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ABSTRACT

In this paper, we introduce the concept of (1, 2) b-open
sets, (1,2) bg-open sets in bitopological spaces and study some
of their basic properties. We also define some new separation
axioms in bitopology using (1,2) b-open sets  and  (1,2) bg-open
sets. We investigate some of their basic properties and establish
the relationship between these axioms.
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1 INTRODUCTION

Semi-open sets were introduced
and investigated by Levine6 in 1963.
D. Andrijevic1 introduced and studied
b-open sets. Kelly4 initiated the study of
bitopological spaces, which is a triplet
(X, 1, 2) where X is a nonempty set
and 1 and 2 are topologies on X. The
purpose of this paper is to introduce
new type of open set called (1,2)
b-open set in bitopological spaces and
to introduce new separation axioms and
to discuss their various aspects by using
(1,2)b-open sets. The generalization in
most of these cases is sustained by

suitable examples.

2 Preliminaries

Throughout this paper (X, 1,
2) and (Y, 1, 2) (or simply X and Y)
denote bitopological spaces on which
no separation axioms are assumed
unless explicitly stated.

2.1 Definition  A subset A of
X is called 1 2 open5 if A1  2

and 1 2  closed5 if Ac 1  2.

2.2 Remark  Let A be a subset
of X. Then 1 2 closure5 of A is
denoted by 1 2  cl (A) and is defined
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as 1 2 cl(A)= {F:A F and F is 1 2

closed}. Also 1 2   cl (A)  1 2  cl(B)
 1 2  cl (A  B)

2.3 Definition5 A subset A of
X is called

(i) (1,2) -open if A1 int (1 2 cl (1

int (A))).
(ii) (1,2) semi-open if A1 2 cl (1 int

(A)).
(iii)(1,2) pre-open if A1 int(1 2 cl  (A)).

The families of all (1,2) -open
sets, (1,2) semi- open sets and (1,2)
pre-open sets of X are denoted by (1,2)
O(X), (1,2) SO(X) and (1,2) PO(X)
respectively.

2.4 Definition1 A subset A of
X is said to be b-open if A int (cl(A))
cl (int(A)) and A is b-closed if Ac is
b-open.

2.5 Definition The b-closure of
A 1 is defined as the intersection of
all b- closed sets containing A and b
interior of A is the union of all b- open
sets contained in A.

3 (1,2)b- open sets

In this section we introduce new
types of sets called(1,2) b-open sets,
(1,2) bg-open sets in bitopological
spaces and study some of their
properties.

3.1 Definition A subset A of X

is called (1,2) b-open set if A1 2 cl
(1 int (A))  1 int (12 cl (A)) and A
is said to be (1,2) b- closed if Ac is (1,2)
b-open set.

3.2 Remark The family of all
(1,2) b- open sets and (1,2) b- closed
sets of X are denoted by (1,2) bO(X)
and (1,2) bCL(X) respectively.

3.3 Definition The (1,2) b-closure
of A is defined as the intersection of
all (1,2) b-closed sets containing A and
is denoted by (1,2) b-cl(A).

3.4 Defini t ion  The (1,2)b-
interior of A is defined as the union of
all (1,2) b- open sets contained in A
and is denoted by (1, 2) b-int (A).

3.5 Remark Every 1 open set is
(1,2) b-open but the converse need
not be true in general which follows
from the following example.

3.6 Example Let X={a,b,c},
1={X, ,{a}},2={X, }. Here {a,b},
{a,c} are (1,2) b-open sets of X  but
not 1  open sets.

3.7 Theorem Every (1,2) semi-
open set of X is (1,2) b-open set of X.

      Proof Follows from the definitions.

3.8 Remark The converse of the
above therem need not be true which
is justified from the following example.

3.9 Example Let X={a,b,c,},
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1=2={X, }. Here {a}, {b},{c}, {a,b},
{b,c}, {a,c} are in (1,2) bO(X) but they
are not (1,2) semi- open sets of X.

3.10 Theorem Every (1,2) pre-
open set is (1,2) b-open

       Proof The easy proof is omitted.

