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ABSTRACT 
 

Mathematics plays an indigenous role in designing many applications. Data mining and 
machine learning are very fast growing field in Information Technology era which is 
aiming for fast access of information and automation respectively. Background 
knowledge of this field depends highly on the probability, statistical analysis and 
automata theory in the mathematics. Most popularly used terms are probability density 
function, Bayesian classifiers, Gaussian, Gaussian Bayes Classifiers, Naïve Bayesian 
Classifiers, Markov Model and so on. In this Markov model which is vital part of the 
automata theory is analyzed as Hidden Markov model, Multilevel Markov Model, 
coupled Markov model and so on based on the requirement of the application. This 
paper describes about Markov model followed by the Hidden Markov model with 
glance about various fields where it is applied.  
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INTRODUCTION 
 

Markov Model (MM) is seen as 
Stochastic Finite State Automata with a 
probabilistic transition function and 
deterministic emission function depending on 
the current state. The probability of observing 
the automaton in the state q at time t depends 
only on the state of the model at time t-1. This 
feature of the transition law means that the 
MM are memory less [i]. In a regular MM, the 
state is directly visible to the observer, and 
therefore the state transition probabilities are 
the only parameters. 

From the automata theory point of 
view, a Hidden Markov Model (HMM) differs 
from MM for following features namely not 
possible to observe the state of the model and 
the emission function is probabilistic which 
helps to be best suited in the data mining and 
machine learning. In a HMM, the state is not 
directly visible, but output, dependent on the 

state, is visible. Each state has a probability 
distribution over the possible output tokens. 
Therefore the sequence of tokens generated by 
an HMM gives some information about the 
sequence of states. The hidden term refers to 
the state sequence through which the model 
passes and not to parameters of model. It aims 
to make a language model automatically with 
little effort [ii]. HMMs were first applied to 
speech recognition problems in the mid-1970s; 
and in the mid-1980s HMMs were applied to 
biological processes5. 

The three basic HMM operations for 
an observation sequence O = O1…OT. are 
Evaluation, Inference, Learning and that are 
carried over by Forward algorithm, Backward 
algorithm, Viterbi algorithm, Posterior 
decoding, and Baum-Welch algorithm 
respectively3. 
FORWARD ALGORITHM  
Let αt(i) be the probability of the partial 
observation sequence Ot = {o(1), o(2), ... , 
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o(t)} to be produced by all possible state 
sequences that end at the i-th state.   
αt(i) = P(o(1), o(2), ... , o(t) | q(t) = qi ).  
Then the unconditional probability of the 
partial observation sequence is the sum of αt(i) 
over all N states. T(t1...tn) is the transition 
matrix and B(b1….bn) is the event matrix. 
Formal Definition  
Initialization:  
  α1(i) = pi bi(o(1)) , i =1, ... , N  
Recursion:  

 
here  i =1, ... , N , t =1, ... , T - 1  
Termination: 

 
 
BACKWARD ALGORITHM 
 

In a similar manner, we can introduce 
a symmetrical backward variable βt(i) as the 
conditional probability of the partial 
observation sequence from o(t+1) to the end to 
be produced by all state sequences that start at 
i-th state (3.13).   
βt(i) = P(o(t+1), o(t+2), ... , o(T) | q(t) = qi ).  

The Backward Algorithm calculates 
recursively backward variables going 
backward along the observation sequence. The 
Forward Algorithm is typically used for 
calculating the probability of an observation 
sequence to be emitted by an HMM, but, as we 
shall see later, both procedures are heavily 
used for finding the optimal state sequence and 
estimating the HMM parameters.  
Formal Definition  
Initialization:  
   
βT (i) = 1 , i =1, ... , N  
According to the above definition, βT(i) does 
not exist. This is a formal extension of the 
below recursion to t = T.  

