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ABSTRACT 

 
In the present paper, the notion of weaker forms of soft nano open sets 

namely soft nano semi open, soft nano preopen, soft nano α-open and soft nano β-

open sets in soft nano topological spaces are introduced and studied. The 

characterizations and the inter-relationship between these new classes of soft nano 

open sets are studied. 
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1.  INTRODUCTION 

  

In 1999, Molodtsov13 initiated soft set theory  to deal with the problems arises from 

many fields like economics, engineering, medicine, environment, sociology, which depends 

on modeling of uncertain data.  He proposed the fundamental results of the soft set theory.   

Further, the notion of soft topological spaces is introduced by Shabir and  Naz17, which are 

defined over an initial universe with a fixed set of parameters. They introduced the basic 

notions such as soft open sets, soft closed sets, soft closure, soft separation axioms.  The study 

of soft topological spaces is also continued by Cagman et al.14 and Sabir and Bashir15. 

Theoretical studies of soft sets is carried out by many researchers in1,2,3,4,5,6,9,10,11,16,18,19,20. 

Presently, work on the soft set theory is making progress rapidly. The notion of Nano topology 

was introduced by Thivagar12, which was defined in terms of approximations and boundary 
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region of a subset of an universe using an equivalence relation on it.  Based on that work, 

Benchalli et al.7 introduced the notion of soft nano topological spaces using soft set 

equivalence relation on the universal set. The  notion of soft nano continuity is introduced and 

studied  using soft nano topological  spaces  in8.  In the present paper, the notion of weaker 

forms of soft nano open sets namely soft nano semi open, soft nano preopen, soft nano α-open 

and soft nano β-open sets in soft nano topological spaces are introduced and studied.  The 

characterizations and the inter-relationship between these new classes of soft nano open sets 

are studied. 

 
2. PRELIMINARIES 

 

Now, some definitions and results by various authors are recalled in following. 

 
Definition 2.1 [11]: Let U be an initial universe and E be a set of parameters. Let P (U) 

denote the power set of U and A be a non-empty  subset of E.  A pair (F, A) is called a 

soft set over U, where F  is a mapping given by 𝐹 ∶  𝐴 →  𝑃 (𝑈 ). In other words, a soft set 

over U is a parameterized family of subsets  of the universe  U.   For  𝑒 ∈  𝐴,  F (e)  may  

be considered  as  the  set  of e-approximate elements  of the soft set (F, A).  Clearly, a soft 

set need not be a set. 
 

Definition 2.2 [9]: For two soft sets (F, A) and (G, B) over a common universe U, we 

say that  (F, A)  is a soft subset  of (G, B)  if (i) A  ⊂ B  and  (ii)  for all 𝑒 ∈  𝐴,  F (e) 

and G(e)  are  identical  approximations. 
 

Definition 2.3 [3]:   Let  (F, A)  and  (G, B)  be  two  soft  sets  over  U,  then the  

cartesian product  of  (F, A)  and  (G, B)  is  defined  as  (𝐹, 𝐴) 𝑋 (𝐺, 𝐵)    = (𝐻, 𝐴𝑋 𝐵),  

where  𝐻 ∶  𝐴𝑋 𝐵  →   𝑃 (𝑈 𝑋 𝑈 )  𝑎𝑛𝑑  𝐻 (𝑎, 𝑏)  =  𝐹 (𝑎)𝑋 𝐹 (𝑏).   where (𝑎, 𝑏)  ∈  𝐴𝑋 𝐵. 

i.e.(𝑎, 𝑏)ℎ𝑖 , ℎ𝑗 )/ 𝑤ℎ𝑒𝑟𝑒 ℎ𝑖 ∈  𝐹 (𝑎)  𝑎𝑛𝑑 ℎ𝑗 ∈ 𝐺(𝑏  
 

Theorem 2.4 [3]: Let (F, A) and  (G, B)  be two soft sets  over a universe  U . Then  a 

soft set relation  from (F, A) to (G, B) is a soft subset of (F, A)X (G, B). In otherwords,  

a soft set relation  from (F, A) to (G, B)  is of the form (H1 , S), where S ⊆  AX B  and  

H1 (a, b)  =  H (a, b) for all (a, b)  ∈  S, where (H, AX B)  = (F, A)X (G, B) as in the 

above definition. 

In  an  equivalent  way,  we can  define  the  soft  set  relation   R  on  (F, A)  in  the 

parameterized form as follows; 

if (F, A)  = {F (a), F (b), . . . } then F (a)RF (b)  ⇔  F (a)X F (b) ∈ R 
 

Definition 2.5 [3]: Let R be a relation on  (F, A), then 

(i)  R is reflexive if H1 (a, a)  ∈  R, ∀a ∈ A 

(ii)  R is symmetric  if H1 (a, b)  ∈  R ⇒  H1 (b, a)  ∈  R, ∀(a, b)  ∈  AX A 

(iii)  R is transitive if H1(a, b)  ∈  R, H1 (b, c)  ∈  R ⇒  H1 (a, c)  ∈  R, ∀a, b, c ∈  A 



 S. S. Benchalli, et al., Comp. & Math. Sci. Vol.8 (11), 589-599 (2017)  

591 

Definition 2.6 [3]:  A soft set relation R  on  a  soft set  (F, A)  is called an equivalence 

relation  if it is reflexive, symmetric  and transitive. 
 

Example 2.7 [3]: Consider  a soft set (F, A) over U , where U = {C1 , C2 , C3 , C4 }, A =

 {m1 , m2 } and  F (m1 )  =  {C1 , C3 }, F (m2 )  =  {C2 , C4 }. Consider  a relation R 

defined on (F, A) as {F (m1 )X F (m2 ), F (m2 )X F (m1 ), F (m1 )X F (m1 ), F (m2 )X F (m2 )}. 