3.11 Remark The converse of
the above theorem need not be true
which is justified from the following
example.

3.12 Example Consider X=
{a,b,c,d}, 1={X, , {a}, {b},{a,b}} and
2 ={X, ,{b,d}}.
Here {b,c,d} is (1,2) b-open subset of
X which is not a (1,2) pre-open subset
of X.

3.13 Theorem Every (1,2) -open
set of X is (1,2) b- open set of X.

Proof  Follows since (1,2) O(X)
 (1,2) SO(X) and (1,2) SO(X)  (1,2)
bO (X).

3.14 Remark The converse of
the above theorem need not be true
which is justified from the following
example.

3.15 Example In Example, 3.9
{a} is (1,2) b-open set of X which is
not (1,2) - open subset of X.

3.16 Definition A subset A of
X is called (1,2) b- generalized closed
set if (1,2) b-cl (A)  U whenever A 

U and U (1,2) bO(X). The complement
of (1,2) b- generalized closed sets is
called(1,2) b- generalized open set. The
family of all (1,2) b-generalized closed
sets and (1,2) b-generalized open sets
are respectively denoted by (1,2) bgCL
(X) and (1,2) bgO(X).

3.17 Definition Let A be a
subset of X,then
(i)  (1,2) bg- closure of A is defined as
the intersection of all (1,2) bg-closed sets
containing A and is denoted by (1,2)
bg-cl (A) and
(ii) (1,2) bg- interior of A is defined as
the union of all (1,2) bg-open sets con-
tained in A and is denoted by (1,2) bg-int
(A).

3.18 Theorem Every (1,2)b-
closed subset of X is (1,2) bg- closed
subset of X.

Proof The easy proof is omitted.

3.19 Remark Converse of the
above theorem need not be true in
general which is justified from the
following example.

3.20 Example Let X= {a, b, c},
1={ X, , {a}}, 2={ X, , {b}, {a,b}}.
Then {a, b}is (1,2) bg- closed subset
of X but not (1,2) b- closed subset of  X.

3.21 Remark The intersection
of two (1,2) bg- closed sets need not
be (1,2) bg- closed set which follows
from the following example.

3.22 Example Let X={a, b,
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c,}, 1={X, ,{a}} and 2={X, , {b}, {a,
b}}. Then A ={a, b} and B={a, c} are
(1,2) bg- closed subsets of X but their
intersection {a} is not a (1,2) bg closed
subset of X.

3.23 Theorem In any  bitopological
space X, every singleton set {x} is
either (1,2) b- closed subset of X or {x}c

is (1,2) bg- closed subset of X.

Proof If {x} is not a (1,2) b- closed
set, then the only (1,2) b-open set
containing X-{x} is X. Hence {x}c is (1,2)
bg- closed subset of X.

3.24 Theorem In a bitopological
space X, a subset A of X is (1,2) bg-
closed iff [(1,2) b-cl(A) –A] contains no
non-empty (1,2) b- closed subset.

Proof Let A be a (1,2) bg- closed
set.Then there exists a (1,2) bg-open
set U such that A U and (1,2) b-cl
(A)  U. Let F be a nonempty (1,2) b-
closed set such that F[(1,2) b-cl (A)
–A], which implies that AFc. Hence
(1,2) b-cl (A)Uc is nonempty (1,2) b-
closed subset of [(1,2)b-cl(A)-A],
which is a contradiction. Conversely,
let A  U and U(1,2) bO(X) such that
A is not a (1,2) bg- closed set. So (1,2)
b-cl (A) is not a subset of U, which
implies that (1,2) b-cl (A)   Uc. Hence
(1,2) b-cl(A)  Uc is  non-empty (1,2)
b-closed subset of [(1,2) b-cl (A) –A],
which is a contradiction.

3.25 Theorem  A (1,2) bg-
closed set is (1,2) b- closed iff [(1,2)

b-cl (A) –A] is (1,2) b- closed.

Proof If A is (1,2) b- closed, then
[(1,2) b-cl (A)-A] =  which is (1,2)
b- closed subset of X. Conversely, suppose
that [(1,2) b-cl(A)-A] is (1,2) b-closed,
then by the Theorem 3.24 it is equal
to . Hence A is (1,2) b- closed.

