For each real number 𝑞 > 0 there exist a function ℎ𝑞 ∈ ℒ
1(ℝ+ × ℝ+, ℝ)  such that 

v. |𝑔(𝑡, 𝑠, 𝓍, 𝓎)| ≤ ℎ𝑞(𝑡, 𝑠)𝑎. 𝑒. , (𝑡, 𝑠) ∈ ℝ+ × ℝ+for all  𝓍,𝓎 ∈ ℝ  with 

|𝓍| ≤ 𝑞 and |𝓎| ≤ 𝑞 

vi. Finally a Caratheodory function 𝑔(𝑡, 𝑠, 𝓍, 𝓎)  is called  ℒ𝕏
1 - Caratheodory if  

vii. |𝑔(𝑡, 𝑠, 𝓍, 𝓎)| ≤ ℎ(𝑡, 𝑠)𝑎. 𝑒. , (𝑡, 𝑠) ∈ ℝ+ × ℝ+   for all  𝓍,𝓎 ∈ ℝ 

viii.  For convince the function ℎ referred to as a bound function. 

 

4.  EXISTENCE OF EXTREMAL SOLUTIONS 

 

We need following definitions in sequel. 

 

Definition 4.1: A function  𝓅 ∈ 𝒜𝒞(ℝ+, ℝ)  is called a lower solution of the FNDE (1.1) on  

ℝ+  if the function  𝑡 → 𝓅(𝑡) − 𝑓 (𝑡, 𝓅(𝛼1(𝑡)), 𝓅(𝛼2(𝑡)))  is continuous and  
 

𝓅(𝑡) ≤ 𝑓 (𝑡, 𝓅(𝛼1(𝑡)), 𝓅(𝛼2(𝑡))) +
1

Γ(𝜉)
∫

𝑔(𝑡,𝑠,𝓅(𝛾1(𝑠)),𝓅(𝛾2(𝑠)))

(𝑡−𝑠)1−𝜉
𝑡

0
𝑑𝑠                                    (4.1) 
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Again a function 𝓆 ∈ 𝒜𝒞(ℝ+, ℝ)  is called an upper solution of the FHFIE (1.1) on  ℝ+  if 

function the  𝑡 → 𝓆(𝑡) − 𝑓 (𝑡, 𝓆(𝛼1(𝑡)), 𝓆(𝛼2(𝑡)))  is continuous and 

𝓆(𝑡) ≥ 𝑓 (𝑡, 𝓆(𝛼1(𝑡)), 𝓆(𝛼2(𝑡))) +
1

Γ(𝜉)
∫

𝑔(𝑡,𝑠,𝓆(𝛾1(𝑠)),𝓆(𝛾2(𝑠)))

(𝑡−𝑠)1−𝜉
𝑡

0
𝑑𝑠                                     (4.2) 

 

Definition 4.2: A solution  𝓍𝑀  of the FHFIE (1.1) is said to be maximal if for any other 

solution 𝓍  to FHFIE (1.1) one has  𝓍(𝑡) ≤ 𝓍𝑀(𝑡)  for all t ∈ ℝ+. Again a solution 𝓍𝑀  of the 

FHFIE (1.1) is said to be minimal if  𝓍𝑀(𝑡) ≤ 𝓍(𝑡)  for all t ∈ ℝ+ where 𝓍  is any solution 

of the FHFIE (1.1) on  ℝ+. 
 

Definition 4.3: (Caratheodory case) A function 𝜎:ℝ → ℝ is nondecreasing if 𝜎(𝓍) ≤
𝜎(𝓎) ∀𝓍,𝓎 ∈ ℝ for which  𝓍 ≤  𝓎.Similarly, 𝜎(𝓍) is increasing in 𝓍 if 𝜎(𝓍) <
𝜎(𝓎) ∀𝓍,𝓎 ∈ ℝ for which  𝓍 < 𝑦. 
We consider the following assumptions: 

𝔅1)The functions 𝑓 (𝑡, 𝓍(𝛼1(𝑡)), 𝓍(𝛼2(𝑡))) and 𝑔 (𝑡, 𝑠, 𝓍(𝛾1(𝑠)), 𝓍(𝛾2(𝑠)))  are 

nondecreasing in  𝓍 ∈ 𝒞(ℝ+, ℝ)  almost everywhere for  𝑡 ∈ ℝ+.  