This  relation  is a soft set equivalence relation. 
 

Definition 2.8 [3]:  Let  (F, A)  be a  soft set,  then  equivalence  class  of F (a) denoted  

by [F (a)] is defined as [𝐹 (𝑎)]  = {𝐹 (𝑏) ∶  𝐹 (𝑏)𝑅𝐹 (𝑎)}. 
 

Definition 2.9    [3]:  The  inverse  of a  soft set  relation  R  denoted  by R−1   is  defined 

by 𝑅−1   
=  {(𝐹 (𝑏)𝑋 𝐹 (𝑎))  ∶  𝐹 (𝑎)𝑅𝐹 (𝑏)}. 

 

Theorem 2.10    [18] Let 𝑆𝑆(𝑈 )𝐴   and  𝑆𝑆(𝑉 )𝐵  be families  of soft sets.  For  a 

function   𝑓𝑝 𝑢 ∶  𝑆𝑆(𝑈 )𝐴  →  𝑆𝑆(𝑉 )𝐵  the following statements are  true. 

(a) 𝑓𝑝𝑢
−1((𝐺, 𝐵)′) = (𝑓𝑝𝑢

−1(𝐺, 𝐵))′ for any soft set (G,B) in 𝑆𝑆(𝑉𝐵.  

(b)𝑓𝑝𝑢 (𝑓𝑝𝑢
−1

 
((𝐺, 𝐵)))   ⊆  (𝐺, 𝐵) for any soft set (G, B) in 𝑆𝑆(𝑉𝐵 . 

(c )(𝐹, 𝐴) ⊆ 𝑓−1𝑝𝑢  (𝑓𝑝𝑢 (𝐹, 𝐴)) for any soft set (F, A) in 𝑆𝑆(𝑈𝐴 
 

Definition 2.10 [7]:  Let U be a non-empty finite set of objects called the universe and 

E  be a set of parameters. Let R be a soft equivalence relation o n  U . The triplet  (𝑈, 𝑅, 𝐸)  

is said to be the soft approximation space.  Let 𝑋 ⊆  𝑈 . 
(i) The soft lower approximation of X  with respect  to R and set of parameters E, is the set 

of all objects, which can  be for certain classified as X  with respect  to R and  it is denoted  

by (𝐿𝑅 (𝑋 ), 𝐸). i.e.  (𝐿𝑅 (𝑋 ), 𝐸)   = ∪ {𝑅(𝑥 ): 𝑅(𝑥)  ⊆  𝑋 ,  

where R(x)  denotes  the equivalence class determined by 𝑥 ∈  𝑈 . 
(ii)  The  soft upper  approximation of X  with respect to  R and set of parameters E, is the 

set of all objects,  which can be possibly classified as X  with respect to R and it is denoted  

by (𝑈𝑅 (𝑋 ), 𝐸).  i.e. (𝑈𝑅 (𝑋 ), 𝐸)  = ∪ {𝑅(𝑥) ∶  𝑅(𝑥)  ∩  𝑋 =  𝜑} 
(iii)  The  soft  boundary  region  of X  with respect to R and set of parameters E,  is  the  

set  of all objects,  which can  be classified neither  inside  X  nor  as outside  X  with 

respect to  R and  is denoted  by (𝐵𝑅 (𝑋 ), 𝐸). 

That is (𝐵𝑅 (𝑋 ), 𝐸) = (𝑈𝑅 (𝑋 ), 𝐸) − (𝐿𝑅 (𝑋 ), 𝐸  
 

Definition 2.11 [7]:  Let U be a non-empty u n i v e r s a l  s e t  and E be  a  set  of 

parameters. Let R be a soft equivalence relation on  U.  Let 𝑋 ⊆  𝑈 . 

Let (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  = {𝑈, 𝜑, (𝐿𝑅 (𝑋 ), 𝐸), (𝑈𝑅 (𝑋 ), 𝐸), (𝐵𝑅 (𝑋 ), 𝐸)}.  Then,   

(𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  is a soft topology on (𝑈, 𝐸),  called as the s oft nano  topology with respect 

to X .   Elements  of the  soft nano  topology are  known as  the  soft nano  open  sets and 

(𝜏𝑅 (𝑋 ), 𝑈, 𝐸) is called soft nano  topological space.  The complements  of soft nano open 

sets are  called as soft nano  closed sets in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸). 
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Definition 2.12  [7]:  If (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  is a soft nano  topological space with respect to  

X and  E,  where 𝑋  ⊆  𝑈  and  if (𝐴, 𝐸)   ⊆  (𝑈, 𝐸),  then  the  soft nano  interior of (A, 

E)  is defined as the union  of all soft nano  open subsets of (A, E)  and  it is denoted  by 

𝑁𝐼𝑛𝑡(𝐴, 𝐸).  i.e.  𝑁𝐼𝑛𝑡(𝐴, 𝐸)  is the largest soft nano open subset of (A, E). 

 

Definition 2.13 [7]: The soft nano  closure of (A, E)  is defined as the intersection of all 

soft nano closed sets containing (A, E) and it is denoted by 𝑁𝐶𝑙(𝐴, 𝐸). i.e.  𝑁𝐶𝑙(𝐴, 𝐸)  is 

the smallest soft nano closed set containing (A, E). 

 

Definition 2.14  [8]:  Let (𝜏𝑅 (𝑋 ), 𝑈, 𝐸) and (𝜏𝑅’ (𝑌 ), 𝑉, 𝐾 ) be soft nano  topological 

spaces. Then a mapping 𝑓: (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  →  (𝜏𝑅′ (𝑌 ), 𝑉, 𝐾 ) is said to be soft nano  

continuous  over U if the inverse  image of each soft nano  open set in V  is soft nano  open 

in U . 

