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ABSTRACT 
 
In this paper, some new separation axioms called minimal normal, 
minimal c-normal and minimal compact spaces are introduce and 
investigate. Some of their basic properties in topological spaces 
are studied. Also their relationship among themselves as well as 
with other known separation axioms have been studied.  
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1. INTRODUCTION AND  
    PRELIMINARIES  
 
 In the years 2001 and 2003, F. 
Nakaoka and N. Oda2,3 and4 introduced and 
studied minimal open (resp. minimal closed) 
sets and maximal open (resp. maximal 
closed) sets, which are subclasses of open 
(resp. closed) sets. The complements of 
minimal open sets and maximal open sets 
are called maximal closed sets and minimal 
closed sets respectively.  Also in the year 
2011, S. S. Benchalli, Basavaraj M. Ittanagi 
and  R. S.  Wali1, introduced and studied 

minimal open sets and maps in topological 
spaces. 
 

1.1 Definition2: A proper nonempty open 
subset U of a topological space X is said to 
be a minimal open set if any open set which 
is contained in U is φ or U.  
 

1.2 Definition3: A proper nonempty open 
subset U of a topological space X is said to 
be maximal open set if any open set which 
contains U is X or U.  
 
1.3 Definition4: A proper nonempty closed 
subset F of a topological space X is said to 
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be a minimal closed set if any closed set 
which is contained in F is φ or F.  
 
1.4 Definition4: A proper nonempty closed 
subset F of a topological space X is said to 
be maximal closed set if any closed set 
which contains F is X or F.  
 
1.5 Definition1: A topological space (X, τ) 
is said to be Tmin space if every nonempty 
proper open subset of X is minimal open set. 
 
1.6 Definition1: Let X and Y be the 
topological spaces. A map ƒ: X→Y is called  
 
i) minimal continuous (briefly min-

continuous) if ƒ−1(M) is an open set in X 
for every minimal open set M in Y.  

ii)  minimal irresolute (briefly min-

irresolute) if ƒ−1(M) is minimal open set 
in  X for every minimal open set M in Y. 

iii)  minimal open (briefly min-open) if ƒ(M) 
is an open set in Y for every minimal  

     open set M in X.  
iv) strongly minimal open (briefly s-min 

open) if ƒ(M) is minimal open set in           
Y for every minimal open set M in X. 

v)  minimal closed (briefly min-closed) if 
ƒ(F) is a closed set in Y for every 
minimal closed set F in X.  

vi) strongly minimal closed (briefly s-min 
closed) if ƒ(F) is minimal closed set in   

     Y for every minimal closed set F in X. 
 

2.  MINIMAL NORMAL SPACES AND  
     MINIMAL C-NORMAL SPACES 
 

2.1 Definition: A topological space X is said 
to be  

i)   minimal normal (briefly min-normal) if 
for every pair of disjoint minimal     
closed sets A, B in X, there exist 
minimal open sets M, N in X such that 
A⊂M, B⊂N and M∩N=φ. 

ii)  minimal c-normal (briefly min c-
normal) if for every pair of disjoint 
minimal closed sets A, B in X, there 
exist open sets U, V in X such that 
A⊂U, B⊂V and U∩V=φ. 

 
2.2 Theorem: Every normal and Tmin space 
is min-normal space. 
 
Proof: Let X be a normal and Tmin space. To 
prove X is min-normal space. Let A, B be a 
pair of disjoint minimal closed sets in X. 
Since every minimal closed set is a closed 
set, A, B is a pair of disjoint nonempty 
closed sets in X. Since X is normal space, 
there exist open sets U, V in X such that 
A⊂U, B⊂V and U∩V=φ. Note that U and V 
are nonempty proper open sets in X. Since X 
is Tmin space, by definition U, V are minimal 
open sets in X. Thus, for every pair of 
disjoint minimal closed sets A, B in X, there 
exist minimal open sets U, V in X such that 
A⊂U, B⊂V and U∩V=φ. Hence X is a min-
normal space. 
 
2.3 Theorem: Every normal space is min c-
normal space. 
 
Proof: Let X be a normal space. To prove X 
is min c-normal space. Let A, B be a pair of 
disjoint minimal closed sets in X. Since 
every minimal closed set is a closed set, A, 
B is a pair of disjoint closed sets in X. Since 
X is normal space, there exist open sets U, V 
in X such that A⊂U, B⊂V and U∩V=φ. 
Thus, for every pair of disjoint minimal 
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closed sets A, B in X, there exist open sets 
U, V in X such that A⊂U, B⊂V and 
U∩V=φ. Hence X is a min c-normal space. 
 

