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ABSTRACT 
 

The maximum cardinality of a partition of the vertex set of a 
graph G into strong dominating sets is the strong domatic 
number of G, denoted ds(G). We consider Nordhaus-Gaddum 
type results involving the strong domatic number of a graph, 
where a Nordhaus-Gaddum type results is a (tight) lower or 
upper bound on the sum or product of a parameter of a graph and 
its complement. Therefore we investigate the upper bounds on 
the sum and product of the strong domatic numbers ds(G1), 

ds(G2) & ds(G3), where nKGGG =⊕⊕ 321 . 

 

INTRODUCTION  

 
In a graph G=(V,E) the open 

neighborhood of a vertex  v∈V is 
N(v)={x ∈V; vx∈E}, the set of vertices 
adjacent to v. The closed neighborhood is 
N[v]=N(v) ∪{v}. A set S⊆ V is a 
dominating set if every vertex in V is either 
in S or is adjacent to a vertex in S that is 
V= Ss∈U N[S]. The domination number 

( )Gγ is the minimum cardinality of a 
dominating set. A domatic partition is a 
partition of V into dominating sets and the 
domatic number d (G) is the largest number 
of sets in a domatic partition2. The domatic 
number of a graph has been extensively 
studied, see1,2,6.  

Let ( )EVG ,= be a graph and 

Vvu ∈, . Then u strongly dominats v if 

( ) ∈uvi E and ( )ii   deg( )u ≥  deg( )v . A 
set ⊆S V  is a strong dominating set of G If 

every vertex in SV −  is strongly dominated 
by atleast one vertex in S . The strong 

domination number ( )Gsγ  of G is the 

minimum cardinality of such a set5. 
Haynes and Henning3 have obtained 

the domatic number of factors of graphs. 
Similarly we study the concept of strong 
domatic numbers of factors of graphs. A 
strong domatic partition is a partition of V in 
to strong dominating sets and the strong 
domatic number ds(G) is the largest number 
of sets in a strong domatic partition. 

The following result is similar to 
that of cockayne and Hedetniemi2.  
 

Theorem 1. For any graph G, 

 ( ) ( ) 1+≤ GGds δ . 
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If tGGG ...,,2,1  are graphs on the 

same vertex set V  with disjoint edge sets, 

then tGGGG ⊕⊕⊕= ...,21  denotes the 

graph with vertex set V  and edge set 

( ) ( )U1GEGE = ( ) ( )tGEGE U...2   and the 

graphs tGGG ,...,2,1  are called a t-factoring 

of G. 
The special case of a 2-factoring of 

the complete graph  nK  is simply a 

factoring of nK  into a graph G and its 

complementG . A Nordhaus-Gaddum type 
result is a (tight) lower or upper bound on 
the sum or product of a parameter of a graph 
and its complement. In 1956 the original 
paper4 by Nordhaus and Gaddum appeared. 

In this paper we consider the strong 
domatic number and two variations of 
Nordhaus-Gaddum type inequalities. First, 
we extend the concept of a Nordhaus-
Gaddum type result by considering 

ttKGG ,21 =⊕ . We establish sharp lower 

and upper bounds on the sums and products 
of ds(G1) and ds (G2). 

 
Further we investigate upper bounds 

on the sum and product of the strong 
domatic numbers ds(G1), ds(G2) and ds(G3), 
where 3321 KGGG =⊕⊕  and 3≥n . 

 

Here we consider ,,21 ttKGG =⊕
 

where t≥ 2, and lower and upper bounds on 
the sums and products of ds(G1) and ds(G2). 
We use notation by letting 

( ) ( ) ( )
( )

, ,si s i si s i i i

i i

d d G G G

and G

γ γ δ δ= = =

∆ = ∆  

         for i=1,2. 

Since ( ) 1≥Gd s  for all 

graphs 2, 21 ≥+ ss ddG and 1, 21 ≥ss ddG . 

That these lower bounds are sharp, may be 

seen by taking ttUKKG ,111 −≅ . Then 

11 =sd and ( ) 11,2 == −ttiss KUKdd . Since 

each of G1 and G2 contain an isolated vertex. 
The upper bounds are more interesting.  
 
