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ABSTRACT 
 

The aim of this paper is to introduce the class of closed sets 

called g∗-semi closed sets (briefly g∗s-closed) in bitopological 
spaces. Properties of these sets are investigated. Using this 
closed set, we define two new spaces namely, (τi, τj )−T*b-spaces 
and (τi, τj )−αT*b-spaces as an application. Further we define and 

study g∗s-continuity and pairwise g∗s-irresolute maps in 
bitopological spaces and some their properties have been 
investigated. 
 

2000 Mathematics Subject Classification:  54E55, 54C05, 
54A40 and 54C08 . 
 

Key words and phrases: (τi, τj )-g∗s-closed sets, (τi, τj ) – 

T* b-spaces, (τi, τj ) −α T*b-spaces D∗S(τi, τj )-σk-continuity, 

pairwise g∗s-irresolute maps, g∗s-bi-continuity and g∗s-
strongly-bi-continuity 

 

1.  INTRODUCTION  
 
 A triple (X, τ1, τ2), where X is a non-
empty set and τ1 and τ2 are topologies on X, 
is called a bitopological space and Kelly6 
initiated the systematic study of such spaces. 
After the work of Kelly various authors2,3, 5, 
9 and 13 have contributed to the development 
of this theory. Fukutake2 introduced and the 
studied the notions of generalized closed (g-

closed) sets in bitopological spaces. 
Recently Fukutake, Sundaram and Shiek 
John4 and El- Tantawy and Abu-Donia15 
introduced the concept of ω-closed sets and 
generalized semi-closed (gs-closed) sets in 
bitopological spaces respectively. In 2002, 
Veera Kumar17 introduced and studied the 

concepts of g∗-semi-closed (briefly g∗s-

closed) sets, g∗s-continuity and g∗s-
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irresolute maps in topological spaces. The 

class of g∗s-closed sets lies between the 
class of semi-closed sets and the class of gs-
closed sets.  

The purpose of this paper is to 

introduce the concepts of g∗s-closed sets, (τi, 

τj ) – T*b-spaces,(τi, τj ) −α T*b-spaces, g∗s-

continuity, pairwise g∗s-irresolute, g∗s-bi-

continuity and g∗s-strongly-bi-continuity for 
bitopological spaces and obtain some of 
their properties. 
 
2.  PRELIMINARIES  
 

Throughout this present paper, let X, 
Y and Z always represent non-empty 
bitopological spaces (X, τ1, τ2), (Y, σ1, σ2) 
and (Z, η1, η2) on which no separation 
axioms are assumed unless explicitly 

mentioned and the integers i, j, k ∈ {1, 2}. 
We denote the family of all g-open subsets 
of X with respect to the topology τi by 
GO(X, τi). 

If A is a subset of a topological 
space X with a topology τ, then the closure 
of A is denoted by τ-cl(A) or cl(A), the 
interior of A is denoted by τ-int(A) or int(A), 
semi-closure (resp. pre-closure) of A is 
denoted by τ-scl(A) or scl(A) (resp. τ-pcl(A) 
or pcl(A)), semi-interior of A is denoted by 
τ-sint(A) or sint(A) and the complement of 
A is denoted by Ac. 

The following definitions are useful 
in the sequel. 
 
Definition 2.1. A subset A of a topological 
space (X, τ) is called semi-open7 (resp. pre-

open10 and α-open12) set if A ⊆ cl(int(A)) 

(resp. A ⊆ int(cl(A)) and A ⊆ 
int(cl(int(A)))). The complement of semi-

open (resp. pre-open and α-open) set is 
called semi-closed (resp. pre-closed and α-
closed) set. 
  
Definition  2.2.  A  subset  A  of  a  
topological  space  (X, τ)  is  called  g-

closed8 (resp. 1.gs-closed1,  2. g∗-closed16, 3.   

g∗-semiclosed (g∗s-closed)17  and  4. ω-closed  14)  

set  if cl(A) ⊆ G (resp.1. scl(A) ⊆ G, 2.  

cl(A) ⊆ G, 3.  scl(A) ⊆ G and 4.  cl(A) ⊆ G) 

whenever A ⊆ G and G is open (resp.  1.  
open, 2.  g-open, 3.  g-open and 4.  semi-
open) in (X, τ). 
 
Definition 2.3. A subset A of a bitopological 
space (X, τ1, τ2) is called a 

1.  (τi, τj ) − g-closed2 if τj − cl(A) ⊆ U  

whenever A ⊆ U  and U ∈ τi. 

2. (τi, τj ) − gs-closed15 if τj − scl(A) ⊆ U  

whenever A ⊆ U  and U ∈ τi. 
3. (τi, τj)-weakly generalized closed ((τi, τj ) 

− wg-closed) set3 if τj − cl(τi − int(A)) ⊆ 

U whenever A ⊆ U  and U ∈ τi. 

4. (τi, τj ) − ω-closed4 if τj − cl(A) ⊆ U  

whenever A ⊂ U  and U  is semi-open 
in τi. 

5. (τi, τj ) − g∗-closed13 if τj − cl(A) ⊆ U  

whenever A ⊆ U  and U  is τi − g-open 
set. 

 
The family of all (τi, τj ) −g-closed 

(resp. (τi, τj ) −gs-closed , (τi, τj ) −wg-
closed,(τi, τj ) −ω-closed and (τi, τj ) −g*-
closed ) subsets of a bitopological space (X, 
τ1, τ2) is denoted by D(τi, τj ) (resp. GSC(τi, 
τj ), W (τi, τj ), C(τi, τj ) and D*(τi, τj )). 
 