 

Definition 2.15   [8] A function  𝑓: (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)   →  (𝜏𝑅′ (𝑌 ), 𝑉, 𝐾 ) is said  to be a 

soft nano  homeomorphism  if 

(i)  f is one-one and onto 

(ii)  f is soft nano continuous a n d  

(iii)  f is soft nano  open 

 

3. WEAKER FORMS OF SOFT NANO OPEN SETS 

 

Definition 3.1: Let (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  be a soft nano  topological space  and   

(G, E) be any soft set over U .Then,  (G, E)  is said to be 

(i) soft nano  semi-open  if (𝐺, 𝐸) ⊆  𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))   

(ii) soft nano  pre-open  if (𝐺, 𝐸) ⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸)) 

(iii) soft nano  α-open  if (𝐺, 𝐸) ⊆  𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))) 
 

Throughout  this paper, let 𝑆𝑁𝑆𝑂(𝑈, 𝐸), 𝑆𝑁𝑃 𝑂(𝑈, 𝐸), 𝑆𝑁𝛼𝑂(𝑈, 𝐸) denotes the family of 

all soft nano  semi-open,  soft nano  pre-open  and soft nano  α-open  sets over U with respect  

to R and E. 
 

Definition 3.2:  Let (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  be a soft nano  topological space  and  (G, E) be 

any  soft set  over U .  Then,  (G, E)  is said  to be soft nano  semi-closed(soft nano  pre-

closed,  soft nano  α-closed  respectively)  if its  soft complement  is soft semi open(soft  

nano  pre-open,  soft nano  α-closed  respectively). 
 

Example 3.3: Let U= {x, y, z, w}, E = {m1 , m2 , m3 } and (A, E) = {(m1 , {x}), (m2, 

{z}), (m3 , {y, z})} be a soft set over U . Let soft equivalence relation  R on U is defined 

as R = {F (m1 )X F (m2 ), F (m2 )X F (m1 ), F (m1 )X F (m1 ), F (m2 )X F (m2 ), F (m3 )X 

F (m3 )}. 
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Now, soft equivalence classes are [F (m1 )] = {F (b)/F (b)RF (a)} = {F (m1 ), F (m2 )} = 

[F (m2 )], [F (m3 )] = {F (m3 )}. Let 𝑋 = {𝑥, 𝑦} ⊆ 𝑈 and 

U/R = {F (m1 ), F (m2 ), F (m3 )} = {{x}, {z}, {y, z}} 

Then,(𝐿𝑅 (𝑋 ), 𝐸)  = {(𝑚1 , {𝑥}), (𝑚2 , {𝑥}), (𝑚3 , {𝑥})} 
(𝑈𝑅 (𝑋 ), 𝐸)    = {(𝑚1 , {𝑥, 𝑦, 𝑧}), (𝑚2 , {𝑥, 𝑦, 𝑧}), (𝑚3 , {𝑥, 𝑦, 𝑧})},   
(𝐵𝑅 (𝑋 ), 𝐸)    = {(𝑚1 , {𝑦, 𝑧}), (𝑚2 , {𝑦, 𝑧}), (𝑚3 , {𝑦, 𝑧})} 
Then, soft nano topology is 
(𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  = {𝑈, 𝜑, (𝐿𝑅 (𝑋 ), 𝐸), (𝑈𝑅 (𝑋 ), 𝐸), (𝐵𝑅 (𝑋 ), 𝐸)} 

Here,  soft nano  closed sets are  𝑈, 𝜑, 
(𝐿𝑅 (𝑋 ), 𝐸)’

  
= {(𝑚1 , {𝑦, 𝑧, 𝑤}), (𝑚2 , {𝑦, 𝑧, 𝑤}), (𝑚3 , {𝑦, 𝑧, 𝑤})}, 

𝑈𝑅 (𝑋 ), 𝐸)’
  

= {(𝑚1 , {𝑤}), (𝑚2 , {𝑤}), (𝑚3 , {𝑤})}, 
 (𝐵𝑅 (𝑋 ), 𝐸)’

  
= {(𝑚1 , {𝑥, 𝑤}), (𝑚2 , {𝑥, 𝑤}), (𝑚3 , {𝑥, 𝑤})} 

Then,  family of soft nano  semi-open  sets is 
𝑆𝑁 𝑆𝑂(𝑈, 𝐸)  = {𝑈, 𝜑, (𝐴1 , 𝐸), (𝐴2 , 𝐸), (𝐴3 , 𝐸), (𝐴4 , 𝐸)} 

Where  (A1 , E) = {(m1 , {x}), (m2 , {x}), (m3 , {x})} 

(A2 , E) = {(m1 , {x, w}), (m2 , {x, w}), (m3 , {x, w})} 

(A3 , E) = {(m1 , {y, z}), (m2 , {y, z}), (m3 , {y, z})} 

(A4 , E) = {(m1 , {x, y, z}), (m2 , {x, y, z}), (m3 , {x, y, z})} 

The family of all soft nano  pre-open  sets is 
𝑆𝑁 𝑃 𝑂(𝑈, 𝐸)  = {𝑈, 𝜑, (𝐵1 , 𝐸), (𝐵2 , 𝐸), (𝐵3 , 𝐸), . . . (𝐵9 , 𝐸)} 

