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ABSTRACT 
 

In this paper we are defining 4-state automata having cycles with 
exit and cycles without exit over the alphabet X. Representing     
n-state automata having cycles with of exit over binary alphabet 
and having input  1 and input  0 & 1 are isomorphic to  K 4        Z2 .  A    

 

group of finite automata having no cycles with exit over an 
alphabet X generated by permutation group of finite automata 
under recursion. A group of finite automata have elements acts 
equally on words of same length are equal.  

           
Keywords: Four state automaton, n state automaton, cyclic with 
exit, cyclic without exit, isomorphism with wreath recursion. 

 
1. INTRODUCTION 
 
  The class of automata groups 
contains many interesting and complicated 
groups. Its thorough investigation was 
started with automata with small number of 
states. In the case of two states groups of 
automata over a binary alphabet were 
completely described in3. The great work has 
been done in the case of 3-state automata 
over a binary alphabet2. Another approach is 

to investigate representations of some 
classes of groups as automata groups. 
Abelian group generated by automata over a 
binary alphabet were considered in5. Finite 
automata that generate some finitely 
presented solvable groups were constructed 
in1. Note interesting examples of finite 
automata that generate free group of rank 24 
and free products of finite number of cyclic 
groups of order 28. In this paper we 
investigate embedding of finite groups in the 
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class of automata groups over a binary 
alphabet. We study the subclass of groups of 
automata with no cycles with exit. All 
groups from this class are finite. We prove 
that this class is closed under wreath product 
with some permutation groups and direct 
powers. It is proved that the action of the 
elements of the group of an automaton with 
no cycles with exit with p states is uniquely 
defined by the action on words of length n. 
This property simplifies calculations in such 
groups. Some presentations of finite groups 
by automata with no cycle with exit are 
obtained.  
 

The study of finite automata (FA) 
presentable, or automatic, structures began 
in the works by Hodgson7 and then carried 
on in houssainov and Nerode8. A structure is 
called FA presented if its domain and atomic 
relations are recognized by finite automata 
operating synchronously on their input. So, 
these structures have finite presentations. 
The class of automatic structures is of 
special interest in the field of theoretical 
computer science. One of the reasons for this 
is that the first-order theory of an FA 
presentable structure is decidable, and in fact 
the model checking problem is decidable. 
There is a complete description of FA 
presentable structures in the classes of 
Boolean algebras and well-ordered sets, but 
for another classes of structures such as 
groups, rings, linear orders, etc., the 
situation is far from clear. In9, Khoussainov 
and Rubin posed the problem of 
characterizing automatic abelian groups.  
  The finite state automaton over a 
binary alphabet generating a free group of 
rank 1. For a long time, it was an open 
question whether there is a finite state 
automaton generating a non-abelian free 

group. The first examples were provided by 
Glasner and Mozes5. The smallest examples 
they obtained were a 14-state automaton 
over a 6-letter alphabet generating a free 
group of rank 7 and a 6-state automaton over 
a 14-letter alphabet generating a free group 
of rank 3. Nekrashevych afterwards 
constructed an automaton with 6 states over 
a binary alphabet generating  a free qroup of 
rank two; again the states of the automaton 
are not free generators and, in fact, it was 
shown that no two state automaton over a 
binary alphabet generates a free group. 
Brunner and Sidki conjectured in4 that the 
states of a certain 3-state automaton over a 
binary alphabet, constructed by Aleshn1 in 
1983, freely generate a free group of rank 3. 
Aleshin constructed this automaton, together 
with a certain five state automaton, in order 
to construct a free subgroup of rank 2 in the 
group of all finite state transformations, but 
his proof1 is not complete. The conjecture of 
Brunner and Sidki, showing that the Aleshing 
automaton freely generates a free group of 
rank 3. He considered a series of Aleshin-
type automata with 2n+1 states, n ≥ 1, over a 
binary alphabet that freely generate a free 
group of rank 2n+1. Moreover, it was shown 
that the disjoint union of any two distinct 
automata in this series generates their free 
product. Nekrashevych’s construction was 
based on a result of Muntyan and Savchuk 
showing that a certain 3-state automaton 
over a binary alphabet, related to Aleshin’s 
automaton, generates a free product of three 
cyclic groups of order two. Again the 
disjoint union of distinct automata from this 
family generate their free product and so 
they were able to construct, for any n ≥ 3, a 
finite state automaton generating a free 
product of n cyclic groups of order two (in 
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this setting they could add a single isolated 
state to obtain products of 4 and 6 cyclic 
groups of order two). 
 
