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ABSTRACT 
 

In this paper a new class of sets called generalized minimal closed sets in topological 
spaces are introduced and characterized so as to determine their behaviour relative to 
subspaces. A subset A of a topological space (X, τ) is said to be generalized minimal 
closed (briefly g-mi closed ) set if cl (A) ⊆ U whenever A ⊆ U and U is a minimal open 
set in X. The complement of a generalized minimal closed set is called a generalized 
maximal open set.  
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1.  INTRODUCTION AND   
     PRELIMINARIES 
 

        In 1970 N. Levine2 introduced 
generalized closed (g-closed) sets in 
topological spaces in order to extend many of 
the important properties of closed sets to a 
larger family. Generalized closed sets form a 
stronger tool in the characterization of 
topological spaces satisfying weak separation 
axioms. Further study of g-closed sets in 
topological spaces was continued by W. 
Dunham and N. Levine1. Recently minimal 
open sets and maximal open sets in topological 
spaces were introduced and studied by F. 
Nakaoka and N. Oda3, 4, 5. 
       In section 2, a new class of sets called 
generalized minimal closed sets in topological 
spaces are introduced and characterized so as 
to determine their behaviour relative to 
subspaces. The purpose of this paper is to 
study some fundamental properties related to 
generalized minimal closed sets. The 
complement of a generalized minimal closed 
set is said to be a generalized maximal open 
set.  

       Throughout this paper (X, τ) 
represents a nonempty topological space on 
which no separation axioms   are   assumed 
unless otherwise mentioned.  For a subset A of 
a topological space (X, τ), cl (A), int (A) and 
Ac denote the closure of A, the interior of A 
and the complement of A in (X, τ) 
respectively. Let us recall the following 
definitions, which are useful in the sequel. For 
other definitions and results we refer 6. 
Definition 1.1: [3] A proper nonempty subset 
A of a topological space (X, τ) is called  
(i) a minimal open (resp. minimal closed) set if 
any open (resp. closed) subset of X which is 
contained in A, is either A or φ. 
(ii) a maximal open (resp. maximal closed) set 
if any open (resp. closed) set which contains 
A, is either A or X.  
Definition 1.2: [2] A subset A of a topological 
space (X, τ) is called  
 (i) a generalized closed (briefly g-closed) set 
if cl (A) ⊆ U whenever A ⊆ U and U is an 
open set in X. 
(ii) a generalized open (briefly g-open ) set  iff 
Ac is a g-closed set. 
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(iii) a  ω-closed set  if cl (A) ⊆ U whenever A 
⊆ U and U is a semi open set in (X, τ).   
(iv) an  ω-open set iff Ac is a ω-closed set. 
 

2. GENERALIZED MINIMAL CLOSED  
    SETS 
       
Definition 2.1: A subset A of a topological 
space (X, τ) is said to be  generalized minimal 
closed (briefly g-mi closed ) set if cl (A) ⊆ U 
whenever A ⊆ U and U is a minimal open set 
in X. 
Theorem 2.2:  Every g-mi closed set in a 
topological space (X, τ) is a g-closed set. 
Proof:  Let A be any g-mi closed set in a 
topological space (X, τ). By the Definition 2.1 
cl (A) ⊆ U whenever A ⊆ U and U is a 
minimal open set in X. But every minimal 
open set is an open set in X. Therefore cl (A) 
⊆ U whenever A ⊆ U and U is an open set in 
X. Hence A is a g-closed set. 
Remark 2.3: Converse of the above Theorem 
2.2 need not be true.  
Example 2.4: Let X= {a, b, c, d} with τ= {φ, 
{a, b}, {c, d}, X}. 
Closed sets: φ, {a, b}, {c, d}, X. Minimal 
closed sets: {a, b}, {c, d}. 
g-closed sets: P(X). 

g-mi closed sets: φ, {a}, {b}, {c}, {d}, {a, b}, 
{c, d}. 
 
Theorem 2.5:  Every g-mi closed set in a 
topological space (X, τ) is a ω-closed set. 
 
Proof: Let A be any g-mi closed set in a 
topological space (X, τ). By the Definition 2.1 
cl (A) ⊆ U whenever A ⊆ U and U is a 
minimal open set in X. But every minimal 
open set is an open set and hence is a semi 
open set, which implies U is a semi open set in 
X. Therefore cl (A) ⊆ U whenever A ⊆ U and 
U is a semi open set in X. Hence A is a ω-
closed set. 
 