Where  (B1 , E) = {(m1 , {x}), (m2 , {x}), (m3 , {x})} 

(B2 , E) = {(m1 , {y}), (m2 , {y}), (m3 , {y})} 

(B3 , E) = {(m1 , {z}), (m2 , {z}), (m3 , {z})} 

(B4 , E) = {(m1 , {x, y}), (m2 , {x, y}), (m3 , {x, y})} 

(B5 , E) = {(m1 , {x, z}), (m2 , {x, z}), (m3 , {x, z})} 

(B6 , E) = {(m1 , {y, z}), (m2 , {y, z}), (m3 , {y, z})} 

(B7 , E) = {(m1 , {x, y, z}), (m2 , {x, y, z}), (m3 , {x, y, z})} 

(B8 , E) = {(m1 , {x, z, w}), (m2 , {x, z, w}), (m3 , {x, z, w})}  

(B9 , E) = {(m1 , {x, y, w}), (m2 , {x, y, w}), (m3 , {x, y, w})} 

And the family of all soft nano  𝛼-open  sets is 

𝑆𝑁 𝛼𝑂(𝑈, 𝐸)  = {𝑈, 𝜑, (𝐶1 , 𝐸), (𝐶2 , 𝐸), (𝐶3 , 𝐸)} Where  (C1 , E) = {(m1 , {x}), (m2 , 

{x}), (m3 , {x})} (C2 , E) = {(m1 , {y, z}), (m2 , {y, z}), (m3 , {y, z})} 

(C3 , E) = {(m1 , {x, y, z}), (m2 , {x, y, z}), (m3 , {x, y, z})} 
 

Here note that,  𝑆𝑁 𝑆𝑂(𝑈, 𝐸) does not form a soft topology over U , since (𝐴2 , 𝐸  

𝐴3 , 𝐸) ∈/ 𝑆𝑁 𝑆𝑂(𝑈, 𝐸).  Also, 𝑆𝑁 𝑃 𝑂(𝑈, 𝐸)  does not form a soft topology over 

U , since (𝐵8 , 𝐸) 𝐵9 , 𝐸)  ∈/ 𝑆𝑁 𝑃 𝑂(𝑈, 𝐸).  But,  𝑆𝑁 𝛼𝑂(𝑈, 𝐸) forms  a  soft topology over U. 
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Theorem 3.4 : If (G, E)  is a soft nano  open set in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  then it is soft nano  

𝛼-open  in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸). 
 

Proof :  Let (G, E)  be a soft nano  open set.  Then,  𝑁𝐼𝑛𝑡(𝐺, 𝐸) = (𝐺, 𝐸). Hence,  

𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)) = 𝑁𝐶𝑙(𝐺, 𝐸) ⊇ (𝐺, 𝐸).Which implies  (𝐺, 𝐸) ⊆  𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)) 

implies 𝑁𝐼𝑛𝑡(𝐺, 𝐸) ⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))). Then, (𝐺, 𝐸) ⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))).  
Therefore,  (G, E)  is soft nano 𝛼-open. 
 

Theorem 3.5:  𝑆𝑁 𝛼𝑂(𝑈, 𝐸)   ⊆  𝑆𝑁 𝑆𝑂(𝑈, 𝐸)  in  a  soft nano  topological  space 

(𝜏𝑅 (𝑋 ), 𝑈, 𝐸). 
 

Proof:  Let  (𝐺, 𝐸) ∈ 𝑆𝑁𝛼𝑂(𝑈, 𝐸).   Then,  by  definition,  we have  (𝐺, 𝐸) ⊆

𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)))  which implies (𝐺, 𝐸) ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)), since 𝑁𝐼𝑛𝑡(𝐺, 𝐸) ⊆
(𝐺, 𝐸).  Therefore,  (G, E) is soft nano semi-open set and (𝐺, 𝐸)  ∈  𝑆𝑁 𝑆𝑂(𝑈, 𝐸). Hence, 

𝑆𝑁 𝛼𝑂(𝑈, 𝐸)  ⊆  𝑆𝑁 𝑆𝑂(𝑈, 𝐸). 
 

Remark 3.6:  The converse of theorem  3.5 is not true.  Because  in example 3.3, 

(A2 , E)  and (A3 , E)  are  soft nano  semi-open  sets but not soft nano  𝛼-open. 
 

Theorem 3.7:  𝑆𝑁 𝛼𝑂(𝑈, 𝐸) ⊆ 𝑆𝑁 𝑃 𝑂(𝑈, 𝐸)  in  a  soft nano  topological  space 

(𝜏𝑅 (𝑋 ), 𝑈, 𝐸). 
 

Proof : Let (𝐺, 𝐸)  ⊆  𝑆𝑁 𝛼𝑂(𝑈, 𝐸).  Then, (𝐺, 𝐸)  ⊆  𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))) implies 

(𝐺, 𝐸) ⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸)) since, 𝑁𝐼𝑛𝑡(𝐺, 𝐸)  ⊆  (𝐺, 𝐸).  Then, (𝐺, 𝐸)  ∈  𝑆𝑁 𝑃 𝑂(𝑈, 𝐸).  

Hence, 𝑆𝑁𝛼𝑂(𝑈, 𝐸)  ⊆  𝑆𝑁𝑃 𝑂(𝑈, 𝐸). 
 

Remark 3.8: The converse of theorem  3.7 is not true.  Because  in example 3.3, (B2, E)  

is soft nano  pre-open  but not soft nano  𝛼-open. 
 

Theorem 3.9:  𝑆𝑁 𝛼𝑂(𝑈, 𝐸)  =  𝑆𝑁 𝑆𝑂(𝑈, 𝐸)  ∩  𝑆𝑁 𝑃 𝑂(𝑈, 𝐸). 
 

Proof : Let (𝐺, 𝐸)  ∈  𝑆𝑁 𝛼𝑂(𝑈, 𝐸).  Then,  (𝐺, 𝐸)  ∈  𝑆𝑁 𝑆𝑂(𝑈, 𝐸) and (𝐺, 𝐸)  ∈ 
𝑆𝑁 𝑃 𝑂(𝑈, 𝐸) by theorems 3.5 and 3.7. Hence, (𝐺, 𝐸)  ∈  𝑆𝑁 𝑆𝑂(𝑈, 𝐸) ∩ 𝑆𝑁 𝑃 𝑂(𝑈, 𝐸). 