2: FOUR– STATE AUTOMATA OVER  
    A BINARY ALPHABET  
 
2.1 Preliminaries 
 
2.1.1 Finite Automaton 
 
 An finite automaton is represented 
formally by the 5-tuple (Q,Σ,δ,q0,F), where 
Q is a finite set of states. 
         Σ is a finite set of symbols, called the 
alphabet of the   automaton. 
         δ is the transition function , that is, 
δ: Q × Σ → Q. 
         q0 is the start state, that is, the state 
which the automaton is in when no input has 
been processed yet, where q0 Є Q. 
        F is a set of states of Q (i.e. F € Q) 
called accept states. 
 
2.1.2 Mealy automaton 
 
 A Mealy automaton (or simply automaton) 
is a tuple  
 

(X, Q,  φ, λ), where Q is the set of states. 
X is a finite alphabet. 
φ: Q x X → Q is a transition function and 
λ: Q x X → X is an output function. 
 
2.1.3 Cycle with exit and without exit 
 
  A cycle in the automaton A is a 
sequence of pair wise  different states  q1, q2, 
q3,……., qn ЄQ12 such that there exists a 
sequence of letters  x1,x2,x3,……xn ЄX 
which satisfies equalities Φ (qi, xi)=qi+1,1 ≤ i 
< n, and Φ(qn, xn)= q1. This cycle is called a 

cycle with exit if there exist i, 1 ≤ i ≤ n, and 
x ЄX such that Φ (qi,x) In other case this 
cycle is called cycle without exit.  
 
2.1.4 Cyclic 
 
  A state q Є Q is cyclic if it belongs 
to some cycle of the automaton. 
 
2.2 Results 
 
2.2.1 Proposition  
 

The group13 of the automaton shown 
in the following Figure.1 is isomorphic to 
the group   K 4        Z2. 
 

 
Figure 1: Automaton with 4-state over a binary 
alphabet 
 
Proof  
 

The generators of the group14 satisfy 
the equalities  

a2 = c2 = d2 = 1, 
(ca)4     = ((c,c)σ(1,c))4  

=((c,c)σ(1,c)(c,c)σ(1,c))2 

             = (c,c)(c,c)(1,c))2=((c2,c2)(1,c))2         

                 = ((1,1)(1,c))2 =(1,c)=(1,c)(1,c)  
=(1,c2)=(1,1) =1. 

(ad)4       = ((1,c)(a,a))4= (a4,(ca)4)  
=(1,cacacaca) 

             = (1,ccaaccaa) =(1,c2a2c2a2)   
=(1,1)=1. 

(ada.c)2 = ((1,c)(a,a)(1,c)(c,c)σ)2  

=((a,ca)(1,c)(c,c))2 

ι
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              = ((a,cac)(c,c))2 =(ac,cacc)2  

=(ac,cac2)2=(ac,ca)2 
              = (ac,ca)(ac,ca)  =(acac,caca)  

=(a2c2,c2a2) =(1,1) =1. 
(ada)2 = ((1,c)(a,a)(1,c))2 =((a,ca)(1,c))2  

=(a,cac) 2=(a,cca)2    
             = (a,c2a) 2 =(a,a) 2 = (a,a)(a,a)   