4 Ultra b-spaces

In this section, we introduce and
investigate the concepts of Ultra b-Ti

(i=0,1,2) spaces in bitopological spaces
using (1,2) b- open sets.

4.1 Remark The intersection of
two (1,2) b-open sets need not be (1,2)
b- open, which follows  from  the follo-
wing example.

4.2 Example Let X = {a,b,c},
1= {X, , {a},{a,b},{b}} and 2={X,
, {a}}. Then A={a,b}and B={b,c} are
(1,2) b- open subsets of X but their
intersection AB={b} is not a (1,2)
b-open subset of X.

We introduce the new concept
called an Ultra b- space as follows.

4.3 Definition A space (X, 1, 2)
is called an Ultra b-space if (1, 2)
b-open sets are closed with respect
to finite intersection.

4.4 Example Let X={a,b,c,},
1= {X, , {a}} and  2 ={X, }. Then
(X, 1, 2) is an Ultra b-space.

4.5 Definition A bitopological
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space X is called an Ultra b-T0 space
if for every distinct points x,y X there
exists a (1,2) b-open set containing x
but not y or a (1,2) b-open set containing
y but not x.

4.6 Definition A bitopological
space X is called an Ultra b-T1 space
if for every pair of distinct points x,y X
there exists a (1,2) b- open set containing
x but not y and (1,2) b- open set con-
taining y but not x.

4.7 Definition A bitopological
space X is called an Ultra b-T2 space
if for every pair of distinct points x, y
X there exists two disjoint (1,2) b-
open sets G and H such that xG and
yH.

4.8 Example Let X = {a, b},
1= {X, , {a}, {b}} and 2 = {X, }.
Then  (X, 1, 2)  is an Ultra b-T0, Ultra
b- T1 and also an Ultra b-T2  space.

4.9 Remark Every Ultra b- T1

space is an Ultra b- T0 space but the
converse need not be true in general
which follows from the following
example.

4.10 Example Let X= {a, b, c,},
1 ={ X, , {a}}  and  2 ={X, }. Then
(X, 1, 2) is an Ultra b- T0 space but
not an Ultra b- T1 space.

4.11 Theorem. A bitopological
space X is an Ultra b-T0 space iff (1,2)
b-closures of distinct points are distinct.

Proof Let X be an Ultra b- T0

space. To prove: Distinct points have
distinct (1,2) b- closures. Let x and y
be any two distinct points of X. Then
by definition of  Ultra b-T0 space there
exists a (1,2) b-open set G containing
one of the point but not the other.
Without loss of generality assume that
xG but yG. Since G is (1,2)b-open
set  so  clearly  Gc  is  (1,2)b-closed set
and since yG so y Gc  and since xG
so x Gc. Also  by  definition of (1,2)
b-closure we have (1,2) b-closure of {y}
is the intersection of all (1,2)b-closed
sets containing {y}. Conseqently, y
(1,2) b-cl ({y}) but x(1,2) b-cl ({y})
which indicates that (1,2) b-cl ({y}) 
(1,2) b-cl ({x}). Hence x  y implies
(1,2) b-cl ({x})  (1,2) b-cl ({y}). Con-
versely, suppose that (1,2) b-closures
of distinct points are distinct. To prove:
X is an Ultra b- T0 space.Let x and y
be any two distinct points of X. Then
according to hypothesis, x   y implies
(1,2) b-cl ({x})  (1,2) b-cl ({y}). Now
(1,2) b-cl ({x}) and (1,2) b-cl ({y}) are
distinct.There must exist some point
z of X which is contained in one of
them but not the other. Without loss
of generality assume that z(1,2) b-cl
({x}) but z(1,2)b-cl ({y}). We claim
that x(1,2) b-cl ({y}).Suppose x(1,2)
b-cl ({y}), then{x} (1,2) b-cl ({y})
which implies that (1,2) b-cl ({x}) 
(1,2) b-cl ({y}) so z(1,2) b-cl ({y}). This
is a contradiction to the hypothesis
that z(1,2) b-cl ({y}) which is by
assuming that x(1,2) b-cl ({y}) and
so x(1,2) b-cl ({y}). Consequently,
x[(1,2) b-cl ({y})]c which is (1,2) b-
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open set containg x but not y. Hence
X is an Ultra b- T0 space.