Therefore,  𝑆𝑁 𝛼𝑂(𝑈, 𝐸)   ⊆  𝑆𝑁 𝑆𝑂(𝑈, 𝐸)  ∩  𝑆𝑁 𝑃 𝑂(𝑈, 𝐸).   Now, suppose  that 

(𝐺, 𝐸)  ∈  𝑆𝑁 𝑆𝑂(𝑈, 𝐸)  ∩  𝑆𝑁 𝑃 𝑂(𝑈, 𝐸).  Then,  (𝐺, 𝐸)  ⊆  𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)))  and 

(𝐺, 𝐸) ⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸)). Therefore,  𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸)) ⊆ 𝑁𝐼𝑛𝑡 (𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))) = 

𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))),  since 𝑁𝐶𝑙(𝑁𝐶𝑙(𝐺, 𝐸)) = 𝑁𝐶𝑙(𝐺, 𝐸).  Then,  

𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸)) ⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))).  Also, (𝐺, 𝐸)  ⊆  𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸))   
⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))) which implies (𝐺, 𝐸) ⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))).   

Hence, (𝐺, 𝐸)  ∈  𝑆𝑁 𝛼𝑂(𝑈, 𝐸).Thus,  𝑆𝑁 𝑆𝑂(𝑈, 𝐸)  ∩  𝑆𝑁 𝑃 𝑂(𝑈, 𝐸)  ⊆  𝑆𝑁 𝛼𝑂(𝑈, 𝐸).   

Therefore,  𝑆𝑁 𝛼𝑂(𝑈, 𝐸)  = 𝑆𝑁 𝑆𝑂(𝑈, 𝐸)  ∩  𝑆𝑁 𝑃 𝑂(𝑈, 𝐸). 
 

Theorem 3.10:   In a soft nano  topological space (𝜏𝑅 (𝑋 ), 𝑈, 𝐸) if (𝐿𝑅 (𝑋 ), 𝐸)  =
 (𝑈𝑅 (𝑋 ), 𝐸)  then  𝑈, 𝜑, (𝐿𝑅 (𝑋 ), 𝐸)   = (𝑈𝑅 (𝑋 ), 𝐸)  and  any  soft  set  (𝐺, 𝐸)   ⊃
 (𝐿𝑅 (𝑋 ), 𝐸)  are  the only soft nano  𝛼-open  sets. 
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Proof:By assumption, (𝐿𝑅 (𝑋 ), 𝐸)  =  (𝑈𝑅 (𝑋 ), 𝐸)  then  the soft nano topology is 

(𝜏𝑅 (𝑋 ), 𝑈, 𝐸)   =  {𝑈, 𝜑, (𝐿𝑅 (𝑋 ), 𝐸)}.  Since from theorem  3.4, any  soft nano open set 

is soft nano 𝛼 −open,  we have 𝑈, 𝜑, (𝐿𝑅 (𝑋 ), 𝐸) are the soft nano 𝛼-open sets in 

(𝜏𝑅 (𝑋 ), 𝑈, 𝐸).  Suppose that (𝐺, 𝐸)  ⊂  (𝐿𝑅 (𝑋 ), 𝐸) then 𝑁𝐼𝑛𝑡(𝐺, 𝐸) = 𝜑 because  𝜑  is  

the  only  soft  nano  open  set  contained  in  (G, E).     Therefore, 

𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))) = 𝜑 and  hence (G, E)  is not  a soft nano  𝛼-open  set. Now,  

suppose  that (𝐺, 𝐸) ⊃ (𝐿𝑅 (𝑋 ), 𝐸).    Then,  (𝐿𝑅 (𝑋 ), 𝐸)  is the  largest soft nano  open 

set contained in (G, E)  and  hence  

𝑁𝐼𝑛𝑡 (𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))) = 𝑁𝐼𝑛𝑡 (𝑁𝐶𝑙((𝐿𝑅 (𝑋 ), 𝐸))) = 𝑁𝐼𝑛𝑡((𝐵𝑅 (𝑋 ), 𝐸)′)  =

 𝑁𝐼𝑛𝑡((𝑈, 𝐸)) = (𝑈, 𝐸),  

since (𝐵𝑅 (𝑋 ), 𝐸)   =  𝜑.   Thus,  𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))) = (𝑈, 𝐸)  and  hence (𝐺, 𝐸) ⊆
𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))).    Therefore,  (G, E)  is a soft  nano  𝛼-open set.  Thus,  

𝑈, 𝜑, (𝐿𝑅 (𝑋 ), 𝐸)  and any soft set (𝐺, 𝐸)  ⊃  (𝐿𝑅 (𝑋 ), 𝐸)  are the only soft nano 𝛼-open  

sets in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  if (𝐿𝑅 (𝑋 ), 𝐸)  = (𝑈𝑅 (𝑋 ), 𝐸). 
 

Theorem 3.11:   In a soft nano  topological space (𝜏𝑅 (𝑋 ), 𝑈, 𝐸) if (𝐿𝑅 (𝑋 ), 𝐸)  =  𝜑 then 

𝑈, 𝜑, (𝑈𝑅 (𝑋 ), 𝐸)  and any soft set (𝐺, 𝐸)  ⊃  (𝑈𝑅 (𝑋 ), 𝐸)  are  the only soft nano  𝛼-open  sets. 
 