= (a2,a2)  = (1,1) = 1 
       

The equalities (ac)4 = (ad)4 = 1 
imply that generator “a” commutes with the 
generators  “cac”  and  “dad”. Since 
 
(a.cdadc)2 = (a.c.adada.c)2 = (a.ada.c.da.c)2   
      =(dac)4 = ((ac,a))4          

     = ((ac,a)(a,ac))2   =(aca,c)2 = 1 , 
Thus <a,c,d>   ≈   K4         Z2 ≈  
<a,b,c|a2,b2,c2,(ab)4,(ac)4,(bc)2,(abc)4  >,    
Where   b =ada 
 
3.  n – STATE AUTOMATA OVER A  
     BINARY ALPHABET  
 

Here we discuss some series of 
groups generated by n-state automata with 
no cycle with exit over a binary alphabet.  
 
3.1 Automata with 0, 1 as input 
 

3.1.1 Proposition  
 

The group of automaton15 shown in 
Figure 2 is isomorphic to the group K4   Z2. 

 

 
Figure 2: Automata with 0, 1 as input 

Proof 
  The initial condition of the group 
satisfy the equalities 
a2 = b2 = c2 = d2 = 1,     
hi

2 = 1,  bhi  = hib,    hic = chi     1 ≤ i, j ≤ n-4. 
Therefore equalities,  
bhi = (b, h1)(hi+1,hi+1)=(hi+1,hi+1) (b, h1 ) = hi b 
 
Result 1 
ab    = (b, c)( b, h1)    = (b2 , c h1)   = (1, ch1). 
(ab)2 =(1, ch1)

2 =(1, ch1)(1, ch1) = (1, ch1ch1)  
         = (1, cch1h1)  = (1, c2h1

2) = (1, 1)   = 1. 
 
Result 2 
ac  = (b, c)(c, c)σ  = (bc, c2)σ = (bc, 1)σ(ac)2 

    = ((bc, 1)σ)2  = (bc, 1)σ(bc, 1)σ = (bc, 1)    
        (1, bc) =(bc, bc). 

(ac)4  =(bc,bc)2=(bc,bc)(bc,bc)=(bcbc,bcbc) 
       =(bbcc,bbcc) =(b2c2,b2c2)=(1,1)   =1. 

 
Result 3 
bc  = ( b, h1) (c, c)σ 
 

(bc)2 = ( b, h1) (c, c)σ)2  
         = ( b, h1) (c, c)σ( b, h1) (c, c)σ  
         = ( bc, h1c)σ( bc, h1c)σ          
         = ( bc, h1c)(h1c, bc)        
          = ( bc h1c, h1c bc) 
(bc)4 = ( bc h1c, h1c bc) ( bc h1c, h1c bc) 
         = ( bch1cbch1c, h1cbch1cbc) 
         = ( b2c2h1

2, b2c2h1
2) = (1, 1)        =1. 

 
Result 4 
bhi      = (b, h1) (hi+1, hi+1 ) = (b hi+1 , h1 hi+1) 
(bhi)

 2 = (b hi+1 , h1 hi+1) (b hi+1 , h1 hi+1)   
           = (b hi+1 b hi+1, h1 hi+1 h1 hi+1)  
           = (1,1)   = 1. 
 
Result 5 
hic       = (hi+1, hi+1 )(c, c) σ      = (hi+1c , hi+1c) σ 
(hic)2 = (hi+1c , hi+1c) σ(hi+1c , hi+1c) σ    
          = (hi+1c,hi+1c) (hi+1c , hi+1c) = (1, 1) = 1. 

ι

ι
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Result 6 
ad     = (b, c)(a, a) = (ba, ca) 
(ad)2 = (ba ,ca)(ba, ca) = (baba, caca)    
        = (1, 1)  = 1. 
 
Result 7 
bd      = (b, h1 )(a, a)     = (ba, h1a) 
(bd)2  = (baba, h1a h1a) = (b2a2 , h1

2a)      
           = (1, 1)  = 1. 
 