Remark 2.6: Converse of the above Theorem 
2.5 need not be true.  
Example 2.7: Let X= {a, b, c, d} with τ= {φ, 
{a}, {a, b}, {c, d}, {a, c, d}, X}. Open sets: {φ, 
{a}, {a, b}, {c, d}, {a, c, d}, X}. 
Closed sets: {φ, {b}, {a, b}, {c, d}, {b, c, d}, 
X}. 
Minimal closed sets: {b}, {c, d}. 
g-mi closed sets: φ, {c}, {d}, {c, d}. 
ω-closed sets: φ, {b}, {c}, {d}, {a, b}, {b, c}, 
{b, d}, {c, d}, {a, b, c}, {a, b, d}, {b, c, d}, X  

 
Remark 2.8: From the above results we have the following implications.  
 

ω-closed sets g-mi closed sets                                     
 
 
 
 
 
 
 
 

 

 
 

 
 minimal closed set                       closed sets    g-closed sets 
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Theorem 2.9:  If A is a g-mi closed set in a 
topological space (X, τ) and A ⊆ B ⊆ cl (A) 
then B is a g-mi closed set in a topological 
space (X, τ). 
Proof: Let B be any set such that B ⊆ U and U 
be a minimal open set in X. 
Given that A ⊆ B ⊆ cl (A) ……………..(i). 
Since A ⊆ B ⊆ U, we have A ⊆ U where U is 
a minimal open set. But A is a g-mi closed set 
in X. Therefore from Definition 2.1, cl (A) ⊆ 
U. From (i) A ⊆ B ⊆ cl (A), then B ⊆ cl (A) 
implies that cl (B) ⊆ cl (cl (A)) =cl(A) which 
implies that cl (B) ⊆ cl (A). But cl (A) ⊆ U. 
Therefore cl (B) ⊆ U whenever B ⊆ U and U 
is a minimal open set in X. Hence B is a g-mi 
closed set in X. 
 
Theorem 2.10:  If A is a g-mi closed set in a 
topological space (X, τ) then    
cl (A) − A contains no nonempty maximal 
closed subset. 
Proof: Let F be any maximal closed subset of 
cl (A) − A. Then Fc is a minimal open set in X. 
Now F ⊆ cl (A) − A = cl (A) I Ac.Since cl (A) 
I Ac ⊆ cl (A) and cl (A) I Ac ⊆ Ac, we have F 
⊆ cl (A) and F ⊆ Ac, which implies  A ⊆Fc, 
where Fc is minimal openset. Since A is a g-
miclosed set, by the Definition 2.1, cl (A) ⊆ Fc. 
So F ⊆ [cl (A)] c. Also F ⊆ cl (A) . Then  
F ⊆ [cl (A)] c 

I cl (A) = φ. Therefore F = φ. 
 
Theorem 2.11:  If A is a g-mi closed set in a 
topological space (X, τ) then    
cl (A) − A contains no nonempty closed 
subset. 
Corollary 2.12:  A g-mi closed set A in a 
topological space (X, τ) is closed iff cl (A) − A 
is a closed set. 
Proposition 2.13: If A is any minimal open set 
and a g-mi closed set in a topological space 
(X,τ) then A is a closed set in X. 

Theorem 2.14:  If A is any g-mi closed set in a 
topological space (X, τ) then for each x ∈ cl 
(A), cl {x} I A ≠ φ. 
Proof:  Let A be any g-mi closed set in (X, τ) 
such that for each x ∈ cl (A),  cl {x} I A = φ. 
Then A ⊆ [cl ({x})] c , where [cl ({x})]c is an 
open set in X. By the Theorem 2.2 A is g-
closed set and we have A ⊆ [cl ({x})] c. 
Therefore  by the Definition 2.1 in [2], cl (A) 
⊆ [cl ({x})] c. This is a contradiction to the fact 
that x ∈ cl (A). Therefore cl {x} I A ≠ φ. 
 