Definition 2.4. A topological space (X, τ1, 
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τ2) is called a 
1. (τi, τj ) – T1/2 − space2 if every (τi, τj ) − 

g-closed set is τj -closed.  
2. (τi, τj ) – T*1/2 − space13 if every (τi, τj) − 

g∗-closed set is  τj -closed. 
3. (τi, τj ) − Tb − space15 if every (τi, τj ) − 

gs-closed set is  τj -closed.  
 
Definition 2.5. A map f : (X, τ1, τ2) → (Y, 
σ1, σ2) is called τj -σk-continuous9 if f −1(V) ∈ 
τj , for every V ∈ σk. 
 
Definition 2.6. A map f : (X, τ1, τ2) → (Y, 
σ1, σ2) is called D(τi, τj )-σk-continuous9 if 
the inverse image of every σk-closed set in 
(Y, σ1, σ2) is (τi, τj ) − g-closed set in (X, τ1, 
τ2). 
 
Definition 2.7. A map f : (X, τ1, τ2) → (Y, 
σ1, σ2) is called (τi, τj )-gs-σk-continuous15 
(resp. W (τi, τj )-σk-continuous3, C(τi, τj )-σk-
continuous4 and D*(τi, τj )-σk-continuous13) 
if the inverse image of every σk-closed set in 
(Y, σ1, σ2) is (τi, τj ) − gs-closed (resp.  (τi, τj) 
− wg-closed, (τi, τj ) − ω-closed and (τi, τj ) − 
g*-closed) set in (X, τ1, τ2)). 
 
Definition 2.8. A map f : (X, τ1, τ2) → (Y, 
σ1, σ2) is called 
 
1. bi-continuous9 if f  is τ1-σ1-continuous 

and τ2-σ2-continuous. 
2. generalized-bi-continuous (g-bi-

continuous)9 if f is D(τ1, τ2)-σ2-
continuous and D(τ2, τ1)-σ1-continuous. 

3. g∗-bi-continuous14 if f  is D*(τ1, τ2)-σ2-
continuous and D*(τ2, τ1)-σ1-continuous. 

4. ω-bi-continuous4 if f is C(τ1, τ2)-σ2-
continuous and C(τ2, τ1)-σ1-      
continuous 

 
 

Definition 2.9. A map f : (X, τ1, τ2) → (Y, 

σ1, σ2) is called  
1. strongly-bi-continuous (s-bi-

continuous)9 if f is bi-continuous, τ1-σ2-
continuous and τ2-σ1-continuous. 

2. generalized-strongly-bi-continuous (g-s-
bi-continuous)9 if f is g-bi-continuous, 
D(τ1, τ2)- σ1-continuous and D(τ2, τ1)-σ2-
continuous. 

3. g*-s-bi-continuous14 if f is g*-be-
continuous, D*(τ1, τ2)-σ1-continuous and 
D*(τ2, τ1)-σ2-continuous.  

4. ω-s-bi-continuous4 if f is ω-bi-
continuous, C(τ1, τ2)-σ1-continuous and 
C(τ2, τ1)-σ2-continuous. 

 
3.  (τi, τj)-g*s-closed sets  
 

In this section we introduce g*-
semiclosed sets in bitopological spaces and 
study some of their properties. 
 
Definition 3.1. Let i, j ∈ {1, 2} be fixed 
integers. A subset A of a bitopological space 
(X, τ1, τ2) is said to be (τi, τj ) − g*-semi-
closed (briefly (τi, τj )-g*s-closed) set if τj -
scl(A) ⊆ U whenever A ⊆ U and U is g-
open in (X, τi). 

The  family  of  all  (τi, τj )-g*s-
closed  sets  in  a  bitopological  space  (X, 
τ1, τ2)  is  denoted  byD*S(τi, τj ). 

 
Remark 3.2. If τ1 =τ2 in Definition 3.1, then 
a (τi, τj )-g*s-closed set reduces to a g*s-
closed set15 in a single topological space. 
 
Theorem 3.3. Every τj -closed (resp.τj -α-
closed and τj -semiclosed) set is (τi, τj )-g*s-
closed set but no conversely. 
Proof. The proof follows from the 
definitions. 
 
 

Example 3.4. Let X = {a, b, c} and τ1  = {X, 
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φ, {a} , {b} , {a, b}} and τ2 = {X, φ, {a} , 
{b, c}}. 
Then the subset A = {a, c} is a (τ1, τ2)-g*s-
closed set but A is not a τ2-closed, τ2-α-
closed and τ2-semiclosed set in (X, τ1, τ2). 
 
Theorem 3.5. If A is a (τi, τj )-g*s-closed set 
in (X, τ1, τ2), then A is (τi, τj )-gs-closed. 
Proof. Let A be a (τi, τj )-g*s-closed set in 
(X, τ1, τ2). Let G be a τi-open set and so it is 
τi-g-open set such that A ⊆ G. Then τj -
scl(A) ⊆ U. Hence A is a (τi, τj )-gs-closed 
set in (X, τ1, τ2). 
 
The converse of the above theorem need not 
be true as seen from the following example. 
 
Example 3.6. Let (X, τ1, τ2) be a 
bitopological space where X = {a, b, c}, τ1 = 
{X, φ, {a}} and τ2 = {X, φ, {a} , {b, c}}. 
Then the subset {a, b} is (τ1, τ2)-gs-closed 
set but not a (τ1, τ2)-g

*s-closed set in (X, τ1, 
τ2). 
 