Result 8 
abc    = (b, c)(b, h1 )(c,c)σ = ( b2c, ch1c)σ    
          = (c, h1) σ  
(abc)2 = (c, h1) σ(c, h1) σ   = (c, h1) (h1, c)   
          = (ch1, ch1) 
(abc)4 = (ch1, ch1) (ch1, ch1)   
           = (ch1ch1, ch1ch1)   
           = (c2h1

2 ,c2h1
2)  = (1, 1)  = 1. 

 
Result 9 
dab   = (a, a) (b, c)(b, h1) = (ab2, ac h1)         
          = (a, ac h1) 
(dab)2 = (a2, ac h1ac h1)  = (1, ac h1

2ca)   
           = (1, ac2a) = (1,a2)    = (1,1)  =1. 
 
Result 10 
abhi   =(b, c)(b, h1 )( hi+1, hi+1)   
         = (b hi+1, c h1 hi+1) = (hi+1, c h1hi+1) 
(abhi)

2 = (hi+1 hi+1, c h1 hi+1c h1 hi+1)  
            = (hi+1

2,c h1 chi+1h1 hi+1)    
            = (hi+1

2 ,cc h1hi+1 h1hi+1)    
            =  (1,c2 hi+1 h1 h1hi+1)   
            = (1, hi+1 h1

2 hi+1 )  = (1, hi+1
2 )   

            = (1,1)  =1. 
 

Result 11 
abcd    = (b, c)(b, h1 )(c,c)σ(a, a)      
            = (c, h1)σ (a, a)  
(abcd)2 = (c, h1)σ(a, a)(c, h1)σ(a, a)  
             = (c, h1)σ(ac, ah1)σ(a, a)   
             = (c, h1) (ah1, ac) (a, a) 
             = (cah1a, h1aca)  

             = (ch1 , h1c) 
(abcd)4 = (ch1 , h1c) (ch1 , h1c)  
             = (ch1ch1, h1ch1c)   
             = (c2h1

2, h1
2c2)  = (1, 1)  = 1. 

 
Result 12 
abhic = (b, c)(b, h1)( hi+1, hi+1)(c, c) σ  
          = (bbhi+1c,  ch1hi+1c) σ      
          = (b2hi+1c,  h1hi+1c

2) σ                 
           = ( hi+1c, h1hi+1 ) σ 
(abhic)2 = ( hi+1c, h1hi+1 ) σ(hi+1c, h1hi+1 ) σ  
              = ( hi+1c, h1hi+1 ) ( h1 hi+1 , hi+1c)  
              = ( hi+1c h1 hi+1, h1 hi+1 hi+1c )  
              = (c h1 ,h1 ). 
(abhic)4 = (c h1 ,h1)  (ch1 ,h1)  
              = (c h1c h1 ,h1 c h1 c )  
              = (c2 h1

2, h1
2 c2  ) = (1, 1)  = 1. 

Thus <a, b, c, d> ≈ K4      Z2  
< a, b, c, d |a2, b2, c2, d2, (ab)2, (ac)4, (ad)2, 
(bd)2, (bc)4, (dab)2, (dac)4, (abc)4, (abcd)4 > 
 
3.2 Automaton with 1 as input 
 

3.2.1 Proposition  
 

The group of automaton shown in 
Figure.3 is isomorphic to the group K4     Z2. 
 

 
Figure 3:   Automata with 1 as input 

 
Proof 
 

The generators of the group satisfy 
the equalities 

ι

ι
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a2 = b2 = c2 = d2 = 1,    hi
2 = 1,    

bhi  = hib,   hic = chi,  1≤ i, j ≤ n-4. 
Therefore equalities  
b hi = (b, h1 ) (1,  hi+1) = ( 1,  hi+1) (b, h1 )    
= hi b 
 
Result 1 
ab     = (b, c)( b, h1)   = (b2 , c h1)   = (1, ch1). 
(ab)2 = (1, ch1)

 2 = (1, ch1) (1, ch1)  
         = (1, ch1ch1) = (1, cch1h1) = (1, c2 h1

2)  
         = (1, 1) = 1. 
 