Theorem 2. Let 2≥t be an integer and let  

ttKGG ,21 =⊕ Then 

221 +≤+ tdd ss  

Further, the equality holds if G1 or 
G2 is isomorphic to 2Κt  
 
Proof. Let V be any vertex of G1. Then, by 

Theorem 1,  

( ) ( )
( )

1 1 1

2 2

1 deg 1

deg 1

s G

s G

d G v

and d

δ
ν

≤ + ≤ +

≤ +
 

Thus, 
 

( ) ( ) 2degdeg 2121 ++≤+ νν GGss dd  

=t+2 This proves the Upper bound, 
 
Assume, 21 Κ≅ tG . Then, G2, The 

complement of G1 relative to Kt,t, may be 
obtained from Kt,t by removing the edges of 
a 1-factor Thus, ds1=2 and ds2=t, so 
ds1+ds2=t+2 
 
Theorem 3. Let t≥ 2 be an integer and let 

ttGG ,21 Κ=⊕  if 21 =sγ
, 

Then tdd ss 221 ≤  

Further more, tdd ss 221 = if and 

only If either G1 or G2 is isomorphic to tK2.  
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Proof. If G2 has isolated vertex, then 
tds ≤1 and 

12 =sd
 whence  

.221 ttdd ss <≤
 Hence we may assume that 

11 ≥δ and 12 ≥δ Thus 11 −≤∆ t and 

.12 −≤∆ t  In particular, If ,2=t then 

21 2KG ≅  and 22 2KG ≅ So we may 

Assume that 3≥t  since 21 =sγ it 

follower, as is the above.Theorem 2, that 
td s ≤1 and 22 ≤sd whence tdd ss 221 ≤  

with equality if and only if td s =1 and 

22 =sd if and only if 22 Κ≅ tG . 

 
Proposition 4. Let 4≥t be an thteger and 

let ttGG ,21 Κ=⊕ if ,41 ≥sγ then  
2

21 2




≤ t
dd ss  

And this bound is sharp. 
 
Proof.  Since 4≥sjγ .  

We know that 
2//2 ttd sjsj =≤ γ for j=1,2. Hence 

 

 2/td sj ≤  for j=1,2 and thus  
 

 
2

21 2/tdd ss ≤  

 
We consider first the sum of the 

strong domatic numbers ds (G1), ds (G2) and 
ds (G3). We show that the upper bound on 
the sum is n+2. 
 
Theorem 5. Let 3≥n be an integer and let 

ntGGG Κ=⊕⊕⊕ ....21 be a t-factoring of 

Kn. Then 

( ) .1
1

−+≤≤≤∑
=

tnGdt is

t

i

 

 
Proof. The proof of the lower bound is 
trivial. Since ( ) 1≥Gd s for all graphs G. 

That this lower bound is sharp for 3≥t , 
may be seen by taking 111 −Κ∪Κ≅ nG , 

222 −Κ∪Κ≅ nG , 213 −Κ∪Κ≅ nG , and 

if niGt Κ≅≥ ,4 for i=4,5,….,t. Then Gi 

contains an isolated vertex for i=1,2,…,t, so 

ds(Gi)=1. Hence, ∑
=

t

i 1

ds (Gi)=t. To prove the 

upper bound, we note that for each factor 
( ) ( ) 1, +≤ iisi GGdG δ . Since  

 
,...21 nt KGGG =⊕⊕⊕  

 

( ) ( )( ) .11
11

tnGGd
t

i
ii

t

i
s +−≤+≤∑∑

==

δ  

 
The upper bound is sharp may be 

seen by taking nin KGsoKG ≅≅ ,1 for 

i=2,3,…,t. 
In particular, it t=2, then we have 

the following result of cockayne and 
Hedetniemi2. 
 
Corollary 6. For any graph G,  

 

( ) ( ) .1+≤+ nGdGd ss  

 
Corollary7. Let n≥ 3 be an integer and 
let 3321 KGGG =⊕⊕ . Then  

( ) ( ) ( ) 23 321 +≤++≤ nGdGdGd sss , 

and these bounds are sharp. 
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