Theorem 3.7. Every (τi, τj )-g*-closed set is 
(τi, τj )-g*s-closed set but not conversely. 
Proof. Let A be a (τi, τj )-g*-closed set in 
(X, τ1, τ2). Let G be a τi-g-open set such that 
A ⊆ G. Then τj -cl(A) ⊆ G. But τj -scl(A) ⊆ 
τj -cl(A) ⊆ G which implies that τj -scl(A) ⊆ 
G. Therefore A is a (τi, τj )-g*s-closed set in 
(X, τ1, τ2). 
 
Example 3.8. Let X = {a, b, c}, τ1 = {X, φ, 
{a} , {a, c}} and τ2 = {X, φ, {a}}. Then the 
subset {c} is (τ1, τ2)-g*s-closed set but not a 
(τ1, τ2)-g*-closed set in (X, τ1, τ2). 

 
Theorem 3.9. If A is both τi-g-open and (τi, 
τj )-g∗s-closed, then A is τj -semiclosed set. 
 
Proof. Let A ⊆ A, where A is τi-g-open. By 

hypothesis, τj -scl(A) ⊆ A. But A ⊆ τj -
scl(A) is always true. Therefore τj -scl(A) = 
A. Hence A is τj -semiclosed set in (X, τ1, 
τ2). 
 
Remark 3.10. The concept of (τi, τj )-g-

closed sets and (τi, τj )-g*s-closed sets are 
indepen-dent of each other as seen from the 
following examples. 
 
Example 3.11. In Example 3.6, the subset 
{a, b} is (τ1, τ2)-g-closed but not a (τ1, τ2)-
g*s-closed set in (X, τ1, τ2). 
 
Example 3.12. In Example 3.8, the subset 
{c} is ( τ1, τ2)-g*s-closed but not a (τ1, τ2)-g-
closed set in (X, τ1, τ2).  
 

Remark 3.13. (τi, τj )-g*s-closed sets and τj -

g-closed sets are independent of each other 
as seen from the following examples. 
 

Example 3.14. In Example 3.4, the subset 
{a, b} is τ2-g-closed but not a (τ1, τ2)-g*s-

closed set in (X, τ1, τ2). 
 
Example 3.15. Let X = {a, b, c}, τ1  = {X, φ, 
{a} , {b} , {a, b}} and 
 
τ2 = {X, φ, {a}, {a, b}, {a, c}}. Then the 
subset {a, c} is (τ1, τ2)-g*s-closed but not a 
τ2-g-closed set in (X, τ1, τ2). 
 

Remark 3.16. The following examples 
show that (τi, τj )-g*s-closed sets and (τi, τj )-
wg-closed sets are independent of each 
other. 
 

Example 3.17. Let X = {a, b, c}, τ1 = {X, φ, 
{b} , {b, c}} and τ2 = {X, φ, {a, b}}. Then 
the subset {b, c} is (τ1, τ2)-wg-closed set but 
not a (τ1, τ2)-g*s-closed in (X, τ1, τ2). 
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Example 3.18. Let X = {a, b, c}, τ1  = {X, φ, 
{b} , {a, c}} and τ2  = {X, φ, {a} , {b} , {a, 
b}}. 
Then the subset {b} is (τ1, τ2)-g*s-closed set 
but not a (τ1, τ2)-wg-closed in (X, τ1, τ2). 
 
Remark 3.19. The concepts of (τi, τj )-ω-
closed sets and (τi, τj )-g*s-closed sets are 
indepen-dent of each other as seen from the 
following examples. 
 
Example 3.20. In Example 3.4, the subset 
{a, c} is (τ1, τ2)-g*s-closed set but not (τ1, 
τ2)-ω-closed in (X, τ1, τ2). 
 
Example 3.21. Let X = {a, b, c}, τ1 = {X, φ, 
{a} , {b, c}} and τ2 = {X, φ, {a}}. Then the 
subset {a, b} is (τ1, τ2)-ω-closed set but not a 
(τ1, τ2)-g*s-closed in (X, τ1, τ2). 
 
Remark 3.22. Let A and B be two (τi, τj )-
g*s-closed sets in (X, τ1, τ2). 
i) The union A U B is not generally (τi, τj)-

g*s-closed set. 
ii)  The intersection A ∩ B is not generally 

(τi, τj )-g*s-closed set as seen from the 
following examples. 

 

Example 3.23. In Example 3.18, the subsets 
{a} and {b} are (τ1, τ2)-g*s-closed sets but 
their union {a} U {b} = {a, b} is not (τ1, τ2)-
g*s-closed set in (X, τ1, τ2). 

 
Example 3.24. Let X = {a, b, c}, τ1 = {X, φ, 
{b}, {c} , {a, c} , {b, c}} and τ2 = {X, φ, 
{a}, {b, c}}. Then {a, b} and {b, c}, are (τ1, 
τ2)-g*s-closed sets but their intersection {a, 
b} ∩ {b, c} = {b} is not (τ1, τ2)-g*s-closed 
in (X, τ1, τ2). 
 
Remark 3.25. D*S(τ1, τ2) is generally not 
equal to D*S(τ2, τ1) as seen from the 

following example. 
 