Proof :   Suppose  that (𝐿𝑅 (𝑋 ), 𝐸) = 𝜑, (𝐵𝑅 (𝑋 ), 𝐸) = (𝑈𝑅 (𝑋 ), 𝐸).    Then, 

(𝜏𝑅 (𝑋 ), 𝑈, 𝐸)   =  {𝑈, 𝜑, (𝑈𝑅 (𝑋 ), 𝐸)}  and  hence  𝑈, 𝜑, (𝑈𝑅 (𝑋 ), 𝐸)  are  the  soft nano 𝛼-

open sets.  Let (𝐺, 𝐸)  ⊂  (𝑈𝑅 (𝑋 ), 𝐸) then 𝑁𝐼𝑛𝑡(𝐺, 𝐸)  =  𝜑, since 𝜑 is the only soft nano 

open set contained in (G, E).  Hence, 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))) = 𝜑. Therefore,  (G, E) is not 

a soft nano 𝛼-open set.  Now, let (𝐺, 𝐸)  ⊃  (𝑈𝑅 (𝑋 ), 𝐸) then  (𝑈𝑅 (𝑋 ), 𝐸)  is the  largest  

soft nano  open set  contained in (G,E). Then, 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))) =
𝑁𝐼𝑛𝑡(𝑁𝐶𝑙((𝑈𝑅 (𝑋), 𝐸))) = 𝑁𝐼𝑛𝑡(𝑈, 𝐸) = (𝑈, 𝐸). Thus, 

 (𝐺, 𝐸) ⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))).    Therefore,   (G, E)  is a  soft  nano 𝛼-open  set  if 

(𝐺, 𝐸)   ⊃  (𝑈𝑅 (𝑋 ), 𝐸).   Hence, 𝑈, 𝜑, (𝑈𝑅 (𝑋 ), 𝐸)  and  any  soft set (G, E) containing  

(𝑈𝑅 (𝑋 ), 𝐸) are the only soft nano 𝛼-open sets if (𝐿𝑅 (𝑋 ), 𝐸)  =  𝜑. 
 

Theorem 3.12:   In a soft nano  topological space (𝜏𝑅 (𝑋 ), 𝑈, 𝐸) if (𝑈𝑅 (𝑋 ), 𝐸)  =  (𝑈, 𝐸)  and 

(𝐿𝑅 (𝑋 ), 𝐸)  =  𝜑 then 𝑈, 𝜑, (𝐿𝑅 (𝑋 ), 𝐸)  and (𝐵𝑅 (𝑋 ), 𝐸)  are the only soft nano  𝛼-open  sets. 
 

Proof :  Suppose that (𝑈𝑅 (𝑋 ), 𝐸)  =  (𝑈, 𝐸)  and  (𝐿𝑅 (𝑋 ), 𝐸)  =  𝜑 then  the  soft nano 

open sets are 𝑈, 𝜑, (𝐿𝑅 (𝑋 ), 𝐸), (𝐵𝑅 (𝑋 ), 𝐸) and these are also soft nano 𝛼- open sets.  If 

(𝐺, 𝐸)  =  𝜑 then (G,E) is a soft nano 𝛼-open set. If (𝐺, 𝐸)  =  𝜑 and (𝐺, 𝐸)   ⊂  (𝐿𝑅 (𝑋 ), 𝐸)  

then  𝑁𝐼𝑛𝑡(𝐺, 𝐸) = 𝜑, because  𝜑 is the  only largest  soft nano  open set contained in (G, E).  

Hence, (𝐺, 𝐸) is not a proper subset of 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))) and  therefore  (G, E) is  not  

a  soft  nano  𝛼-open  set.    Now,  if (𝐿𝑅 (𝑋 ), 𝐸)    ⊂  (𝐺, 𝐸),  we have  𝑁𝐼𝑛𝑡(𝐺, 𝐸) =
(𝐿𝑅 (𝑋 ), 𝐸),  since  (𝐿𝑅 (𝑋 ), 𝐸)  is the  largest soft nano open set contained in (G,E). 

Therefore, 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))) = 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙((𝐿𝑅 (𝑋 ), 𝐸))) =  𝑁𝐼𝑛𝑡((𝐵𝑅 (𝑋 ), 𝐸)′
 
) =

𝑁𝐼𝑛𝑡((𝐿𝑅 (𝑋 ), 𝐸)) = (𝐿𝑅 (𝑋 ), 𝐸)  ⊂ (𝐺, 𝐸).   Thus,  (G, E)  is not a proper subset of 

𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))).   Therefore,  (𝐺, 𝐸)  is not  a soft  nano  𝛼-open  set.    Similarly,  
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we can  verify  that any  soft  set  (𝐺, 𝐸)   ⊂  (𝐵𝑅 (𝑋 ), 𝐸)  and (𝐺, 𝐸)  ⊃  (𝐵𝑅 (𝑋 ), 𝐸)  are 

not soft nano 𝛼-open.  Hence, 𝑈, 𝜑, (𝐿𝑅 (𝑋 ), 𝐸), (𝐵𝑅 (𝑋 ), 𝐸)  are the  only soft nano  𝛼-open  

sets in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  if (𝑈𝑅 (𝑋 ), 𝐸)  =  (𝑈, 𝐸)  and (𝐿𝑅 (𝑋 ), 𝐸)  =  𝜑. 
 

Theorem 3.13:   In a soft nano topological space (𝜏𝑅 (𝑋 ), 𝑈, 𝐸),  the set 𝜑 and the soft set 

(G, E)  such that  (𝐺, 𝐸)  ⊇  (𝐿𝑅 (𝑋 ), 𝐸)  are the only soft nano  semi-open sets if 

(𝑈𝑅 (𝑋 ), 𝐸)  =  (𝐿𝑅 (𝑋 ), 𝐸). 
 