2.4 Theorem: Let X be a topological space. 
If X is min-normal space then for each 
minimal closed set A and each maximal 
open set M in X such that A⊂M, there exists 
a minimal open set N in X such that 
A⊂N⊂cl(N)⊂M. 
 

Proof: Let A be a minimal closed set in X 
and M be a maximal open set in X such that 
A⊂M. Then X−M is a minimal closed set in 
X. Therefore A and X−M are disjoint 
minimal closed sets in X. Since X is min-
normal space, there exist minimal open sets 
N, W in X such that A⊂N, X−M⊂W and 
N∩W=φ. Now we have N∩W=φ ⇒ 
N⊂X−W ⇒ cl(N)⊂cl(X−W)=X−W ⇒ 
cl(N)⊂X−W �(i), since X−W is a closed set 
in X. Also, X−M⊂W ⇒ X−W⊂M�(ii). 
From (i) and (ii) we have cl(N)⊂M. 
Therefore A⊂N⊂cl(N)⊂M. Hence the proof. 
 
2.5 Theorem: Let X be a topological space. 
If X is min c-normal space then for each 
minimal closed set A and each maximal 
open set U in X such that A⊂U, there exists 
an open set V in X such that 
A⊂V⊂cl(V)⊂U. 
 
Proof: Similar to that of Theorem 2.4. 
 
2.6 Theorem: If ƒ: X→Y is a bijection, 
minimal irresolute, strongly minimal open 
map and X is min-normal space then Y is 
also min-normal space. 
 
Proof: Letƒ: X→Y be a bijection, minimal 
irresolute, strongly minimal open map and X 

be a min-normal space. To prove Y is min-
normal space. Let A, B be a pair of disjoint 
minimal closed sets in Y. Since ƒ is minimal 
irresolute, ƒ−1(A), ƒ−1(B) are minimal closed 
sets in X. Now ƒ−1(A)∩ƒ−1(B) =ƒ−1 

(A∩B)=ƒ−1(φ)=φ. Therefore ƒ−1(A), ƒ−1(B) 
are disjoint minimal closed sets in X. Since 
X is min-normal space, there exist minimal 
open sets M, N in X such that ƒ−1(A)⊂M, 
ƒ−1(B)⊂N and M∩N=φ. Since ƒ is strongly 
minimal open map, ƒ(M), ƒ(N) are minimal 
open sets in Y. But ƒ−1(A)⊂M ⇒ 
ƒ(ƒ−1(A))⊂ƒ(M) ⇒ A⊂ƒ(M), ƒ−1(B)⊂N ⇒ 
ƒ(ƒ−1(B))⊂ƒ(N) ⇒ B⊂ƒ(N) and M∩N=φ ⇒ 
ƒ(M∩N)=ƒ(φ) ⇒ ƒ(M)∩ƒ(N)=φ, since ƒ is 
bijection map. Thus, for every pair of 
disjoint minimal closed sets A, B in Y, there 
exist minimal open sets ƒ(M), ƒ(N) in Y 
such that A⊂ƒ(M), B⊂ƒ(N) and 
ƒ(M)∩ƒ(N)=φ. Hence Y is a min-normal 
space. 
 
2.7 Theorem: If ƒ: X→Y is a bijection, 
minimal irresolute, minimal open map and X 
is min-normal space then Y is min c-normal 
space. 
 

Proof: Similar to that of Theorem 2.6. 
 
2.8 Theorem: If ƒ: X→Y is a bijection, 
minimal irresolute, strongly minimal closed 
map and Y is min-normal space then X is 
also min-normal space. 
 