Recursion: 

 
here  i =1, ... , N , t = T - 1,  T - 2 , . . . , 1, j 
represents the target state 
Termination: 

 
Obviously both Forward and Backward 
algorithms must give the same results for total 
probabilities P(O) = P(o(1), o(2), ... , o(T) ). 
 
VITERBI ALGORITHM  

The Viterbi algorithm chooses the best 
state sequence that maximizes the likelihood of 
the state sequence for the given observation 
sequence. 

Let δ t(i) be the maximal probability of 
state sequences of the length t that end in state 
i and produce the t first observations for the 
given model.  
δ t(i) = max{P(q(1), q(2), ..., q(t-1) ; o(1), o(2), 
... , o(t) | q(t) = qi ).}  
  The Viterbi algorithm is a dynamic 
programming algorithm that uses the same 
schema as the Forward algorithm except for 
two differences: 
1. It uses maximization in place of 

summation at the recursion and 
termination steps.  

2. It keeps track of the arguments that 
maximize δ t(i) for each t and i, storing 
them in the N by T matrix ψ. This matrix 
is used to retrieve the optimal state 
sequence at the backtracking step.  

Initialization:  
δ1(i) = pi bi(o(1))  

ψ1(i) = 0 , i =1, ... , N 
According to the above definition, βT(i) does 
not exist. This is a formal extension of the 
below recursion to.  
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Recursion:  
δt ( j) = max i [δt - 1(i) aij] b j (o(t))  

ψt( j) = arg max i [δt - 1(i) aij]   
 

Termination:  
p* = max i [δT( i )]  

q*
T = arg max i [δT( i )]   

 

Posterior decoding 
There are several possible criteria for 

finding the most likely sequence of hidden 
states. One is to choose states that are 
individually most likely at the time when a 
symbol is emitted. This approach is called 
posterior decoding.   

Let λ t(i) be the probability of the 
model to emit the symbol o(t) being in the i-th 
state for the given observation sequence O.   
λ t(i) = P( q(t) = qi | O ).  
It is easy to derive that  
λ t(i) = αt(i) βt(i) / P( O ) ,  
i =1, ... , N , t =1, ... , T  

Then at each time we can select the 
state q(t) that maximizes λ t(i).   
q(t) = arg max {λ t(i)}  

Posterior decoding works fine in the 
case when HMM is ergodic, i.e. there is 
transition from any state to any other state. If 
applied to an HMM of another architecture, 
this approach could give a sequence that may 
not be a legitimate path because some 
transitions are not permitted.  
 
BAUM-WELCH ALGORITHM 
 

Let us define ξ t(i, j), the joint 
probability of being in state q i at time t and 
state q j at time t +1, given the model and the 
observed sequence: 
 ξ t(i, j) = P(q(t) = q i, q(t+1) = q j | O, Λ) 
Therefore we get 

 

The probability of output sequence can be 
expressed as 

 

 
The probability of being in state q i at time t: 

 
Estimates 
Initial probabilities: 

 
Transition probabilities: 

 
Emission probabilities: 

 
Extensions of HMM are Factorial 

HMM, Coupled HMM (CHMM), Hierarchical 
HMM 10, Input-output HMM, Hybrid HMM, 
Layered HMM7 and so on. Similarly latest 
trend in Data mining is agent driven data 
mining and the HMM is visualized as 
extensions is visualized as agent based 
adaptive CHMM4 . 
Limitations: 

HMM applications have two main 
limits. The first one concerns the growth of the 
number of parameters of the model when the 
number of the states or the input alphabets 
grows. The second limit is that the emission 
function and the transition function are 
independent and both depends only on the 
hidden state1. 
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CONCLUSION  
 
 

 HMM is applied in many fields where 
the goal is to recover a data sequence that is 
not immediately observable. We can 
summarize the applications like speech 
recognition, cryptanalysis, machine translation, 
partial discharge,6 gene prediction, alignment 
of bio-sequences8 and so on. Hence it is valid 
to go through the various level of the markov 
model to know about latest issue.  
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