Result 2 
ac      = (b, c)(c, c)σ     = (bc, c2)σ  = (bc, 1)σ 
(ac)2  = ((bc, 1)σ) 2    = (bc, 1)σ(bc, 1)σ   
         = (bc, 1)(1, bc)  =(bc, bc). 
(ac)4  = (bc, bc)2 = (bc, bc)( bc, bc)  
         = (bcbc,bcbc)  
         =(bbcc,bbcc) = (b2c2,b2c2) = (1,1) = 1. 
 
Result 3  
bc     = ( b, h1) (c, c)σ 
(bc)2 = ( b, h1) (c, c)σ) 2  
         = ( b, h1) (c, c)σ( b, h1) (c, c)σ     
         = ( bc, h1c)σ( bc, h1c)σ 
         = ( bc, h1c)(h1c, bc)         
         = ( bc h1c, h1c bc) 
(bc)4 = ( bc h1c, h1c bc) ( bc h1c, h1c bc        
         = ( bch1cbch1c, h1cbch1cbc) 
         = ( b2c2h1

2, b2c2h1
2) = (1, 1) =1. 

 
Result 4 
bhi      = (b, h1) (1, hi+1 )   = (b, h1 hi+1) 
(bhi)

2 = (b, h1 hi+1) (b, h1 hi+1)  
          = (b2, h1 hi+1h1hi+1) = (1,1)    = 1. 
 

Result 5 
hic         = (1, hi+1 )(c, c) σ  = (c , hi+1c) σ 
(hic)2   = (c , hi+1c) σ(c , hi+1c) σ   
           = (c , hi+1c) (hi+1c , c)  
           = (chi+1c , hi+1c

2) 
           = (c2 hi+1 , hi+1c

2)  = ( hi+1, hi+1)  

(hic) 4 = ( hi+1, hi+1) ( hi+1, hi+1)   
          = ( hi+1 hi+1 ,hi+1 hi+1) =(1,1) = 1. 
 
Result 6 
ad     = (b, c)(a, a)   = (ba, ca) 
(ad)2  = (ba ,ca)(ba, ca)  = (baba, caca)  
          = (bbaa,ccaa) = (b2a2,c2a2) = (1, 1) = 1. 
 
Result 7 
(ba)2   = ((a,c)(d,c))2 = (ad,1)2   =(ad,1)(ad,1)               
         =(adad,1)  =1. 
 
Result 8 
bd     = (b, h1 )(a, a)  = (ba, h1a) 
(bd)2  = (baba, h1a h1a) = (b2a2 , h1

2a)    
          = (1, 1)   = 1. 
 

Result 9 
abc  = (b, c)(b, h1 )(c,c)σ  = ( b2c, ch1c)σ      
         = (c, h1) σ  
(abc)2 = (c, h1) σ(c, h1) σ = (c, h1) (h1, c)     
          = (ch1, ch1) 
(abc)4 = (ch1, ch1) (ch1, ch1)   
          = (ch1ch1, ch1ch1)  
           = (c2h1

2 ,c2h1
2)  = (1, 1)  = 1. 

 

Result 10  
dab  = (a, a) (b, c)(b, h1 )    = (ab2, ac h1)      
        = (a, ac h1) 
(dab)2 = (a2, ac h1ac h1) = (1, ac h1

2ca)    
           = (1, ac2a)  = (1,a2)    = (1,1)  =1. 
 
