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In this paper we introduce strongly αĝ -closed maps and 
investigate some of their properties in  topological spaces. 
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1.  INTRODUCTION   
 
 Levine4 introduced generalized 
closed sets (briefly g-closed sets) and Veera 
Kumar9 defined ĝ -closed sets and studied 
their basic properties. Malghan5 introduced  
generalized closed maps. Lellis Thivagar    
et al.8 introduced  αĝ -continuous  maps in 
topological spaces. In this paper we 
introduce strongly αĝ -closed maps and 
study certain properties of them.  
 
2. PRELIMINARIES 
 
 Throughout this paper (X, τ), (Y, σ) 
and (Z,η) represent topological spaces on 
which no separation axioms are assumed 
unless otherwise mentioned. For a subset A 
of X, Cl(A) and Int(A) denote the closure of 
A and the interior of A respectively. We 
recall the following definitions which are 
useful in the sequel. 
 

Definition 2.1. A subset Aof a space (X, τ) 
is called  

i.   semi-open3 if A ⊆ Cl(Int(A)). 
ii.  α-open6 if A ⊆  Int(Cl(Int(A))). 
 
 The complement of a semi-open 
(resp. α-open) set is called semi-closed 
(resp. α-closed). 
 The α-closure6 of a subset A of X, 
denoted by αCl(A) is defined to be the 
intersection of all α-closed sets containing A. 
 The α-interior6 of a subset A of X, 
denoted by αInt(A) is defined to be the 
union of all   α -open sets contained in A. 
 For a topological space (X, τ),  the 
subset A of X is α -closed if and only if 
αCl(A)=A. 
 
Definition 2.2. A subset A of a space (X, τ)  
is called 
 
i.  generalized closed ( briefly g-closed )4 if  
    Cl(A) ⊆  U whenever A⊆ U and U is 

open in (X, τ) . 
ii.  ĝ-closed9 if Cl(A) ⊆  U whenever A⊆  U 

and U is semi-open in (X, τ) .  
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 The complement of ĝ-closed set is called 
ĝ-open in (X, τ).  

iii. α-ĝ-closed (briefly αĝ-closed)1 if αCl(A) 
⊆  U   

  whenever A ⊆ U and U is ĝ-open in (X, τ).  
 The complement of a g-closed (resp. 
αĝ -closed) set is called g-open  (resp. αĝ-
open).  
 
Definition 2.3. A map f : (X, τ)  → (Y, σ) is 
called 
i.   pre-α-closed2 if the image of every         

α-closed set in (X, τ) is α-closed in (Y, σ). 
ii. ĝ-irresolute9 if f -1(V) is ĝ-closed in (X, τ)  

for every ĝ-closed set V in  (Y, σ).  
iii. α-ĝ -continuous (briefly αĝ -continuous)8 

if f -1(V)  is αĝ -closed in (X, τ)  for every 
closed set V in (Y, σ). 

iv. αĝ -irresolute8 if f -1(V)  is αĝ -closed in 
(X, τ) for every αĝ-closed set V in (Y, σ). 

v. αĝ-closed (resp. αĝ -open)8 if the image 
of every closed (resp. open) set in (X, τ)  
is  αĝ-closed (resp. αĝ-open) set in (Y, σ).  

 
3.  STRONGLY αĝ-CLOSED MAPS 
 
We introduce the following definition. 
 
Definition 3.1. A map f : (X, τ)  → (Y, σ)  is 
called strongly αĝ -closed (resp. strongly αĝ 
-open) if the image of every αĝ -closed 
(resp. αĝ -open) set in (X, τ)  is αĝ -closed 
(resp. αĝ -open) set in (Y, σ).  
 

Remark 3.2. The composite mapping of two 
αĝ -closed maps is not in general αĝ -closed 
as shown by the following example. 
 

Example 3.3. Let X = {a, b, c} = Y=Z with 
topologies 
τ = {φ,{a},{a,b},{a,c}, X}, σ = { φ, {a},Y} 
and  

η = { φ, {a}, {b},{a,b}, Z}, respectively. 
Now consider the identity maps f : (X, τ)  → 
(Y, σ) and  
g : (Y, σ) → (Z, η).  Clearly f and g are αĝ -
closed maps. But g ο f : (X, τ)   → (Z, η) is 
not an αĝ -closed map because (g  ο f) 
({b})={b} is not an αĝ -closed set of  
(Z, η)  where {b} is a closed set of  (X, τ).  
 