Example 3.26. Let X = {a, b, c}, τ1 = {X, φ, 
{a} , {b, c}} and τ2 = {X, φ, {b},{c},{a, c} , 
{b, c}}. Then the subset {b, c }∈ D*S(τ2, τ1) 
but {b, c}∉ D*S(τ1, τ2). 
 
Remark 3.27. If    τ1  ⊆ τ2   in (X, τ1, τ2), then 
D*S(τ2, τ1) ⊆ D*S(τ1, τ2). 
The converse of the above theorem need not 
be true as seen from the following example. 
 
Example  3.28.  Let  X  =  {a, b, c},  τ1   =  
{X, φ, {a} , {a, b}} and  τ2   =  {X, φ, {a}}.   
Then 
D*S(τ2, τ1) ⊆ D*S(τ1, τ2) but τ1  is not 
contained in τ2. 
 
Theorem 3.29. For each point x of (X, τ1, 
τ2), a singleton set {x} is τi-g-closed set or 
{x} c is (τi, τj )-g*s-closed. 
 
Theorem 3.30. If a set A is (τi, τj )-g*s-
closed set in (X, τ1, τ2), then τj –scl)- A 
contains no non-empty τi-g-closed set. 
The converse of the above theorem need not 
be true as seen from the following example. 
 
Example 3.31. Let X = {a, b, c}, τ1  = {X, φ, 
{b} , {c} , {b, c}} and τ2  = {X, φ, {a} , {b, 
c}}. 
If A = {b}, then τ2-scl(A) − A = {c} does not 
contain any non-empty τ1-g-closed set. But 
A is not a (τ1, τ2)-g*s-closed set. 
 
Theorem 3.32. If A is (τi, τj )-g*s-closed set 
and A ⊆ B ⊆ τj -scl(A), then B is (τi, τj )-g

*s-
closed set. 
 
Theorem 3.33. If A is (τi, τj )-g*s-closed set, 
then  τi -scl({x}) ∩ A ≠φ for each x ∈ τj -
scl(A ). 
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Proof.  If τi-scl({x}) ∩ A = φ for each x ∈ τj 
-scl(A), then A ⊆ (τi-scl({x})) c.  Since A is 
(τi, τj )-g*s-closed, we have  τj -scl(A)⊆ (τi-
scl({x})) c

. This shows that  x ∉ τj -scl(A). 
This contradicts to the assumption 
The converse of the above theorem need not 
be true as seen from the following example. 
 
Example 3.34. Let X = {a, b, c}, τ1  = {X, φ, 
{a} , {b} , {a, b}} and τ2  = {X, φ, 
{a},{b},{a, b} {b, c}}.For a subset A = {a, 
b} is not a (τ1, τ2)-g*s-closed set, but τ1-
scl({b}) }) ∩ A ≠φ for a point b∈ τ2-scl(A).  
 
Theorem 3.35. Let A⊆Y ⊆ X and suppose 
that A is (τi, τj )-g*s-closed in (X,τi, τj). Then 
A is A is (τi, τj )-g*s-closed set relative to Y. 
 
Theorem 3.36. In a bitopological space (X, 
τ1, τ2),GO(X, τi) ⊆ {F ⊆X: Fc∈ τj) if and 
only if every subset of X is an (τi, τj )-g*s-
closed set. 
Proof. Suppose that GO(X, τi) ⊆ {F ⊆X: 
Fc∈ τj). Let A be a subset of (X, τ1, τ2) and 
U∈GO(X, τi) such that A ⊆ U. Then  τj -
scl(A) ⊆ τj -scl(U ) = U. Hence A is (τi, τj )-
g*s-closed set. 
 
Conversely, suppose that every subset of (X, 
τi, τj) is (τi, τj )-g*s-closed set. Let U∈ 
GO(X, τi). Since U is (τi, τj )-g*s-closed, we 
have τj -scl(U) ⊆ U. Therefore U ∈ {F ⊆ X :            
F c ∈ τj } and we have GO(X, τi) ⊆ {F ⊆ X : 
F c ∈ τj }. 
 

Definition 3.37. A subset A of a 
bitopological space (X, τ1, τ2) is said to be 
(τi, τj )-g*-semi-open (briefly (τi, τj )-g*s-
open) set if Ac is (τi, τj )-g*s-closed set in (X, 
τ1, τ2). 
 
Theorem 3.38. In a bitopological space (X, 

τ1, τ2), 
i) Every τj -semi-open (resp.  τj - open and 

τj  − α-open) set is (τi, τj )-g*s-open set. 
ii)  Every (τi, τj )-g*-open set is (τi, τj )-g*s-

open. 
Proof.  The proof follows from the 
Theorems 3.3 and 3.7. 
 
Theorem 3.39. Every (τi, τj )-g*s-open set is 
(τi, τj )-gs-open set. 
Proof.  The proof follows from the Theorem 
3.5. 
 
Theorem 3.40.  A  subset  A  of  a  (X, τ1, 
τ2)  is  (τi, τj )-g*s-open  set  if  and  only  if  
F ⊆  τj sint(A) whenever F is τi –g-closed set 
snd F⊆A 
 
Theorem 3.41. If a subset A of (X, τ1, τ2) is 
(τi, τj )-g*s-closed, then τj -scl(A)−A is  (τi, 
τj)-g*s-open. 
 
4.   Applications of (τi, τj)-g*s-Closed Sets 
 

In this section, we introduce (τi, τj )-
Tb*-spaces and (τi, τj )-αT* b-spaces as an 
application in bitopological spaces and study 
some of their properties. 
 