Result 11 
 

abcd = (b, c)(b, h1 )(c,c)σ (a, a)  
         = (c, h1)σ (a, a)  
(abcd)2 = (c, h1)σ (a, a)(c, h1)σ (a, a) 
             = (c, h1) σ(a c, a h1) σ (a, a)  
             = (c, h1) (a h1, a c) (a, a)   
             = (cah1a, h1aca) = (ch1 , h1c) 
(abcd)4 = (ch1 , h1c) (ch1 , h1c)    
             = (ch1ch1, h1ch1c)  
             = (c2h1

2, h1
2c2)  = (1, 1) =1. 



 S. Jeya Bharathi, et al., J. Comp. & Math. Sci. Vol.4 (4), 254-263 (2013) 260 

Journal of Computer and Mathematical Sciences Vol. 4, Issue 4, 31 August, 2013 Pages (202-321) 

Result 12 
abhic     =(b,c)( b, h1) (1, hi+1 )(c,c) σ  
              = (bbc,  ch1hi+1c) σ  
              = (b2c, h1 hi+1c

2) = (c, h1hi+1) σ 
(abhic)2 = ( c, h1hi+1 ) σ( c, h1hi+1 ) σ  
              = ( c, h1hi+1 ) (h1hi+1,c )      
              = (  ch1hi+1, h1hi+1c ) 
(abhic)4 = (ch1hi+1, h1hi+1c )  
                 (ch1hi+1, h1hi+1c ) 
              = (ch1hi+1ch1hi+1 , h1hi+1c h1hi+1c ) 
              = (c2 h1

2 hi+1
2, h1

2 hi+1
2 c2  )       

              = (1, 1)  =  1. 
 

   Thus  <a, b, c, d> ≈ K4    Z2 < a, b, 
c, d |a2, b2, c2, d2, (ab)2, (ac)4, (ad)2, (bd)2, 
(bc)4, (dab)2, (dac)4, (abc)4, (abcd)4  > 
 
3.3 ISOMORPHISM WITH WREATH  
      RECURSION 
 
3.3.1 Theorem  
 

Let G be a group generated by 
(finite) automaton (with no cycles with exit)  
A = < X, Q ,Φ , λ > over an alphabet X, 
P<S(X) and for every state q €Q the 
permutation  λ(q,.) belongs to the group P. 
Then the group P  G is generated by finite 
automaton (with no cycles with exit) over an 
alphabet X. 
 
Proof 
Suppose that the set {p1,p2,…..,pk} is a 
generating set of the group P. Let us 
construct a new automaton  

P   A = < X, Q  ,  φ  , λ  >  that generates 

the group P   G. Consider the set Q    = Q U 
{1} U { pi : 1 ≤ i ≤ k} U (Q x X). 
The transition and output function of this 

automaton are defined on the set Q  x X as 

follows.   Put  φ |Q x X = Φ,  

λ  |Q x X = λ    and for x € X 

     φ (1,x)=1,           λ  (1,x)=x; 

    φ  (pi,x)=1,        λ   (pi,x)= pi(x), 1 ≤ i ≤ k; 

    φ  ((q,x0),x) = q,   x = x0, 

   φ  ((q,x0),x) = 1,  x ≠ x0,  λ ((q,x0),x)  = x,  
(q,x0) € Q x X. 
Consider the map ψ: P  G → Aut Tx 
defined by 
[p; g1, g2, ……, gn] → (g1, g2, ……, gn)p, 
Where p € P and g1, g2, , gn € G. It is a 
homomorphism. The element     
Ψ

-1(f pi) = [pi;1,1,……1],  1 ≤ i ≤ k; 
and Ψ-1 (f(q,x)) = [1;1,……,fq,…..1] ,   q € Q , 
x € X , 
are generators of the group P    G. Therefore, 
the elements 
f  pi, 1 ≤ i ≤ k, and f(q,x) ,  
q € Q , x € X are generators of the group  
Ψ(P    G) ≈ P    G. If the group P acts 
transitivity on the set X then for every state 
q € Q only one state (q,x) is required for 
some x € X. 
For every state q € Q  we have  
Ψ

-1(fq) = [λ(q,.); f Φ(q,x), x € X] € P  G , 
 

Since λ(q, .) € P. Thus fq € Ψ (P   G) and the 
automaton P.  A generates the group P     G 
 

If the automaton A has finite or does not 
contain cycles with exit then the constructed 
one has the same property. 
 