Proof: Letƒ: X→Y be a bijection, minimal 
irresolute, strongly minimal closed map and 
Y be a min-normal space. To prove X is 
min-normal space. Let A, B be a pair of 
disjoint minimal closed sets in X. Since ƒ is 
strongly minimal closed map, ƒ(A), ƒ(B) are 
minimal closed sets in Y. Since Y is min-
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normal space, there exist minimal open sets 
M, N in Y such that ƒ(A)⊂M, ƒ(B)⊂N and 
M∩N=φ. Since ƒ is minimal irresolute, 
ƒ−1(M), ƒ−1(N) are minimal open sets in X. 
But ƒ(A)⊂M ⇒ ƒ−1(ƒ(A))⊂ƒ−1(M) ⇒ 
A⊂ƒ−1(M), ƒ(B)⊂N ⇒ ƒ−1(ƒ(B))⊂ƒ−1(N) ⇒ 
B⊂ƒ−1(N) and M∩N=φ ⇒ ƒ−1(M∩N)=ƒ−1(φ) 
⇒ ƒ−1(M)∩ƒ−1(N)=φ, since ƒ is a bijection. 
Thus, for every a pair of disjoint minimal 
closed sets A, B in X, there exist minimal 
open sets ƒ−1(M), ƒ−1(N) in X such that 
A⊂ƒ−1(M), B⊂ƒ−1(N) and ƒ−1(M)∩ƒ−1(N)=φ. 
Hence X is a min-normal space.  
 
2.9 Theorem: If ƒ: X→Y is a bijection, 
minimal continuous, strongly minimal 
closed map and Y is min-normal space then 
X is min c-normal space. 
 
Proof: Similar to that of Theorem 2.8. 
 
2.10 Theorem: If ƒ: X→Y is a bijection, 
minimal irresolute, open map and X is min 
c-normal space then Y is also min c-normal 
space. 
 
Proof: Let ƒ: X→Y be a bijection, minimal 
irresolute, open map and X be a min c-
normal space. To prove Y is min c-normal 
space. Let A, B be a pair of disjoint minimal 
closed sets in Y. Since ƒ is minimal 
irresolute, ƒ−1(A), ƒ−1(B) are minimal closed 
sets in X. Now we have ƒ−1(A)∩ƒ−1(B) 
=ƒ−1(A∩B)=ƒ−1(φ)=φ. Therefore ƒ−1(A), 
ƒ−1(B) are disjoint minimal closed sets in X. 
Since X is min c-normal space, there exist 
open sets U, V in X such that ƒ−1(A)⊂U, 
ƒ−1(B)⊂V and U∩V=φ. Since ƒ is an open 
map, ƒ(U), ƒ(V) are open sets in Y. But 
ƒ−1(A)⊂U ⇒ ƒ(ƒ−1(A))⊂ƒ(U) ⇒ A⊂ƒ(U), 

ƒ−1(B)⊂V ⇒ ƒ(ƒ−1(B))⊂ƒ(V) ⇒ B⊂ƒ(V) 
and U∩V=φ ⇒ ƒ(U∩V)=ƒ(φ) ⇒ 
ƒ(U)∩ƒ(V)=φ, since ƒ is a bijection. Thus, 
for every pair of disjoint minimal closed sets 
A, B in Y, there exist open sets ƒ(U), ƒ(V) in 
Y such that A⊂ƒ(U), B⊂ƒ(V) and 
ƒ(U)∩ƒ(V)=φ. Hence Y is a min c-normal 
space. 
 
2.11 Theorem: If ƒ: X→Y is a bijection, 
continuous, strongly minimal closed map 
and Y is min c-normal space then X is also 
min c-normal space. 
 
Proof: Let ƒ: X→Y be a bijection, 
continuous, strongly minimal closed map 
and Y be a min c-normal space. To prove X 
is min c-normal space. Let A, B be a pair of 
disjoint minimal closed sets in X. Since ƒ is 
strongly minimal closed map, ƒ(A), ƒ(B) are 
minimal closed sets in Y. Since Y is min c-
normal space, there exist open sets U, V in 
Y such that ƒ(A)⊂U, ƒ(B)⊂V and U∩V=φ. 
Since ƒ is continuous, ƒ−1(U), ƒ−1(V) are 
open sets in X. But ƒ(A)⊂U ⇒ 
ƒ−1(ƒ(A))⊂ƒ−1(U) ⇒ A⊂ƒ−1(U), ƒ(B)⊂V ⇒ 
ƒ−1(ƒ(B))⊂ƒ−1(V) ⇒ B⊂ƒ−1(V) and U∩V=φ 
⇒ ƒ−1(U∩V)=ƒ−1(φ) ⇒ ƒ−1(U)∩ƒ−1(V)=φ, 
since ƒ is a bijection. Thus, for every a pair 
of disjoint minimal closed sets A, B in X, 
there exist open sets ƒ−1(U), ƒ−1(V) in X such 
that A⊂ƒ−1(U), B⊂ƒ−1(V) and 
ƒ−1(U)∩ƒ−1(V)=φ. Hence X is a min c-
normal space.  
 