Definition 4.1.  A  bitopological  space  (X, 
τ1, τ2)  is  said to  be  a  (τi, τj )-T*b-space  if  
every(τi, τj )-g*s-closed set is τj -closed. 
 
Theorem 4.2. If (X, τ1, τ2) is (τi, τj )- T*b -
space, then it is ((τi, τj )-T*1/2-space but not 
con-versely. 
 
Proof. Let (X, τ1, τ2) be a (τi, τj )- T*b -
space. Let A be a (τi, τj )-g*-closed set in (X, 
τ1, τ2). Then A is (τi, τj )-g*s-closed in (X, τ1, 
τ2) by Theorem 3.7. Since (X, τ1, τ2) is (τi, τj 
)-T* b-space, A is τj -closed set. Hence (X, τ1, 
τ2) is (τi, τj )-T*1/2-space. 
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Example 4.3. In Example 3.17, the space 
(X, τ1, τ2) is (τ1, τ2)-T* 1/2-space but not a (τ1, 
τ2)- T*b -space. 
 

Theorem 4.4. A bitopological space (X, τ1, 
τ2) is a (τi, τj )-T*-space then {x} is τj-open  
or τi-g-closed for each x∈X. 
Proof.  Suppose that {x} is not a τi-g-closed 
set of (X, τ1, τ2). This implies {x}c  is not a 
τi-g-open set.  So (X, τ1, τ2) is the only τi-g-
open set such that {x}c ⊆ X.  Then {x}c  is 
(τi, τj )-g*s-closed set of (X, τ1, τ2). Since (X, 
τ1, τ2) is a (τi, τj )-T*b-space, {x}c is τj -
closed. Therefore {x} is τj -open. 

The converse of the above theorem 
need not be true as seen from the following 
example. 
 
Example 4.5. In Example 3.18, the space 
(X, τ1, τ2) is not a (τ1, τ2)-T* b-space. 
However every singleton set of (X, τ1, τ2) is 
τ2-open or τ1-g-closed set. 
 
Theorem 4.6. Every (τi, τj )-Tb-space is (τi, 
τj )-T*b-space but not conversely. 
 
Example 4.7.  In Example 3.6, the space (X, 
τ1, τ2) is (τ1, τ2)-T* b-space but not a (τ1, τ2)- 
Tb-space. 
 
Definition 4.8.  A bitopological space (X, τ1, 
τ2) is said to be a (τi, τj )-αT* b-space if every 
(τi, τj )-g∗s-closed set is τj -semi-closed. 
 
Theorem 4.9. Every (τi, τj )-T*b-space is (τi, 
τj )-αT* b-space but not conversely. 
 
Example 4.10. Let X = {a, b, c}, τ1 = {X, φ, 
{a}} and τ2 = {X, φ, {a} , {a, b}}. Then the 
space (X, τ1, τ2) is (τ1, τ2)-αT* b-space but not 
a (τ1, τ2)-T* b-space. 
 
Theorem 4.11. Every (τi, τj )-Tb-space is (τi, 

τj )-αT* b-space but not conversely. 
Proof.  The proof follows from Theorems 
4.6 and 4.9. 
 
Example 4.12. In Example 3.6, the space (X, 
τ1, τ2) is (τ1, τ2)-αT*b-spac. 
Theorem 4.13.  A bitopological space  (X, 
τ1, τ2) is a (τi, τj )-αT* b-space {x} is τj -semi-
open or τi-g-closed for each x ∈ X. 
Proof.  Suppose that {x} is not a τi-g-closed 
set of (X, τ1, τ2).  Then {x}c is not a τi-g-
open set. So (X, τ1, τ2) is the only τi-g-open 
set such that {x}c⊆X. Then {x}c  is (τi, τj )-
g*s closed set of (X, τ1, τ2). Since (X, τ1, τ2) 
is a (τi, τj )-αT* b-space, {x}c is τj-semi-
closed. Therefore {x} is τj-semi-open. 
 Conversely, let A be a (τi, τj )-g*s 
closed set of (X, τ1, τ2). Clearly A⊆ τj-scl(A). 
Let x∈ τj-scl(A), by hypothesis, {x} is either τi-
g-closed or τj -semi-open. 
Case (i): Suppose {x} is τi-g-closed. By 
Theorem 3.31, τj -scl(A) − A does not 
contain any non-empty τi-g-closed set. 
If x ∈/ A, then {x} ⊆ τj -scl(A) − A, which 
is a contradiction.  Thus x ∈ A. 
Case (ii): Suppose {x} is τj -semi-open. 
Since x ∈ τj -scl(A), then {x} ∩ A ≠ φ. So x 
∈ A. Thus in any case x ∈ A. So τj -scl(A) ⊆ 
A. Therefore A= τj -scl(A) or A is τj -semi-
closed. Hence (X, τ1, τ2) is (τi, τj )-αT* b-
space. 
 

5    g*s-Continuous Maps 
In this section, we introduce g*s-

continuous and pairwise g*s-irresolute maps 
in bitopological spaces and study some of 
their properties. 
 

Definition 5.1. A map f : (X, τ1, τ2) → (Y, 
σ1, σ2) is called D*S(τi, τj )-σk-continuous if 
the inverse image of every σk-closed set in 
(Y, σ1, σ2) is a (τi, τj )-g*s-closed set in (X, 
τ1, τ2). 
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Remark 5.2. Suppose that τ1 = τ2 = τ and σ1 
=σ2 =σ, in Definition 5.1, then g*s-
continuous maps of bitopological spaces 
coincides with g*s-continuity17 of 
topological spaces. 
Theorem 5.3. If f : (X, τ1, τ2) → (Y, σ1, σ2) 
is τj -σk-continuous, then it is D*S(τi, τj )-σk-
continuous. 
Proof.  The proof follows from Theorem 3.3 
and Definitions 2.5 and 5.1. 
The converse of the above theorem need not 
be true as seen from the following example. 
 