3.3.2 Theorem  
 

Let G be a group generated by finite 
automaton (with no cycles  with exist) over 
an alphabet X, then for every   
positive integer ‘n’ then the  group                      
is generated by (finite ) automaton(with no 
cycles with exit) over an alphabets ‘X’ 

Gn
i 1=⊕

ι

ι

ι

ι
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Proof 
Suppose that the automaton  A = < 

X, Q ,Φ, λ > the group G. let us constuct a 
new automaton A[n] that generates                       
               . We denote by Mn the set  
{0, 1… n-1} 
Consider the automaton A[n]. = < X, Q × Mn, 
Φn, λn > with the transition and output 
functions for q €  Q and x € X defined by 
equalities 
Φn ((q, k),x) = (q, k-1), k≠0,  λn ((q, k),x)  
= x, k≠0, 
Φn ((q, 0),x) = (Φ (q, x), n-1),  λn ((q, 0),x)  
= λ(q, x). 
To prove that  A[n] generates the group  
     let us extend functions Φn and λn 
to the set (Q × Mn) × X* then φn ((q, k), x1, 
x2, x3, ….., xn) = .q, xk+1),k), 
((q,k),) = x1,……….,xk (q,xk+1)xk+2…..xn 
and f(q,k)(x1x2….xnu)  
= x1….xk(q,xk+1)xk+2….xnf(Φ(q,xk+1),k)(u). 
 
The set {f(q,k):q € Q,k € Mn } is a generating 
set of the group of the automaton A[n]. 
Consider a word x1,x2,x3,…..,xnxn+1……xmn 
€ Xmn, m ≥ 1. For every k € Mn all elements 
of the set {f(q,k):q € Q} preserve letters in 
positions satisfying condition l-1≠k(mod n). 
Transformation of the sub word 
xk+1xnx…k+1…x(m-1)n+k+1 by f(q,k) coincide 
with the action of fq on words of length m. 
Therefore, the set  
{f  (q,k):q € Q} generates the group G for 
every  k € Mn. 
 

Let us prove that f(q1,k1) and f(q2,k2) 
commute for k1≠k2.  It is enough to consider 
the case k1< k2. We will prove by induction 
on m that for u the equality 
f(q1,k1) (f(q2,k2) (u)) = f(q2,k2) (f(q1,k1)(u))  
holds. The case m =0 is trivial. For any 
letters   

x1, x2, x3, .., xn € X  and any word 
u € Xmn, be induction hypothesis we have  
f(q1,k1) (f(q2,k2) (x1,x2,x3,…..,xnu))   
= f(q1,k1) (x1,x2,x3,…..,xk2λ(q2,xk2+1)  
xk2+2…..xf(Φ(q2,xk2+1),k2)(u)  
=x1…xk1λ(q1,xk1+1)xk1+2….xk2 λ(q2,xk2+1) 
Xk2+2….xn f(Φ(q1,xk1+1)k1)(f(Φ(q2,xk2+1),k2)(u)) 
= f(q2,k2)(x1….xk1 λ(q1,xk1+1)xk1+2…xnf  
(Φ(q1,xk1+1),k1)(u) 
= f(q2,k2)(f(q1,k1) (x1,x2,x3,…..,xnu)).      
   
Therefore, equality (1) holds for any word u 
€ X(m+1)n. 
Thus, the automaton A[n]  generates                      
If the automaton is finite of does not contain 
cycles with exit then the constructed one has 
the same property. 
 
3.3.3 Theorem  

Let G be a group generated by finite  
automaton (with no cycle with exit) over a 
binary alphabet. Then Z2  G and                                 
are generated by (finite) automaton (with no 
cycle with exit) over a binary alphabet.  
 