3. MINIMAL COMPACT SPACES  
 
3.1 Definition: Let X be a topological space. 
Let {Uλ: λ∈Λ} denote a collection of 
minimal open subsets of X. Then {Uλ: λ∈Λ} 
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is called a minimal open cover of X, if X= 
∪{U λ: λ∈Λ}. 
 
3.2Theorem: Every minimal open cover is 
an open cover, but converse is not true. 
 
Proof: Let {Uλ: λ∈Λ} be a minimal open 
cover of X. Therefore the members of the 
collection {Uλ: λ∈Λ} are minimal open sets 
in X. Since every minimal open set is an 
open set, the members of the collection {Uλ: 
λ∈Λ} are open sets in X. Therefore {Uλ: 
λ∈Λ} is an open cover of X. 
 
3.3 Example: Let X={a, b, c} be with τ={φ, 
{a}, {b}, {a, b}, {b, c}, X}. Then    (X, τ) is 
a topological space. Consider the collection 
U={{a}, {b, c}}, which is an open cover of 
X but it is not a minimal open cover of X, 
since the member {b, c} of U is not a 
minimal open set in X. Therefore U is not a 
minimal open cover of X. 
 
3.4 Definition: A topological space X is said 
to be minimal compact if every minimal 
open cover of X has a finite subcover. 
 
3.5 Theorem: Every compact space is 
minimal compact space. 
 

Proof: Let X be a compact space. To prove 
X is a minimal compact space. Let {Uλ: 

λ∈Λ} be a minimal open cover of X. Since 
every minimal open cover is an open cover, 
{U λ: λ∈Λ} is an open cover of X. Since X is 

compact, {Uλ: λ∈Λ} has a finite subcover 

say {Uλi: λi∈Λ, i=1, 2, … k}. Thus, every 

minimal open cover {Uλ: λ∈Λ} of X, has a 
finite subcover. Hence X is a minimal 
compact space. 

3.6 Definition: Let X be a topological space 
and A⊂X. A collection of minimal open sets 
{U λ: λ∈Λ} is called a minimal open cover 

of A if A ⊂
Λ∈

∪
λ

Uλ.    

 
3.7 Definition: Let X be a topological space 
and A⊂X. A is said to be minimal compact 
subset of X if every minimal open cover of 
A has a finite subcover. 
 
3.8 Theorem: Every compact subset of X is 
a minimal compact subset of X. 
 
Proof: Similar to that of Theorem 3.5. 
 
3.9 Theorem: Maximal closed subset of a 
minimal compact space is minimal compact 
set. 
 
Proof: Let A be a maximal closed subset of 
a minimal compact space X. To prove A is 
minimal compact subset of X. Let {Uλ: 
λ∈Λ} be a minimal open cover of A. Then 

A⊂
Λ∈

∪
λ

Uλ. We observe that X−A is a 

minimal open set in X. Then the collection 
V=(X−A)∪{U λ: λ∈Λ} is a minimal open 
cover of X. Since X is minimal compact 
space, there is a finite subcollection say, 
V1={(X −A)∪{U λ1, Uλ2, … Uλn}} of V. Then 

X=(X−A)∪(
n

r 1=
∪ Uλr). We claim A⊂

n

r 1=
∪ Uλr 

→(i). Suppose A⊄
n

r 1=
∪ Uλr. Then there exists 

an element x∈A such that x∉
n

r 1=
∪ Uλr.  Also 

x∉X−A. It means that x does not belong to 
any member of the collection V1. This 
proves that the collection V1 is not a 
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minimal open cover of X which is a 
contradiction. Hence (i) holds. That is the 
collection {Uλ1, Uλ2, … Uλn} is a minimal 
open cover of A. Thus, the minimal open 
cover {Uλ: λ∈Λ} of A is reducible to a finite 
subcover {Uλr: r = 1, 2, …n}. Hence A is a 
minimal compact set.   
 