Example 5.4. Let X = {a, b, c}, τ1 = {X, φ, 
{b}} and τ2 = {X, φ, {b, c}} and Y = {p, q}, 
σ1 = {Y, φ, {p}} and σ2 = {Y, φ, {q}} . 
Define a map f : (X, τ1, τ2) → (Y, σ1, σ2) by 
f(a) = p, f(b) = f(c) = q. Then f is D*S(τ1, 
τ2)-σ2-continuous but f is not a τ1-σ2-
continuous. 
 
Theorem 5.5. If a map f : (X, τ1, τ2) → (Y, 
σ1, σ2) is D*S(τi, τj )-σk-continuous, then it is 
(τi, τj )-gs-σk-continuous but not conversely. 
Proof.  The proof follows from Theorem 
3.5. 
 

Example 5.6. Let X = Y = {a, b, c}, τ1 = {X, 
φ, {a}} and τ2 = {X, φ, {a} , {b, c}} and σ1 
= {Y, φ, {a} , {a, c}} and σ2 = {Y, φ, {a} , 
{b} , {a, b}}. Define a map f : (X, τ1, τ2) → 
(Y, σ1, σ2) by f(a) = a, f(b) = c and f(c) = b. 
Then the map f is (τ1, τ2)-gs-σ2-continuous 
but not a D*S(τ1, τ2)-σ2-continuous. 
 
Theorem 5.7. If f : (X, τ1, τ2) → (Y, σ1, σ2) 
is a D*(τi, τj )-σk-continuous map, then it is 
D*S(τi, τj )-σk-continuous but not 
conversely. 
Proof.  The proof follows from Theorem 
3.7. 
Example 5.8.  Let  X  =  Y  =  {a, b, c},  τ1  
= σ1  = {Y, φ, {c}} and σ2 = {Y, φ, {a} , {a, 

b}}. Then the identity map f : (X, τ1, τ2) → 
(Y, σ1, σ2) is D*S(τ1, τ2)-σ2-continuous but 
not a D*(τ1, τ2)-σ2-continuous since for the 
σ2-closed set {c} in (Y, σ1, σ2), f−1({c}) = 
{c} is not (τ1, τ2)-g*-closed set in (X, τ1, τ2). 
Remark 5.9. D*S(τi, τj )-σk-continuous 
maps and D(τi, τj )-σk-continuous maps are 
inde-pendent of each other as seen from the 
following examples. 
 
Example 5.10. In Example 5.6, the identity 
map f : (X, τ1, τ2) → (Y, σ1, σ2) is D(τ1, τ2)-
σ2-continuous but not D*S(τ1, τ2)-σ2-
continuous. 
 
Example 5.11. The map f in Example 5.8 is 
D*S(τ1, τ2)-σ2-continuous but not D(τ1, τ2)-
σ2-continuous. 
 
Remark 5.12. The concept of C(τi, τj )-σk-
continuous and D*S(τi, τj )-σk-continuous 
are independent of each other as seen from 
the following examples. 

 
Example 5.13. Let X = Y = {a, b, c}, τ1 = 
{X, φ, {a} , {b} , {a, b}} and τ2 = {X, φ, 
{a}, {b, c}} and σ1 = {Y, φ, {a}} and σ2 = 
{Y, φ, {a} , {a, b}}. Define a map f : (X, τ1, 
τ2) → (Y, σ1, σ2) by 
f(a) = b, f(b) = a and f(c) = c. Then f is 
D*S(τ1, τ2)-σ2-continuous but not C(τ1, τ2)-
σ2-continuous. 
 
Example 5.14.  Let X  = Y  = {a, b, c},  τ1  
= {X, φ, {a} , {b, c}} and τ2  = {X, φ, {a}} 
and σ1 = {Y, φ, {b}} and σ2 = {Y, φ, {a} , 
{b} , {a, b}}. Define a map f : (X, τ1, τ2) → 
(Y, σ1, σ2) by f(a) = b, f(b) = a and f(c) = 
c.Then f is C(τ1, τ2)-σ2-continuous but not a 
D*S(τ1, τ2)-σ2- continuous. 
 

Remark 5.15. The following examples 
show that the concept of D*S(τi, τj )-σk-
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continuous maps and W (τi, τj )-σk-
continuous maps are independent of each 
other. 
 

Example 5.16. Let X = Y  = {a, b, c}, τ1  = 
{X, φ, {b} , {b, c}} and τ2  = {X, φ, {a, b}} 
and σ1 = {Y, φ, {a}}and σ2 = {Y, φ, {a}, 
{b},{a, b}}. Then the identity map f : (X, τ1, 
τ2) → (Y, σ1, σ2) is W(τ1, τ2)-σ2-continuous 
but not a D*S(τ1, τ2)-σ2-continuous. 
 
Example 5.17. Let X = Y  = {a, b, c}, τ1  = 
{X, φ, {b} , {a, c}} and τ2  = {X, φ,{a},{b}, 
{a, b}} and σ1 = {Y, φ, {a}}and σ2 = {Y, φ, 
{a}, {b},{a, b}}. Then the identity map f : 
(X, τ1, τ2) → (Y, σ1, σ2) is D*S(τ1, τ2)-σ2-
continuous but not a. W(τ1, τ2)-σ2-
continuous. 
 