Proof:  Consider  (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  =  {𝑈, 𝜑, (𝐿𝑅 (𝑋 ), 𝐸)}, since (𝐿𝑅 (𝑋 ), 𝐸)  =

 (𝑈𝑅 (𝑋 ), 𝐸).  Then,  𝜑 is obviously a soft nano semi-open since 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝜑)) = 𝜑. If (G, 

E) is any soft set such that (𝐺, 𝐸)  ⊂  (𝐿𝑅 (𝑋 ), 𝐸) then 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)) = 𝑁𝐶𝑙(𝜑) =
𝜑. Thus,  (G, E) is not a soft nano semi-open if (𝐺, 𝐸)  ⊂  (𝐿𝑅 (𝑋 ), 𝐸). Now, suppose that 
(𝐺, 𝐸)  ⊇  (𝐿𝑅 (𝑋 ), 𝐸) then, 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)) = 𝑁𝐶𝑙((𝐿𝑅 (𝑋 ), 𝐸)) = (𝑈, 𝐸).   Therefore,  

(𝐺, 𝐸) ⊆  𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))  and  thus  (G, E)  is a soft nano semi-open set.  Hence, 𝜑 and the 

soft set (𝐺, 𝐸)  ⊃  (𝐿𝑅 (𝑋 ), 𝐸) are the only soft nano semi-open sets in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  if 
(𝐿𝑅 (𝑋 ), 𝐸)  =  (𝑈𝑅 (𝑋 ), 𝐸). 
 

Theorem 3.14:   In a soft nano topological space (𝜏𝑅 (𝑋 ), 𝑈, 𝐸),  if (𝐿𝑅 (𝑋 ), 𝐸)  =  𝜑 and 

(𝑈𝑅 (𝑋 ), 𝐸)  =  (𝑈, 𝐸) then the soft sets containing (𝑈𝑅 (𝑋 ), 𝐸) are the only soft nano  semi-

open  sets. 
 

Proof :  Consider,  (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  =  {𝑈, 𝜑, (𝑈𝑅 (𝑋 ), 𝐸)}.  Let (G, E)  be any soft set  over 

U .  If (𝐺, 𝐸) ⊂ (𝑈𝑅 (𝑋 ), 𝐸),  then  𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)) =  𝑁𝐶𝑙(𝜑) =  𝜑 and hence (G, E) is 

not a soft nano semi-open set.  Now, suppose that (𝐺, 𝐸)  ⊃  (𝑈𝑅 (𝑋 ), 𝐸)  then  

𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)) = 𝑁𝐶𝑙((𝑈𝑅 (𝑋 ), 𝐸) = (𝑈, 𝐸)  and  hence (𝐺, 𝐸) ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)).   

Therefore,  (G, E)  is a soft  nano  semi-open  set. Hence,  the  only  set  (G, E)  containing  

(𝑈𝑅 (𝑋 ), 𝐸)  is soft  nano  seni-open  set over U . 
 

Theorem 3.15:  If (G, E)  and  (H, E)  are  two soft nano  semi-open  sets in soft nano  

topological  space  (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  the  (𝐺, 𝐸)  ∪  (𝐻, 𝐸)  is  also  a  soft  nano semi-open  set 

in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸). 
 

Proof :  Let  (G, E)  and  (H, E)  be  two soft  nano  semi  open  sets  in  soft nano  topological  

space (𝜏𝑅 (𝑋 ), 𝑈, 𝐸).   Then,  (𝐺, 𝐸) ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))  and (𝐻, 𝐸) ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐻, 𝐸)).    

Now,  (𝐺, 𝐸) ∪ (𝐻, 𝐸) ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)) ∪ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐻, 𝐸)) ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸) ∪
𝑁𝐼𝑛𝑡(𝐻, 𝐸)) ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡((𝐺, 𝐸) ∪ (𝐻, 𝐸))).Thus,  (𝐺, 𝐸)  ∪  (𝐻, 𝐸)  is a soft nano semi 

open set. 
 

Definition 3.16:   A soft set (G, E) of a soft nano topological space (𝜏𝑅 (𝑋 ), 𝑈, 𝐸) is said to 

be soft nano  𝛽-open  if (𝐺, 𝐸) ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸))). The set of all soft nano  𝛽-open  

sets is denoted  by 𝑆𝑁 𝛽𝑂(𝑈, 𝐸). 
 

Proposition 3.17:   Every soft nano  open set is soft nano 𝛽-open  in soft nano topological 

space (𝜏𝑅 (𝑋 ), 𝑈, 𝐸). 
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Proof : Let (G, E) be a soft nano open set in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸).  Then, 𝑁𝐼𝑛𝑡(𝐺, 𝐸) = (𝐺, 𝐸) and 

(𝐺, 𝐸) ⊆ 𝑁𝐶𝑙(𝐺, 𝐸) is always true.  Then, (𝐺, 𝐸) ⊆  𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)) ⊆
𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸))).Therefore,  (𝐺, 𝐸) ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸))).  Hence, (𝐺, 𝐸)  is a 

soft nano 𝛽-open. 
 

Proposition 3.18:   If (G, E)  is soft nano  semi-open  in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  then it is soft nano 

𝛽-open. 
 

Proof : Let (G, E) be a soft nano semi-open in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸) . Then,  (𝐺, 𝐸) ⊆
 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)) ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸)))  since (𝐺, 𝐸)  ⊆  𝑁𝐶𝑙(𝐺, 𝐸)  is al- ways true.  

Hence, (G, E)  is soft nano 𝛽-open. 
 

Proposition 3.19:   Every soft nano pre-open set soft nano 𝛽-open in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸). 
 

Proof : Let (G, E) be a soft nano pre-open set.  Then, (𝐺, 𝐸) ⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸)) ⊆
𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸))).  Hence, (G, E)  is a soft nano 𝛽-open set. 
 

Proposition 3.20:   Every soft nano 𝛼-open set is soft nano 𝛽-open in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸). 
 