Theorem 3.4. If  f : (X, τ)  → (Y, σ)  is 
closed and  
g : (Y, σ) → (Z, η) is αĝ -closed map then  
g ο f : (X, τ)   → (Z, η) is αĝ -closed. 
 
Proof. Let F be a closed subset of X. Since f 
is closed, f(F) is closed set of Y. On the 
other hand, αĝ -closedness of g implies 
g(f(F)) is αĝ -closed in Z. Hence g ο f : (X, 
τ) → (Z, η) is αĝ -closed map. 
 
Remark 3.5.   If f : (X, τ)  → (Y, σ) is αĝ -
closed and  
g : (Y, σ) → (Z, η) is closed map then also 
the composite map g ο f  may not be  αĝ -
closed. In  Example  3.3, f is αĝ -closed and 
g is closed but g ο f  is not αĝ -closed map.  
 
Proposition 3.6. Every strongly αĝ -closed 
map is αĝ -closed.  
 
Proof. Let f : (X, τ)  → (Y, σ) be strongly  
αĝ -closed map and F be a closed set in X. 
Since every closed set is αĝ -closed, F is αĝ -
closed in X. Therefore f(F) is αĝ -closed in 
Y. Hence f is αĝ -closed map. 
 

Remark 3.7. The converse of  Proposition 
3.6 need not be true as shown in the 
following example. 
 
Example 3.8. Let X = {a,b,c} = Y with 
topologies 
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τ = {φ, {a}, {a,b},  X} and σ = { φ, {a}, 
{b},{a,b}, Y}, respectively. Let f : (X, τ)  → 
(Y, σ) be the identity map. Then f is an αĝ -
closed map and f is not a strongly αĝ -closed 
map since f({b})={b} is not αĝ -closed in Y 
where {b} is αĝ -closed set in X. 
 
Proposition 3.9.  The composite mapping of 
two strongly αĝ -closed maps is strongly    
αĝ -closed. 
 
Proof. Let  f : (X, τ)  → (Y, σ)  and g : (Y, 
σ) → (Z, η) be two strongly αĝ -closed maps 
and F be αĝ -closed set in (X, τ). Since f is 
strongly αĝ -closed map, f(F) is αĝ-closed in 
(Y, σ). Since g is strongly  αĝ -closed map, 
g(f(F)) is αĝ -closed in (Z, η).  
That is ( g ο f )(F) is  
αĝ -closed in (Z, η).  Hence g ο f  is strongly 
αĝ -closed map. 
 
Remark 3.10. The concept of strongly αĝ -
closed map is independent from the concept 
of αĝ -irresolute map as shown in the 
following example.  
 
Example 3.11. Let X = {a, b, c} = Y with 
topologies  
 

τ = { φ, {a}, {b}, {a, b}, X } and  
σ = { φ, {a}, {a, c}, Y }, respectively.  
 
Define a map   
f : (X, τ)  → (Y, σ) by f(a)=a, f(b)=c and 
f(c)=b. Then {c} is an αĝ -closed set of Y 
but f -1({c}) = {b} is not an  
αĝ -closed set of X. This implies that f is not 
an  
αĝ -irresolute. However, f is a strongly αĝ -
closed map. In Example 3.8, f is αĝ -
irresolute but not a strongly  
αĝ-closed map. 

Theorem 3.12. A map f : (X, τ)  → (Y, σ)  
is strongly 
αĝ -closed if and only if for each subset B of  
(Y, σ)  and for each αĝ -open set U of  (X, τ)  
containing 
f -1(B), there exists an αĝ -open set V of (Y, 
σ) such that 
B ⊂  V and  f -1(V) ⊂  U.  
 