Proof 

In general case the fact that the 
groups G1 and G2 are generated by automata 
over an alphabet X does not imply that the 
group G1 × G2 is generated by an automaton 
over the same alphabet X. For example there 
is no automaton over a binary alphabet that 
generates the group Z⊕ Z2, but the groups Z 
and Z2 are generated by automata over a 
binary alphabet. 

 

If one doesn’t require that the 
alphabet is the same then it is easy to 
construct an automaton that generates the 
group G1 x  G2.We assume that automata 
generating G1 and G2 are defined over a 
alphabet X1 and X2 respectively and           

Gn
i 1=⊕

Gn
i 1=⊕

Gn
i 1=⊕

Gn
i 1=⊕

ι
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X1 ∩ X2 = Φ. The automaton generating the 
group G1  x  G2 is constructed over X1 U X2. 
It contains two disjoint parts the first acts on 
X1 as automaton for G1 and trivially on X2 
and the second acts on X2 as automaton for 
G2 and trivially on X1. 
 
3.3.4 Theorem   

Let A be an n- state automaton with 
no cycles with exit and G be the group 
generated by the automaton A. Suppose that 
all states of A are Cyclic. If elements w1, w2 
Є G act equally on words of length n, then 
w1 = w2. 
 
Proof 

Let us denote by k the number of 
cycles in the automaton A and prove the 
statement of the lemma by induction on k. It 
is true for k=1, since wi(uu') = wi(u)wi(u'), 
i=1,2 , for all words u € Xn, u' € X*. Suppose 
that statement is true for automata with k−1 
cycles. Let us choose a cycle C in the 
automaton A. Generators of the group G 
pairwise commute as all restrictions in 
words of length 1 coincide for every state. 
Therefore, elements w1 and w2 can be 
written in the form wi = uiw′i, i = 1, 2, where 
u1 and u2 contain all multipliers defined by 
states of the  cycle C. The product u1

−1  
u2w′1

−1  w′2 acts trivially on words of length 
n. Hence, elements u2

−1  u1 and w′1
−1  w′2 act 

equally on words of length n. Let us denote 
by m the length of the cycle C.  

Then (u1
−1  u2)  │ m =u1

−1 u2. On 
words of length n − m the equality 

 
(w′1

−1  w′2 )  │ m = (u2 
−1u1)   │ m = u2

−1 u1  
= w′1

−1  w′2    
 

holds. Elements    (w′1
−1 w′2 )  │ m and w′1

−1 
w′2 belong to the group generated by an 

automaton with k−1 cycles. Therefore, by 
induction hypothesis, we have (w′1

−1 w′2 ) 
│m    = w′1

−1 w′2 and  (u1
−1 u2 w′1

−1 w′2 )  │ m = 
(u1

−1  u2)  │ m (w′1
−1 w′2 )  │ m = u1

−1 u2 w′1
−1  

w′2. 
As the product u1

−1 u2 w′1
−1  w′2 acts 

trivially on words of length m, the previous 
equality implies w1

−1 w2 = u1
−1 u2 w′1

−1           

w′2 = 1. 
 
3.3.4 Theorem  

Let A be an n-state automaton with 
no cycles with exit and G be  the group 
generated by the automaton A. If elements 
w1,w2 € G act equally on words of length n, 
then w1 = w2. 
 
Proof  

Let us consider the smallest m ≥ 0 
such that for all words v € Xm elements w1│v 
and w2│v are products of generators defined 
by cyclic states of the automaton A or their 
inverses. 

 

Let v € Xm be arbitrary word. It 
follows from conditions of the theorem that 
w1│v = w2│v on words of length n-m. 
Number of cyclic states of the automaton A 
is less than n-m. Therefore, lemma implies. 
Elements act equally on first m letters. 
Hence w1 = w2.    
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