Definition 5.18. A map f : (X, τ1, τ2) → (Y, 
σ1, σ2) is called pairwise g*s-irresolute map 
if f −1(A) ∈ D*S(τi, τj ) in (X, τ1, τ2) for every 
A ∈ D*S(σk, σe) in (Y, σ1, σ2). 
 
Theorem 5.19.If a map f : (X, τ1, τ2) →(Y, 
σ1, σ2) is pairwise g*s-irresolute, then f is 
D*S(τi, τj )-σk-continuous map. 
 The converse of the above theorem 
need not be true as seen from the following 
example. 
 
Example 5.20. Let X = Y  = {a, b, c}, τ1  = 
{X, φ,{a}, {b} , {a, b}} and τ2  = {X, 
φ,{a},{b, c}} and σ1 = {Y, φ, {a}}and σ2 = 
{Y, φ, {a}, {a, b}. Then the identity map f : 
(X, τ1, τ2) →(Y, σ1, σ2) is D*S(τ1, τ2)-σ2-
continuous but not  pairwise g*s-irresolute. 
 

Theorem 5.21.  If  f  : (X, τ1, τ2) → (Y, σ1, 
σ2) and  g : (Y, σ1, σ2) → (Z, η1, η2) be  any  
two maps.  Then 
(i) gof: (X, τ1, τ2) →(Z, η1, η2) is 
D*S(τi, τj )- ηn-continuous map if g is σe- ηn-

continuous and f is D*S(τi, τj )-σk-
continuous map. 
(ii)  gof : (X, τ1, τ2) → (Z, η1, η2) is 
D*S(τi, τj )-ηn-continuous if f is pairwise 
g*s-irresolute and g is D*S(σk, σe)-ηn-
continuous.  
(iii)  gof  is pairwise g*s-irresolute if f  
and g are pairwise g*s-irresolute maps.  
 
Theorem 5.22. If f : (X, τ1, τ2) → (Y, σ1, σ2) 
is D*S(τi, τj )-σk-continuous and (X, τ1, τ2) is 
a (τi, τj )-T*b-space, then f is τj -σk-
continuous. 
 
Proof. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a 
D*S(τi, τj )-σk-continuous map and let F be a 
σk-closed set. Then f−1(F ) is (τi, τj )-g*p-
closed in (X, τ1, τ2). Since (X, τ1, τ2) is a (τi, 
τj )-Tb*-space, f−1(F ) is τj -closed set in (X, 
τ1, τ2). Therefore f is τj -σk-continuous map. 
 
6. Some Stronger forms of                      
    g*s-Continuous Maps 
 

In this section we define some 
stronger forms of g*s-continuous maps 
namely, g*s-bi-continuity and g*s-strongly-
bi-continuity in bitopological spaces and 
investigate some of their properties. 
 
Definition 6.1. A map f : (X, τ1, τ2) → (Y, 
σ1, σ2) is called 
(i) g*s-bi-continuous if f  is D*S(τ1, τ2)-σ2-
continuous and D*S(τ2, τ1)-σ1-continuous.  
(ii)  G*s-strongly-bi-continuous( briefly g*s-
s-bi-continuous) if f is g*s-bi-continuous, 
D*S(τ1, τ2)- σ1-continuous and D*S(τ2, τ1)-
σ2-continuous.  
 

Theorem 6.2. Let f : (X, τ1, τ2) → (Y, σ1, σ2) 
be a map 
(i)   If f  is bi-continuous then f  is g*s-bi-
continuous.  
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(ii)  If f  is s-bi-continuous then f  is g*s-s-
bi-continuous.  
Proof. (i) Let f : (X, τ1, τ2) → (Y, σ1, σ2) be 
bi-continuous map. Then f is τ1-σ1-
continuous and τ2-σ2-continuous. By 
Theorem 5.3, f is D*S(τ1, τ2)-σ2-continuous 
and D*S(τ2, τ1)-σ1-continuous. Thus f is g*s-
bi-continuous. 
 

(ii) Similar to (i), using Theorem 5.3. 
The converse of the above theorem need not 
be true as seen from the following example. 
 
Example 6.3. Let X = {a, b, c}, τ1 = {X, φ, 
{b} , {a, c}} and τ2 = {X, φ, {a} , {b} , {a, 
b}} and Y = {p, q}, σ1 = {Y, φ, {p}} and σ2 
= {Y, φ, {q}}. Define a map f : (X, τ1, τ2) → 
(Y, σ1, σ2) by f(a) = f(c) = p and f(b) = q. 
Then the map f is g*s-s-bi-continuous but 
not s-bi-continuous. 
This map is also g*s-bi-continuous but not 
bi-continuous. 
 
Theorem 6.4. Let f : (X, τ1, τ2) → (Y, σ1, σ2) 
be a map 
(i) If f  is g*-bi-continuous then f  is g*s-bi-
continuous.  
(ii)  If f  is g*-s-bi-continuous then f  is g*s-
s-bi-continuous.  
Proof.  The proof follows from Theorems 
5.7.  and 6.2. 
 
The converse of the above theorem need not 
be true as seen from the following example. 
 
Example 6.5. In the Example 5.8, the map f 
is g*s-bi-continuous (resp. g*s-s-bi-
continuous) but not a g*-bi-continuous (resp. 
g*-s-bi-continuous). 
 