4.12 Theorem A bitopological
space X is an Ultra b- T1 space iff every
singleton subset {x} of  X is a (1,2)
b- closed set.

Proof Let x, y X and xy.  If
{x} and {y} are the (1,2) b- closed sets
then {x}c and {y}c are (1,2) b- open
subsets of X such that y{x}c and
x{x}c and also x{y}c and y{y}c. So
X is an Ultra b- T1 space. Conversely,  let
X be an Ultra b- T1 space and let x be
an arbitrary point of X then it suffices
to prove that every {x} is (1,2) b- closed
or equivalently that {x}c is (1,2) b-
open. If {x}c =, then it is clearly (1,2)
b- open. So let {x}c and let y be an
arbitrary element of {x}c, then obviously
yx. But X being an  Ultra b- T1 space
and y being different from x,there
exists a (1,2) b- open set Gy containing
y but not x. Thus corresponding to
each y{x}c there exists a (1,2) b- open
set Gy such that yGy {x}c. Conse-
quently, {y:yx}  {Gy:yx}  {x}c

or {x}c  { Gy:yx}  {x}c or {x}c=
{Gy:yx}.Now each Gy is a (1,2)
b-open set. So {Gy:y  x}is a (1,2)
b-open set. Therefore {x}c is a (1,2)
b-open set. Hence {x} is (1,2)b-closed.
Since x was choosen an arbitrary point
of X, it follows that every subset of X
consisting of exactly one point is (1,2)
b-closed set.

4.13 Definition Let X be a
bito-pological space and xX then a
subset Nx of X is called a (1,2) b-
neighbourhood [respectively, (1,2) bg-
neighbourhood] of x if there exists a
(1,2) b- open set [respectively, (1,2)bg-
open set] G such that xG Nx and is
briefly denoted by (1,2) b-nbd
[respectively, (1,2)bg-nbd].

4.14 Theorem Every (1,2) b-
nbd of a point xX is also a (1,2) bg-
nbd  of xX.

Proof The easy proof is omitted
[follows from Theorem 3.18].

4.15 Remark Converse of the
above theorem need not be true in general
which  follows  from  the  following
example.

4.16 Example Let X ={a,b},
1={X, , {a}} and 2={X, , {b}, {a,b}}.
Here {c} is (1,2) bg-nbd of a point
cX but it is not a (1,2) b- nbd of a
point cX.

4.17 Theorem The (1,2) b- nbds
of a point xX satisfy the following
property.

If N(1,2) b-nbd of x and NM,
then M(1,2) b- nbd of x.

Proof Let N(1,2) b-nbd of x and
let NM, then there exists G(1,2) bO(X)
such that xGNM. So xGM.
So M(1,2) b-nbd of x.

4.18 Theorem The (1,2) bg-

250    S.S. Benchalli et al., J.Comp.&Math.Sci. Vol.1(2), 245-252 (2010).

Journal of Computer and Mathematical Sciences Vol. 1 Issue 2, 31 March, 2010 Pages (103-273)



nbds of a point xX satisfy the
following property.

If N(1,2) bg- nbd of x and
NM, then M(1,2) bg- nbd of x.

Proof Similar to that of 4.17.

4.19 Theorem If X is an Ultra
b-T1 space, then the intersection of
(1,2) b-nbds of an arbitrary point x of
X is the singleton set {x}.

Proof Let X be an Ultra b-T1

space. Also let xX. Let us denote by
Nx the intersection of all (1,2) b-neig-
hbourhoods of x. Now if y is a point
of X such that y  x, then there exists
a (1,2) b-open set containing x but
not y. Consequently, y is not contained
in the intersection of all (1,2)b-neigh-
bourhoods of x, that is y Nx. Thus no
point of X different from x is contai-
ned in Nx.. Hence  Nx ={x}.