3.10 Theorem: A topological space X is 
minimal compact if and only if every 
collection of maximal closed sets with the 
finite intersection property has a nonempty 
intersection. 
 
Proof: Let F={Fλ: λ∈Λ} be a collection of 
maximal closed subsets of a minimal 
compact space X with finite intersection 
property. 
 

 Suppose if possible, ∩{Fλ: λ∈Λ}=φ. 
Then X−(∩{Fλ: λ∈Λ})=X −φ=X or ∪{X −Fλ: 
λ∈Λ}=X, by De-Morgan Law. This means 
{X −Fλ: λ∈Λ} is a minimal open cover of X, 
since Fλ ’s are maximal closed subsets of X. 
Since X is minimal compact space, we have 
∪{X −Fλi: i=1, 2, …n} where n is finite and 
so by De-Morgan’s Law, X−∪{X −Fλi: i=1, 
2, …n}=X−X ⇒ ∩{Fλi: i=1, 2, …n}=φ. But 
this is contradiction the finite intersection 
property of F={Fλ: λ∈Λ}. Hence                 
∩{Fλ: λ∈Λ} ≠φ. 
 Conversely, every collection of 
maximal closed subsets of X with the finite 
intersection property has a nonempty 
intersection. Let U={Uλ: λ∈Λ} be a minimal 
open cover of X, so that X= ∪{U λ: λ∈Λ}. 
Taking complements X−X=X−∪{U λ: λ∈Λ} 
⇒ φ = ∩{X −Uλ: λ∈Λ}. Thus, {X−Uλ: 
λ∈Λ} is a collection of maximal closed sets 
with empty intersection and so by hypothesis 
this collection does not have the finite 

intersection property. Hence there exist a 
finite number of sets X−Uλi, i=1, 2, …n such 
that φ = ∩{X −Uλi: i=1, 2…n}⇒ 
X−φ=X−(∩{X −Uλi: i=1, 2 …n}) ⇒ X= 
∪{U λi: i=1, 2 …n} by De-Morgan Law. 
Hence X is a minimal compact space. 
 
3.11 Theorem: If ƒ: X→Y is a minimal 
irresolute map and A is a minimal compact 
subset of X, then ƒ(A) is minimal compact 
set. 
 
Proof: Let ƒ: X→Y be a minimal irresolute 
map and A be a minimal compact subset of 
X. To prove ƒ(A) is minimal compact set. 
Let {Uλ: λ∈Λ} be a minimal open cover of 

ƒ(A). Then ƒ(A)⊂
Λ∈

∪
λ

Uλ →(i) which implies 

A⊂ƒ−1(ƒ(A))⊂ƒ−1(
Λ∈

∪
λ

Uλ)= Λ∈
∪

λ
ƒ−1(Uλ) ⇒ 

A⊂
Λ∈

∪
λ

ƒ−1(Uλ). Taking ƒ−1(Uλ)=Vλ, A⊂
Λ∈

∪
λ

Vλ →(ii). Since ƒ is minimal irresolute, 
ƒ−1(Uλ)=Vλ is minimal open set in X. By (ii), 
{V λ: λ∈Λ} is a minimal open cover of A. 
Since A is minimal compact subset of X, 
{V λ: λ∈Λ} must be reducible to a finite 

subcover say {Vλr: λr∈Λ}. Clearly A⊂
n

r 1=
∪

Vλr ⇒ ƒ(A)=ƒ(
n

r 1=
∪ Vλr) ⊂

n

r 1=
∪ ƒ(Vλr). 

Therefore ƒ(A)⊂
n

r 1=
∪ ƒ(Vλr)→(iii). Therefore 

ƒ(Vλ)=ƒ(ƒ−1(Uλ)) ⊂Uλ ⇒ ƒ(Vλ)⊂Uλ. 

Therefore 
n

r 1=
∪ ƒ(Vλr)⊂

n

r 1=
∪ Uλr. By (iii), we 

get ƒ(A)⊂
n

r 1=
∪ Uλr. Therefore {Uλr: λr∈∧Λ} 

is a minimal open cover of ƒ(A). Thus, the 
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minimal open cover {Uλ: λ∈Λ} of ƒ(A) is 
reducible to a finite subcover {Uλr: λr∈∧Λ}. 
Hence ƒ(A) is a minimal compact set. 
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