Proof : Let (G, E)  be a soft nano 𝛼-open  set.  We have, 𝑁𝐼𝑛𝑡(𝐺, 𝐸) ⊆ (𝐺, 𝐸) implies  

𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸)) ⊆ 𝑁𝐶𝑙(𝐺, 𝐸).   Thus, 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐺, 𝐸))) ⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸)) ⊆
𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸))).    Hence,  (G, E)  is a  soft  nano 𝛽-open in (𝜏𝑅 (𝑋 ), 𝑈, 𝐸). 
 

Remark 3.21:  The converse of the propositions 3.17, 3.18, 3.19, 3.20 need not be true  always. 
 

Example 3.22:   Let U = {a,b,c,d}, E = {m1 , m2 , m3 } and (A, E) = {(m1 , {a, b}), (m2 , {c}), 

(m3 , {d})} be a soft set over U. Let soft equivalence relation  R on U is defined as R = {F (m1) 

X F (m2 ), F (m2 )X F (m1 ), F (m1 )X F (m1 ), F (m2 )X F (m2 ), F (m3 )X F (m3 )}. 

Now, soft equivalence classes are [F (m1 )] = {F (b)/F (b)RF (a)} = {F (m1 ), F (m2 )} = [F (m2 

)], [F (m3 )] = {F (m3 )}. Let X = {a, c} ⊆ U and U/R = {F (m1 ), F (m2 ), F (m3 )} = {{a, b}, {c}, 

{d}} Then,(LR (X ), E) = {(m1 , {c}), (m2 , {c}), (m3 , {c})} 

(UR (X ), E) = {(m1 , {a, b, c}), (m2 , {a, b, c}), (m3 , {a, b, c})}, (BR (X ), E) = {(m1 , {a, b}), 

(m2 , {a, b}), (m3 , {a, b})} 

Then,  soft nano topology is (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  =  {𝑈, 𝜑, (𝐿𝑅 (𝑋 ), 𝐸), (𝑈𝑅 (𝑋 ), 𝐸), (𝐵𝑅 (𝑋 ), 𝐸 

Here the soft set (G, E) = {(m1 , {a, d}), (m2 , {a, d}), (m3 , {a, d})} is a soft nano 𝛽-open but 

not a soft nano open, soft nano semi-open,  soft nano pre-open and soft nano  𝛼-open. 
 

Proposition 3.23:   If (G, E)  and  (H, E)  are  two soft nano  𝛽-open  sets in soft nano  

topological space  (𝜏𝑅 (𝑋 ), 𝑈, 𝐸)  then  (𝐺, 𝐸)  ∪  (𝐻, 𝐸)  is also soft nano  𝛽- open set in 

(𝜏𝑅 (𝑋 ), 𝑈, 𝐸). 
 

Proof :  Let  (G, E)  and  (H, E)  be  soft  nano  𝛽-open  sets.   Then,  (𝐺, 𝐸) ⊆
𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸)))  and (𝐻, 𝐸) ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐻, 𝐸))). 
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Then, (𝐺, 𝐸) ∪ (𝐻, 𝐸) ⊆  𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸))) ∪ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸))) 
= 𝑁𝐶𝑙[𝑁𝐼 𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸)) ∪ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐻, 𝐸))] 

⊆ 𝑁𝐶𝑙[𝑁𝐼𝑛𝑡[𝑁𝐶𝑙(𝐺, 𝐸) ∪ 𝑁𝐶𝑙(𝐻, 𝐸)]] 
= 𝑁𝐶𝑙[𝑁𝐼𝑛𝑡[𝑁𝐶𝑙((𝐺, 𝐸) ∪ (𝐻, 𝐸))]]. 
Therefore,  (𝐺, 𝐸) ∪ (𝐻, 𝐸)  ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙((𝐺, 𝐸) ∪ (𝐻, 𝐸)))). Hence, (𝐺, 𝐸) ∪ (𝐻, 𝐸)  

is a soft nano 𝛽-open set. 

 

Remark 3.24:   If (G, E) and (H, E) are two soft nano 𝛽-open sets then (𝐺, 𝐸) ∩ 
(𝐻, 𝐸)  need not be soft nano  𝛽-open. 

In example 3.22, the soft sets (G, E) = {(m1 , {a, d}), (m2 , {a, d}), (m3 , {a, d})} and  (H, E) = 

{(m1 , {b, d}), (m2 , {b, d}), (m3 , {b, d})} are  soft nano  𝛽-open  sets but (𝐺, 𝐸) ∩ (𝐻, 𝐸) = 

{(m1 , {d}), (m2 , {d}), (m3 , {d})} is not a soft nano 𝛽-open set. 
 

Proposition 3.25:   If (G, E)  is a soft set over U with respect  to parameter set E  and  (H, E)  

is  a  soft  nano  pre-open  over  U  such  that  (𝐻, 𝐸) ⊆ (𝐺, 𝐸) ⊆  𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐻, 𝐸))  then (G, 

E)  is a soft nano  𝛽-open  set over U . 
 

Proof:  Suppose  that (H, E)  is a  soft  nano  pre-open  set,  we have  (𝐻, 𝐸) ⊆
𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐻, 𝐸)).  Now, given that (𝐺, 𝐸) ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐻, 𝐸)). 
Thus,  (𝐺, 𝐸)  ⊆  𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐻, 𝐸)) 
⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐻, 𝐸)))) (from definition  of soft nano pre-open) ⊆
 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐻, 𝐸)))  (𝑠𝑖𝑛𝑐𝑒 𝑁𝐼𝑛𝑡(𝑁𝐼𝑛𝑡(𝐻, 𝐸)) = 𝑁𝐼𝑛𝑡(𝐻, 𝐸)) 

         ⊆  𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸)))  (𝑠𝑖𝑛𝑐𝑒 (𝐻, 𝐸) ⊆ (𝐺, 𝐸)) 
Hence, (𝐺, 𝐸) ⊆  𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐺, 𝐸))).   Thus,  (G,E)  is a soft nano  𝛽-open set. 
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