Proof. Necessity. Suppose that f is a 
strongly  
αĝ -closed map. Let B be any subset of  (Y, 
σ)  and U be an αĝ -open set of (X, τ)  
containing f -1(B).  
Put V=Y-f(X-U). Then V is αĝ -open set in 
(Y, σ) containing B such that f -1(V) ⊂  U.  
Sufficiency. Let F be any αĝ -closed subset 
of (X, τ). Then f -1 (Y- f (F)) ⊂ X - F.  
Put B =Y- f (F). We have f -1 (B) ⊂ X - F. 
Also, X - F is αĝ -open in (X, τ).  There 
exists an αĝ -open set V of 
 (Y, σ) such that B = Y-f (F)⊂  V and   
f -1(V) ⊂  X - F. Therefore, we obtain f (F) 
=Y - V and hence f (F) is  
αĝ -closed in (Y, σ). This shows that f is a 
strongly  
αĝ -closed map. 
 
Proposition 3.13. If  f : (X, τ)  → (Y, σ)  is  
ĝ-irresolute and pre-α-closed then f is a 
strongly αĝ -closed map. 
 

Proof. Let A be an αĝ -closed set in(X, τ). 
Let V be any ĝ -open set in (Y, σ)  
containing f(A).  
Then A ⊂  f -1(V). Since f is ĝ -irresolute, f -
1(V) is 
ĝ -open set in (X, τ). Since A is αĝ -closed in 
(X, τ) , αCl(A) ⊂  f -1(V) and hence f(A)⊂  f 
(αCl (A)) ⊂  V. Since f is pre- α -closed and 
αCl(A) is α -closed in X, f(αCl(A)) is         
α-closed in Y and hence  
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αCl(f(A)) ⊂  αCl(f(αCl(A))) ⊂ V. This shows 
that f(A) is αĝ -closed set in (Y, σ). Hence f 
is strongly  
αĝ -closed  map. 
 
Theorem 3.14.  Let f : (X, τ)  → (Y, σ)  and  
g : (Y, σ) → (Z, η) be two maps. 
i.  If f is closed and g is strongly αĝ -closed 

then g ο f  is αĝ -closed map. 
ii. If f is closed and g is ĝ-irresolute and pre-

α-closed then g ο f  is αĝ -closed map. 
iii. If g ο f is strongly αĝ -closed and f is a 

continuous surjection then g is αĝ -closed 
map. 

 
Proof. (i). By Proposition 3.6, g is  
αĝ -closed map. By Theorem 3.4, g ο f  is  
αĝ -closed. 
(ii). By Proposition 3.13, g is strongly  
αĝ -closed map. Hence, by (i), g ο f  is  
αĝ -closed. 
(iii). Let F be a closed set of (Y, σ). Since f 
is continuous,  f -1 (F) is closed  in (X, τ). 
Every closed set is αĝ -closed and hence f -1 
(F) is αĝ -closed in (X, τ).  Since g ο f  is 
strongly αĝ -closed, (g ο f )( f -1 (F)) is 
αĝ -closed in (Z, η) . Since f is surjective 
g(F) is  
αĝ -closed in (Z, η). Hence g is αĝ -closed. 
 
Theorem 3.15.  If  f : (X, τ)  → (Y, σ)  is 
continuous, strongly αĝ -open bijective map 
and if X is a normal space, then Y is normal. 
 

Proof. Let A and B be disjoint closed sets of 
Y. Since f is continuous bijective, f -1 (A) 
and f -1 (B) are disjoint closed sets of X. 
Since X is normal, there exist disjoint open 
sets G and H of X such that G ⊃  f -1 (A) 
and  H ⊃  f -1 (B) . Every open set is          
αĝ -open and hence G and H are disjoint    
αĝ -open sets of X. Since f is strongly        

αĝ -open bijective, f(G) and f(H) are disjoint 
αĝ-open sets of Y containing A and B 
respectively. Since every closed set is          
ĝ -closed, A and B are ĝ -closed sets in Y. 
Then we have αInt(f(G)) ⊃ A  and αInt(f(H))
⊃ B and αInt(f(G))I αInt(f(H)) ⊂ f(G)I
f(H) = φ. Therefore, there exist disjoint α -
open sets αInt(f(G)) say U and αInt(f(H)) 
say V of Y containing A and B respectively. 
U and V are α-open sets imply  
U ⊂ Int(Cl(Int(U))) and V⊂ Int(Cl(Int(V))).  
Since Int(Cl(Int(U))) I Int(Cl(Int(V))) = φ,  
A ⊂  αInt(f(G)) =U⊂  Int(Cl(Int(U))) and  
B ⊂ α Int(f(H)) = V ⊂  Int(Cl(Int(V))). 
Hence, Y is normal. 
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