Theorem 6.6. Every g*s-s-bi-continuous 
map is g*s-bi-continuous map but not 
conversely. 

Example 6.7. Let X = Y  = {a, b, c}, τ1  = 
{X, φ, {a} , {b, c}} and τ2 = {X, φ, {a} , 
{b}, {a, b}}, σ1 = {Y, φ, {a, b}} and σ2 = 
{Y, φ, {a} , {a, c}}. Then the identity map f 
: (X, τ1, τ2) → (Y, σ1, σ2) is g*s-bi-
continuous but not g*s-s-bi-continuous. 
 
Remark 6.8. g*s-bi-continuous (resp. g*s-s-
bi-continuous) maps and g-bi-continuous 
(resp. g-s-bi-continuous) maps are 
independent of each other as seen from the 
following examples 
 
Example 6.9. In Example 5.6, the map f is 
g-bi-continuous but not g*s-bi-continuous 
map and also this map f is g-s-bi-continuous 
but not g*s-s-bi-continuous map. 
 
Example 6.10. In Example 5.8, the map f is 
g*s-bi-continuous (resp. g*s-s-bi-
continuous) map but not g-bi-continuous 
(resp. g-s-bi-continuous) map. 
 
Remark 6.11. The following examples 
show that the concept of g*s-bi-continuous 
(resp. g*s-s-bi-continuous) maps and ω-bi-
continuous (resp. ω-s-bi-continuous) maps 
are independent of each other. 
 

Example 6.12. In Example 5.14, the map f 
is ω-bi-continuous (resp. ω-s-bi-continuous) 
map but not g*s-bi-continuous (resp. g*s-s-
bi-continuous) map. 
 

Example 6.13. In Example 5.13, the map f 
is g*s-bi-continuous (resp. g*s-s-bi-
continuous) map but not ω-bi-continuous 
(resp. ω-s-bi-continuous) map. 
 
REFERENCES 
 
 

1. S.P.Arya and T. Nour, Characterizations 
of s-normal spaces, Indian Jl. Pure 



S. S. Benchalli, et al., J. Comp. & Math. Sci. Vol. 1(7), 841-851 (2010) 

Journal of Computer and Mathematical Sciences Vol. 1, Issue 7, 31 December, 2010 Pages (769-924) 

851

Appl. Math., (8), 717-719 (1990). 
2. T.Fukutake, On generalized closed sets 

in bitopological spaces, Bull. Fukuoka 
Univ. Ed. Part III, 35, 19-28 (1986). 

3. T. Fukutake, P.Sundaram and 
N.Nagaveni, on weakly generalized 
closed sets, weakly gen-eralized 
continuous maps and Twg-spaces in 
bitopological spaces, Bull. Fukuoka 
Univ. Ed. Part III, 48, 33-40 (1999). 

4. T.Fukutake, P.Sundaram and M.Shaik 
John, ω-closed sets, ω-open sets and ω-
continuity in bitopological spaces, Bull. 
Fukuoka Univ. Ed. Part III, 51,1-9 
(2002). 

5. M. Jelic, A decomposition of pairwise 
continuity, J. Inst. Math. Comp. Sci., 3, 
25-29 (1990). 

6. J.C.Kelly, Bitopological spaces, Proc. 
London Math. Soc., 13, 71-89 (1963). 

7. N. Levine, Semi-open sets and semi-
continuity in topological spaces, Amer. 
Math. Monthly,  44-46 (1961). 

8. N. Levine, Generalized closed sets in 
topology, Rend. Circ. Mat. Palermo, 
19(2), 89-96 (1970). 

9. H. Maki, P.Sundaram and 
K.Balachandran, On generalized 
continuous maps and pasting lemma in 
Bitopological spaces, Bull. Fukuoka 
Univ. Ed. Part-III, 40, 23-31 (1991). 

10. Mashhour, A.S., Hasanein, I.A. and 

S.N.El-Deeb, On pre-continuous and 
weak pre-continuous mappings, Proc. 
Math. And Phys. Soc. Egypt, 53, 47-53 
(1982). 

11. Mashhour, A.S., Hasanein, I.A. and 
S.N.El-Deeb,α-continuous and alpha-
open mappings, Acta Math. Hung., 41, 
213-218 (1983). 

12. O. Njastad, On some classes of nearly 
open sets, Pacific J. Math, 15,961-970 
(1965). 

13. M.Shaik John and P.Sundaram, g*-
closed sets in bitopological spaces 
Indian J. Pure Appl. Math, 35 (1), 71-80 
(2004). 

14. M.Shaik John,A study on 
generalizations of closed sets and 
continuous maps in topological spaces 
and bitopological spaces, Ph.D., Thesis, 
Bharathiar University, Coimbatore, 
(2002). 

15. O.A.  El-Tantawy  and  H.M.  Abu-
Donia,  Generalized  Separation  
Axioms  in  Bitopological Spaces, The 
Arabian Jl for Science and 
Engg.Vol.30,No.1A,117-129 (2005). 

16. M. K. R. S. Veerakumar, Between 
closed sets and g-closed sets, Mem. Fac. 
Sci. Kochi Univ. (Math), 21,1-19 (2000). 

17. M. K. R. S. Veerakumar, g*-semiclosed 
sets, Acta Ciencia Indica, Vol-29 M, 
No.1, 081, 81-90 (2003).  

 
 

 
 