𝔅2) The operators 𝔸 and 𝔹 are nondecreasing on 𝒞(ℝ+, ℝ). 
𝔅3)The FHFIE (1.1) has a lower solution 𝓅  and an upper solution  𝓆 on ℝ+with  𝓅 ≤ 𝓆. 

𝔅4)The function  𝑙: ℝ+ → ℝ  defined by   

𝑙(𝑡) = |𝑔 (𝑡, 𝑠, 𝓅(𝛾1(𝑠)),𝓅(𝛾2(𝑠)))| + |𝑔 (𝑡, 𝑠, 𝓆(𝛾1(𝑠)), 𝓆(𝛾2(𝑠)))|  

is Lebesgue measurable 

 

Remark 4.1: Assume that (𝔅2 −𝔅4)   hold. Then 

|𝑔 (𝑡, 𝓍(𝑡), 𝓍(𝜇(𝑡)))| ≤ 𝑙(𝑡), 𝑎. 𝑒. 𝑡 ∈ ℝ+, for all  𝓍 ∈ [𝓅, 𝓆]. 
 

Theorem 4.1: Suppose that the assumptions (𝔅1 −𝔅4) holds and 𝑙 is given in remark (4.1) 

then FHFIE (1.1) has a minimal and maximal solution on ℝ+. 
 

Proof: Let  𝕏 = 𝒞(ℝ+, ℝ) and we define an order relation “≤” by the cone 𝕂  given by (2.1). 

Clearly 𝕂  is a normal cone in 𝕏 

Define two operators 𝔸,𝔹: [𝓅, 𝓆] → 𝕂 by, 

 𝔸𝓍(𝑡) = 𝑓 (𝑡, 𝓍(𝛼1(𝑡)), 𝓍(𝛼2(𝑡)))                                                                                    (4.1) 

 

𝔹𝓍(𝑡) =
1

Γ(𝜉)
∫

𝑔(𝑡,𝑠,𝓍(𝛾1(𝑠)),𝓍(𝛾2(𝑠)))

(𝑡−𝑠)1−𝜉
𝑑𝑠

𝑡

0
                                                                                (4.2) 

 

 So the system (1.1) transformed into the system of operator equation as 
𝓍(𝑡) = 𝔸𝓍(𝑡) + 𝔹𝓍(𝑡)

𝓎(𝑡) = 𝔸𝓎(𝑡) + 𝔹𝓎(𝑡)
} 𝑡 ∈ ℝ+,                                                                                        (4.3) 

 

We shall show that the operators 𝔸 and 𝔹 satisfy all the conditions of theorem (2.4) 
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 Notice that 𝔸,𝔹: [𝓅, 𝓆] → 𝕂  Since the cone  𝕂 in  𝕏 is normal, [𝓅, 𝓆]is a norm bounded set 

in 𝕏. Now it is shown, as in the proof of Theorem (4.1) in the paper8, that 𝔸  is a contraction 

with a contraction constant ‖𝛼‖  and 𝔹 is completely continuous operator on  [𝓅, 𝓆]. Again 

the hypothesis (𝔅2)  implies that  𝔸 and 𝔹 are non-decreasing on [𝓅, 𝓆].  
 

Step I: To show that the operators 𝔸,𝔹and ℂ are non-decreasing on [𝓅, 𝓆]. let  𝓍,𝓎 ∈ [𝓅, 𝓆]  

be such that  𝓍 ≤ 𝓎.  ∴ 𝔸𝓍(𝑡) = 𝑓 (𝑡, 𝓍(𝛼1(𝑡)), 𝓍(𝛼2(𝑡))) 

                                             ≤ 𝑓 (𝑡, 𝓎(𝛼1(𝑡)), 𝓎(𝛼2(𝑡))) 

                                             ≤ 𝔸𝓎(𝑡), ∀𝑡 ∈ ℝ+ 
Similarly, 

                                          𝔹𝓍(𝑡) =
1

Γ(𝜉)
∫

𝑔(𝑡,𝑠,𝓍(𝛾1(𝑠)),𝓍(𝛾2(𝑠)))

(𝑡−𝑠)1−𝜉
𝑑𝑠

𝑡

0
 

                                                     ≤
1

Γ(𝜉)
∫

𝑔(𝑡,𝑠,𝓎(𝛾1(𝑠)),𝓎(𝛾2(𝑠)))

(𝑡−𝑠)1−𝜉
𝑑𝑠

𝑡

0
 

                                                     ≤ 𝔹𝓎(𝑡), ∀𝑡 ∈ ℝ+ 

Implies that 𝔸  and  𝔹  are nondecreasing operators on [𝓅, 𝓆]. 
 