Lemma 2.15: If Y⊆ X is any subspace of a 
topological space (X, τ) and U is any minimal 
open set in X then Y I U is a minimal open set 
in Y. 
Proof: Let U be any minimal open set in X 
such that Y I U is not a minimal open set in Y. 
Then there exists an open set G≠ Y in Y such 
that G ⊆ Y I U where G = Y I H and H is an 
open set in X. Then Y I H ⊆ Y I U, which 
implies that H ⊆ U, This is a contradiction to 
the fact that U is a minimal open set in X. 
Therefore Y I U is a minimal open set in Y. 
 
Theorem 2.16: If A ⊆ Y ⊆ X and A is any g-
mi closed set in a topological space (X, τ) then 
A is g-mi closed relative to Y. 
Proof: Let Y ⊆ X be a subspace of a 
topological space (X, τ) and let O be a minimal 
open set in X, then by the Lemma 2.15 Y I O 
is a minimal open set in Y. Let A ⊆ Y I O, 
where Y I O is a minimal open set in Y. 
Therefore A ⊆ O and O is a minimal open set 
in X. But A is a g-mi closed set in X. By the 
Definition 2.1 cl (A) ⊆ O whenever A ⊆ O and 
O is a minimal open set in X. It follows that Y 
I cl (A) ⊆ Y I O whenever A ⊆ Y I O and Y 
I O is a minimal open set in Y. Therefore A is 
g-mi closed relative to Y. 
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Lemma 2.17: If A is any minimal open set and 
B is an open set in a topological space (X, τ) 
then either A I B = φ or A I B is a minimal 
open set in X. 
Proof: If A is any minimal open set and B is 
an open set in (X, τ) such that A I B = φ, then 
there is nothing to prove. But if A I B ≠ φ, 
then we have to prove that A I B is a minimal 
open set in X. Now A I B ≠ φ means A I B ⊆ 
A and A I B ⊆ B. For A I B ⊆ A and since A 
is a minimal open set in X, by the definition of 
a minimal open set, either A I B = φ or A I B 
= A. But A I B ≠φ, therefore A I B = A 
which implies that A I B is a minimal open set 
in X. 
 
Theorem 2.18: If B ⊆ A ⊆ X such that B is g-
mi closed relative to A and A is an open set 
and a g-mi closed set in a topological space (X, 
τ) then B is a g-mi closed set in X. 
Proof: Follows from lemma 2.15 and lemma 
2.17. 
Definition 2.19:  A subset A of a topological 
space (X, τ) is said to be a generalized 
maximal open (briefly g-ma open) set iff Ac is 
a generalized minimal closed set in (X,τ). 
 
Theorem 2.20: A subset A of a topological 
space (X, τ) is a g-ma open set iff F ⊆ int A 
whenever F ⊆ A and F is a maximal closed set 
in X. 
Proof: Let A be any g-ma open subset of a 
topological space (X, τ) such that F ⊆ A and F 
is a maximal closed set in X. Then by the 
Definition 2.19 Ac is a generalized minimal 
closed set in X and by hypothesis Ac ⊆ Fc 
where Fc will be a minimal open set in X. So cl 
(Ac) ⊆ Fc. Then (int A)c ⊆Fc, which implies F 
⊆ int A. 

Conversely suppose that F ⊆ int A 
whenever F ⊆A and Fis a maximal closed set 
in X. Then (int A)c ⊆ Fc whenever Ac ⊆ Fc and 
Fc is a minimal open set. It follows that cl (Ac) 
⊆ Fc whenever Ac ⊆ Fc and Fc is a minimal 
open set. Therefore by the Definition 2.1 Ac is 
a g-mi closed set in X. Then by the 
Definition.2.19 A is a g-ma open set in X.                 
 
Theorem 2.21: Every g-ma open set in a 
topological space (X, τ) is a           g-open set. 
Proof: Follows from the Definition 2.19 and 
the Theorem 2.2. 
 
Remark 2.22: Converse of the Theorem 
2.21need not be true. 
 
Example 2.23: Let X= {a, b, c, d} with τ= {φ, 
{a, b}, {c, d}, X}.  
Open sets: φ, {a, b}, {c, d}, X. Maximal open 
sets: {c, d}, {a, b}. 
g-open sets: P(X). 
g-ma open sets: {a, b}, {c, d},{a, b, c}, {a, c, 
d},{a, b, d}, {b, c, d}, X. 
 
Theorem 2.24: Every g-ma open set in a 
topological space (X, τ) is an          ω-open set. 
Proof: Follows from the Definition 2.19 and 
the Theorem 2.5. 
 