4.20 Definition A space  X is
called an Ultra b-T½ space if every (1,2)
bg-open subset of X is (1,2) b-open
subset of X.

4.21 Example Let X= {a,b,c},
1= {X, ,{a}} and  2 = {X, }. Then
(X, 1, 2) is an Ultra b- T½- space.

4.22 Remark The space (X, 1,
2) is an Ultra b-T½ space iff every (1,2)
bgCL(X) = (1,2) bCL (X).

4.23 Theorem A bitopological

space X is an Ultra b- T½ space iff
either {x} is (1,2) b-open or (1,2)
b-closed.

Proof Let X be an Ultra b- T½

space.  If {x} is not a (1, 2) b-closed
set, then by Theorem 3.23 A=X-
{x}={x}c is (1,2) bg-closed. Also by assu-
mption {x}c is (1,2) b-closed which implies
that {x} is (1,2) b-open. Conversely, let
A  X be a (1,2) bg-closed set with
x (1,2) b-cl(A). If {x} is (1,2) b-open,
then  {x}A= . Otherwise {x} is (1,2)
b-closed. So (1,2) b-cl({x})A. In both
cases, xA and A is (1,2) b-closed.

4.24 Remark Every Ultra b-T1

space is an Ultra b- T½ space but the
converse need not be true in general
which is justified from the following
example.

4.25 Example Let X={a,b,c},
1= {X, ,{a}} and 2={X, }. Here by
observations X is an Ultra b- T½  space
but not an Ultra b- T1 space.

4.26 Theorem Every Ultra b- T½

space is an Ultra b-To space.

Proof Let x,y be any two distinct
points of X.  By Theorem 4.23, either
{x} is (1,2) b-open or (1,2) b-closed.
If {x} is (1,2) b-open,then {x} is (1,2)
b-open set containg x but not y. If {x}
is (1,2)b-closed,then {x}c is (1,2)b-open
set containing y but not x. Therefore,
X is an Ultra b-To space.
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4.27 Remark The converse of
the above theorem need not be true
in general which follows from the
following example.

4.28 Example Let X= {a,b,c,d},
1= {X, , {a}, {a,b}} and  2={X,,
{b},{a,b,c}}. Then (X, 1, 2)  is an Ultra
b-T0 space but not an Ult ra b-T1/2 space.

ACKNOWLEDGEMENTS

The authors are grateful to the
University Grants Commission, New
Delhi, India for its financial support under
UGC SAP I to the Department of
Mathematics, Karnatak University,
Dharwad, India  and  also  for UGC-
Research  Fellowship under  RFSMS
Scheme, to the second author.

REFERENCES

1. D. Andrijevic, On b-open sets, Mat.

Vesnik, 48, 59-64 (1996).
2. C.E. Aull and W.J. Thron, Separation

axioms  between To and  T1, Indag.
Math. 24, 26-37 (1962).

3. Ashishkar and P. Bhattachariya, Some
week separation  axioms, Bull. Cal.
Math. Soc. 85, 331-336 (1963).

4. J.C. Kelly, Bitopological spaces, Proc.
London Math. Soc. (3), 71-89 (1963).

5. M. Lellis Thivagar,  Generalizations
of pairwise continuous functions, Pure
and  Applied  Math.  and Sci., Vol.
XXXIII, No. 1-2, 55-63 (1991).

6. N. Levine, Semi Open Sets and Semi
Continuity  in Topological  Spaces,
Amer.  Math.  Monthly,  70, 36-41
(1963).

7. N. Levine, Generalized Closed Sets
in Topology, Rend. Circ. Math, Palurmo
(2), 89-96 (1970).

8. R. Prasad and S. Maheswari, Some
new separation  axioms,  Ann. Soc.
Sci. Bruxelles, 89, 395-402 (1975).

252    S.S. Benchalli et al., J.Comp.&Math.Sci. Vol.1(2), 245-252 (2010).

Journal of Computer and Mathematical Sciences Vol. 1 Issue 2, 31 March, 2010 Pages (103-273)