Step II: Again definition (4.1) and hypothesis  (𝔅3)  implies that  

   𝓅(𝑡) ≤ 𝑓 (𝑡, 𝓅(𝛼1(𝑡)), 𝓅(𝛼2(𝑡))) +
1

Γ(𝜉)
∫

𝑔(𝑡,𝑠,𝓅(𝛾1(𝑠)),𝓅(𝛾2(𝑠)))

(𝑡−𝑠)1−𝜉
𝑡

0
𝑑𝑠 

           ≤ 𝑓 (𝑡, 𝓍(𝛼1(𝑡)), 𝓍(𝛼2(𝑡))) +
1

Γ(𝜉)
∫

𝑔(𝑡,𝑠,𝓍(𝛾1(𝑠)),𝓍(𝛾2(𝑠)))

(𝑡−𝑠)1−𝜉
𝑡

0
𝑑𝑠 

           ≤ 𝑓 (𝑡, 𝓆(𝛼1(𝑡)), 𝓆(𝛼2(𝑡))) +
1

Γ(𝜉)
∫

𝑔(𝑡,𝑠,𝓆(𝛾1(𝑠)),𝓆(𝛾2(𝑠)))

(𝑡−𝑠)1−𝜉
𝑡

0
𝑑𝑠 

           ≤ 𝓆(𝑡), ∀𝑡 ∈ ℝ+and𝓍 ∈ [𝓅, 𝓆] 
As a result 𝓅(𝑡) ≤ 𝔸𝓍(𝑡)𝔹𝓍(𝑡) ≤ 𝓆(𝑡), ∀𝑡 ∈ ℝ+  and  𝓍 ∈ [𝓅, 𝓆] 
Hence 𝔸𝓍𝔹𝓍 ∈ [𝓅, 𝓆], ∀𝓍 ∈ [𝓅, 𝓆] 
  Now we apply theorem (2.4) to the operator equation  𝔸𝓍𝔹𝓍 = 𝓍  to yield that the 

FHFIE (1.1) has minimum and maximum solution on ℝ+. 
This completes the proof. 

 

CONCLUSION 
 

In this paper we have studied the existence the extremal solution for the system of 

fractional hybrid functional integral equation. The result has been obtained by using fixed 

point theorem for two operators in Banach space.  

 
REFERENCES 
 

1. Chang S. S., Cho, Y. J., Huang, N.J., coupled fixed point theorem with applications, J. 

Korean Math. Soc. 33, 575-585 (1996). 



 S. S. Yachawad, et al., Comp. & Math. Sci. Vol.8 (9), 460-466 (2017)  

466 

2. Dhage B. C., Nonlinear functional boundary value problems in Banach Algebras involving 

Caratheodories, Kyungpook Math. J. 46, 527-541 (2006). 

3. Dhage B. C., Periodic boundary value problems of first order Caratheodory and 

discontinuous differential equation,  Nonlinear, Funct. Anal. Appl., 13(2), 323-352 (2008). 

4. Dhage B. C., Existence theory for nonlinear functional perturbed boundary value 

problems, Functional Differential Equation, volume 13(2), 179-193 (2006). 

5. Karande B. D., Fractional order functional integro-differential equation in Banach 

Algebras, Malaysian Journal of Mathematical Sciences 8(s), 1-16 (2013). 

6. Samko S., Kilbas A. A., Marivchev O., Fractional Integrals and Derivative: Theory and 

Applications, Gordon and Breach, Amsterdam (1993). 

7. S. S. Yachawad, B.D.Karande, Fractional Hybrid Functional Integral Equations and a 

Coupled Fixed Point Theorem, Online International Interdisciplinary Research Journal, 

Volume-07, Special Issue (01) 17 -28 June (2017). 

8. Tahereh Bashiri, Seyed mansour Vaezpour and Choonkil Pari, A coupled fixed point 

theorem and application to fractional hybrid differential problems, Springer, Fixed point 

theory (2016). 

 


