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ABSTRACT 
 

Kuratowski and Ryll-Nardzewski's9 theorem about the existence 

of measurable selectors for multifunction is one of the keystones 

for the study of setvalued integration. In this paper we study Pettis 

integrability for multi functions and we obtain a Kuratowski and 

Ryll-Nardzewski's type selection theorem. We show that any 

Pettis integrable multi function F:cwk(X) defined in a 

complete finite measure space (, , ) with values in the family 

cwk(X) of all non-empty convex weakly compact subsets of a 

general Banach space X always admits Pettis integrable 

(measurable) selectors and that, moreover for each A   the 

Pettis integral 
A

Fd  coincides with the closure of the set of 

integrals over A of all Pettis integrable selectors of F. In our paper 

we generalize the result of the research paper of CASCALES. B, 

KADETS. V, ROD RIGUES. J.2.  

Keywords: Multi function, Banach space, Pettis integral, Pettis 

integrable selector, cwk denotes for convex weakly compact, -

SMSP denotes scalarly measurable selector property.   

 
1. INTRODUCTION 
 
 Set valued integration has its origin 
in the seminal papers by Aumann1 and 

Debreu9 and has been a very useful tool in 
areas like optimization and mathematical 
economics. The set-valued Pettis integral 
theory which goes back to the monograph by 
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Castaing and Valadier4 has attracted recently 
the attention of several authors. 
 All these studies deal with multi 
functions whose values are subsets of a 
Banach space X, that is always assumed to 
be separable. The main reason for this 
limitation on X relies on the fact that an 
integrable multi function should have 
integrable (measurable) selectors and the 
tool to find these measurable selectors has 
always been the well known selection 
theorem of Kuratowski and Ryll-Nardzewski 
[9] that only works when the range space is 
separable. In this paper Pettis integral theory 
for multi functions can be done without the 
restriction of separability on the range space. 
 Throughout this paper (, , ) is a 
complete finite measure space. X is a 
Banach space. Bx is closed unit ball of X and 
X* stands for the topological dual of X. 
Given x*  X* and x  X we write either 
(x*, x) or x* (x) to denote the evaluations of 
x* at x.  
 
2. DEFINITIONS 
 
2.1 A function f: X is said to be scalarly 
measurable if for each    x*  X* the 
composition <x*, f> = x* of : R is 
measurable, f is said to be Pettis integrable if  
 
(2.1.1)  x* of is integrable for every            

x*  X*  
 
(2.1.2)  for each A   there is an element 

 
A

Xfdμ  such that <x*, 
A

fdμ > = 


A

fdμ o*x  for every x* X* 

2.2 Measurable selectors for multi 
function F:cwk(X) which satisfy one of 
the following mathematical properties  
(2.2.1) {w  : F(w) M}   for 

every closed half space MX 
(Equivalently F is Scalarly 
measurable) 

(2.2.2) {w  : F(w) M}   for 
every closed set MX. 

(2.2.3) {w  : F(w) M}   for 
every norm closed set MX when X 
is separable.   

 
2.3 Let X be a separable Banach space 
and F:cwk(X) a multi function. The 
following conditions are equivalents- 
(2.3.1)  F is Pettis integrable  
(2.3.2)  The family WF = {* (x*, F) : x*  

BX*} is uniformly integrable. 
(2.3.3)  The family WF is made up of 

measurable functions and any 
Scalarly measurable Selector of F is 
Pettis integrable. 

 In this case each A  the integral 


A

Fd  coincides with the set of integrals 

over A of all Pettis integrable Selector of F. 
 
2.4 Let F: cwk(X) be a multi function 
such that *(x*, F) is integrable for every 
x*X*. The following statements are 
equivalent.  
 

(2.4.1)  F is  Pettis integrable 
 

(2.4.2)  For each , the mapping 

 
F

A

RX*: , x* 
A

F)dμ(x*,*δ  

is  (X*,x)- continuous.  
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2.5 Let F, G: cwk(X) be two multi 
functions such that F is Pettis integrable, G 
is scalarly measurable and for each x*  X*, 
we have *(x*,G) ≤ *(x*, F)-a.e. Then G 

is Pettis integrable and  
AA

FdGd   for 

every A  . 
 

2.6 Let F: cwk(X) be a Pettis integrable 
multi function. If f:X is a scalarly 
measurable selector of F, then f is Pettis 
integrable and  

 
AA

FdFd   for every A  . 

 
2.7 Let F: cwk(X) be a scalarly 
measurable multifuncton.            Fix x*0 

X* and consider the multi function  
G:cwk(X)  
G(w) : = {x  F(w) : x0* (x1) = *(x0, 
F(w))}.  
Then G is scalarly measurable. 
 

3. MAIN RESULTS 
 

Theorem 3.1 Let F : cwk (X) be a Pettis 
integrable multi function. Then F admits a 
and Pettis integrable (measurable) selector.  
 

Proof: Let us consider the multifunction  
G:cwk(X)  
G(w) : = {x  F(w) : x0* (x) = *(x0*, 
F(w))}. 
 By 2.7, G is scalarly measurable. 
Since G(w)  F(w) for every w    and F 
is Pettis integrable  
By 2.5, G is Pettis integrable with  

 
ΩΩ

FdμGdμ .  

Let g : X be any selector of G.  
Clearly g is also a selector of F.  
 Now we claim g is scalarly 
measurable. 
we observe that 




  dGxGdx ),(),( *
0

**
0

*  




 ),(),( *
0

**
0

*  FdxdFx  




 ),(),(()(, *
0

**
0

*
0

*
0  GdxdGxxx   

It follows that }{ 0xGd 


   

Given ,**
0 Xx   we have  

),(),( **** GxGx   and  




  dGxxxdGx ),()(),(( **
0

***

 

Hence ),(),( **** GxGx    a.e. 

Therefore x* og = * (x*, G)  a.e. and x* 
og is measurable. 
Since x* X* is arbitrary g is scalarly 
measurable.  
By 2.6, we conclude that g is Pettis 
integrable 
 

In this way g is measurable Pettis integrable 
selector.  
Hence we get the required result.  
Proved.  
 

Theorem 3.2: Suppose X has the  SM SP. 
let F:cwk(X) be a scalarly measurable 
multi function such that every scalarly 
measurable selectors of F is Pettis 
integrable. Then F is Pettis integrable. 
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Proof: For any fixed A  . 

The set )(AISF  is closed and convex.  

Now we prove that )(AISF   cwk (X). 

Fix x*  X* and consider the multi function 
Gx* : cwk(X) 
Gx* (w) = {xF(w): x*(x) = * (x*, F(w))}. 
By 2.7 Gx* is scalarly measurable and X has 
the  SMSP, there is a scalarly measurable 
selector gx* of Gx*. 
gx* is a selector of F and so it is Pettis 
integrable. 
Hence *(x*, F) = x* ogx* is integrable.  
By the definition  

)(* AISdg Fx 


  

we claim that  
 

Sub )(})(:)({ *
** 

A

xF dgxAISxxx . 

Indeed notice that for each Pettis integrable 
selector f of F, we have 
 

)(

),(

*
*

*

**
*

*
*

*




























AA

x

AA

x

A

x

fdxdofx

dFxdogxdgx

  

Sup 





















 

A

x

FF

dgx

AISxxxSubAISxxx

*
*

** )}(:)({})(:)({

 

 )(AISF  is weakly compact. 

 *(x*, )(AISF  = 
A

dFx ),( **  

 F is Pettis integrable 
Proved.  
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