Remark 2.25: Converse of the Theorem 2.24 
need not be true. 
 
Example 2.26: Let X= {a, b, c, d} with τ= {φ, 
{a}, {a, b}, {c, d}, {a, c, d}, X}. Open sets: {φ, 
{a}, {a, b}, {c, d}, {a, c, d}, X}. 
Maximal open sets: {a, b}, {a, c, d}. 
g-ma open set:{a, b}, {a, b, c}, {a, b, d}, X. 
ω-open sets: φ, {a}, {c}, {d}, {a, b}, {a, c}, {a, 
d}, {c, d}, {a, b, c}, {a, b, d}, {a, c, d}, X. 
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Remark2.27: From the above results we have the following implications.  

                                                   g-ma  open sets                                    ω-open sets 
 
 
 
 
 
 
maximal open  sets                              open sets                                    g-open sets 
 
 
Theorem 2.28:  If int A ⊆ B ⊆ A and A is any 
g-ma open set in (X, τ) then B is a g-ma open 
set in (X, τ). 
Proof: Given int A ⊆ B ⊆ A and A is any g-ma 
open set in (X, τ). 
Then Ac ⊆ Bc ⊆ (int A)c and Ac is a g-mi 
closed set in (X, τ). 
That is Ac ⊆ Bc ⊆ cl (Ac) and Ac is a g-mi 
closed set in (X, τ). 
By the Theorem 2.9 Bc is a g-mi closed set in 
X. Thus by the Definition 2.19 B is a g-ma 
open set in X. 
 
Theorem 2.29: If A is any g-ma open set in a 
topological space (X, τ), then O = X whenever 
O is an open set in X and int (A) U Ac ⊆ O. 
Proof: Let A be any g-ma open set in (X, τ) 
and O be an open set in X such that int (A) U 
Ac ⊆ O. Then Ac is a g-mi closed set and Oc is 
a closed set such that Oc ⊆  [int (A) U Ac]c = 
(int A)c I (Ac)c =  cl (Ac) − Ac. Since Ac is a g-
mi  closed set and Oc is a closed set, by the 
theorem 2.11 cl (Ac) − Ac contains no 
nonempty closed subset, which implies Oc = φ. 
Hence O = X. 
Remark 2.30: Converse of the Theorem 2.29 
need not be true.  
Example 2.31: Let X= {a, b, c, d} with τ= {φ, 
{b}, {d}, {b, d}, {a, c, d}, X}. g-m a open sets:  
 

 
 
{a, c, d}, X.. If A = {b, c, d}. The only open 
set containing int (A) U Ac = {b, d}U {a} is X, 
but A is not a g- ma open set. 
 
Theorem 2.32: If A ⊆ Y ⊆ X and that A is 
any g- ma open set in a topological space (X, τ) 
and Y is a closed set in X, then A is g- ma open 
relative to Y. 
Proof: Let Ac ⊆ U such that U is any minimal 
open set in Y. Then by the Lemma2.15 U = V 
I Y for some minimal open set V in X. So Ac 
⊆ V where V is a minimal open set in X. But 
by hypothesis Ac is a g- mi closed set in X and 
Y is a closed set. So cl (Ac) ⊆ V and cl (Ac) ⊆ 
Y. Then  cl (Ac) ⊆ V I Y =U, cl (Ac) ⊆ U 
which implies Y I cl (Ac) ⊆ Y I U. Therefore 
Ac is a g- mi closed relative to Y which implies 
A is g- ma open relative to Y. 
 
Theorem 2.33: If A ⊆ Y ⊆ X and A is any g- 
ma open set in a topological space (X, τ), then 
A is g- ma open relative to Y. 
Proof: Let Ac ⊆ Y I O such that Y I O is 
minimal open in Y and O is minimal open set 
in X. Then Ac ⊆ O. By hypothesis Ac is a g- mi 
closed set in X. Therefore cl (Ac) ⊆ O, Y I cl 
(Ac) ⊆ Y I O. Hence Ac is g- mi closed 
relative to Y which implies A is g- ma open 
relative to Y. 
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Theorem 2.34: If A ⊆ B ⊆ X and that A is g- 
ma open relative to B and B is g- ma open 
relative to X, then A is g- ma open relative to 
Y. 
Proof: Follows from the Theorem 2.32. 
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