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ABSTRACT
In this paper, we adapted rational approximation of
for
square positive integer via lattice reduction of a quadratic form
for

, decimal approximation of

a non

to the precision ,

we obtained the convergent of
that is a solution of Pell’s equation
as a short vector of the above quadratic form for an appropriate .
Keywords: Pell’s equation, convergent, Lattice reduction, LLL algorithm, quadratic
form.

1. INTRODUCTION
Equation of the form
, for
a positive integer is called Pell’s
equation. Pell’s equation always has a solution
in integers. If is a perfect square then
Pell’s equation has only the trivial solution
. If
is not a perfect square, there are
various ways to obtain the solutions of Pell’s equations. Mathematicians like Brahmagupta,
Bhaskara, Wallis, Fermat, Lagrange, Euler, etc., have all contributed to the study of solutions
of the Pell’s equations and existence of infinitely many solutions. Lord Brouncker gave a
method for solving Pell’s equation by developing
into a continued fraction, as any
solution
of a Pell’s equation corresponds to the convergent of
. A positive
solution
of Pell’s equation minimizing is called a minimal solution and if
is a minimal solution, then for all
,
given as
are
all convergents of
and are positive solutions of Pell’s equation. Thus, with a minimal
solution we can generate infinitely many solutions of Pell’s equation and hence the study of
8
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obtaining the minimal solution plays a vital role in the study of solutions of Pell’s equation.
In this paper we obtained the minimal solution of Pell’s equation with Rational
approximation via Lattice reduction. The solution that is a convergent of
is obtained as a
short vector of the quadratic form
for
, for some
appropriate .
In the following, in section 2 we first describe the process of obtaining solutions of
Pell’s equation by continued fraction and then in section 3 we describe the process of
obtaining the minimal solution as a short vector by Lattice Reduction and an algorithm for
computing the solution as a short vector is given, also a graphical review on the advantage of
obtaining the solution as a short vector is given.
2. SOLUTIONS OF PELL EQUATION BY CONTINUED FRACTIONS
Definition 1 An infinite continued fraction denoted as
periodic if it contains a block of partial denominators
indefinitely. Then a periodic continued fraction is given as

is called
which repeats

and can be written in the form
where the bar over
indicates that this block of integers repeats over and over. We
say that
is the period of the expansion and is the length of the period.
Example 1

Definition 2 An infinite continued fraction is said to be purely periodic if it is periodic from
the beginning itself.
Example 2

Definition 3 A quadratic irrational number is an irrational root of some quadratic equation
where,
are integers and
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where

are integers,

and the conjugate

of

is a positive integer which is not perfect square. Thus,
being the other root of the quadraic equation is given by

,
.

Theorem 1 (Lagrange’s theorem): Any quadratic irrational number has a continued
fraction which is periodic after a certain stage.
Definition 4 A quadratic irrational number
denoted by satisfies
.

is reduced if

and if the conjugate of ,

Theorem 2 The continued fraction for a reduced quadratic rational

is purely periodic.

Remark 1 If is a non-square positive integer and
is the integral part of
continued fraction of
is purely periodic and the continued fractions of
are given as in (1) and (2) in the following:

, then the
and
(1)

(2)

Thus,
, with
. note, the period begins
immediately after the first term , and consists of a symmetrical part
,
followed by the number
.
Definition 5 The positive solution
of Pell’s equation
called the minimal solution, smallest solution or fundamental solution.
Theorem 3 Any solution
convergent of
and

of Pell’s equation
. 17.

Theorem 4 17 Let be the length of period of the continued fraction of
convergent of

then the minimal solution to Pell’s equation is :
if is even
if is odd
10

minimizing

is

corresponds to the

and

be any
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Remark 2 If
is given by

is the minimal solution of
where

, then the general solution

As any general solution
of the Pell’s equation can be obtained from the
minimal solution by direct calculation without developing further continued fractions, the
study of the search of convergent
leading to the minimal solution plays a vital role in the
study of solution of Pell equation. In section 3, in the following we show that this convergent
can be obtained as a short vector
, i.e., the search now confined to list of short
vectors.
3. SOLUTION OF PELL EQUATION WITH LATTICE REDUCTION AS A SHORT
VECTOR
Definition 6 A Lattice is a discrete additive subgroup of
linearly independent subset of
:

with the quadratic form
, and

, that is

, for
. The vectors
is the corresponding Gram matrix also note

is the

span of a

are a basis for
.

Definition 7 The short vector in a lattice is a nonzero vector
that minimizes the
Euclidean norm
The problem of finding the vector
that minimizes
is called
the short vector problem denoted as SVP.
Definition 8
Let
be a basis for a lattice
and let
be the associated Gram - Schmidt orthogonal basis. The basis is
said to be
reduced if it satisfies the following two conditions:
1.

for all

2.
Theorem 5 Let
1.
2.

.
for all

.

be a lattice of dimension . Any
reduced basis
for has the following two properties:
.
for all

.

Remark 3 An algorithm that returns an
reduced basis called
to solve
in small dimensions, as the initial vector in an
det
.
11
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Also, note for any short vector
we have
det 13.
Now to solve Pell equation via Lattice reduction we first show in the following theorem that
any short vector
of a quadratic form
for
, is such that is a rational approximation of .
Theorem 6 If
is a real number then for
, for some
decimal approximation of to precision , any short vector

integer with
a
of the quadratic form

is such that is a rational approximation of .
Proof. For a given
lattice

choose

with , a decimal approximation to

and the quadratic form

. Now, we obtain the short vector

by reducing the

equipped with quadratic form,

The 2-dimensional Gram-matrix associated with the quadratic form is given by a
symmetric positive definite matrix,

whose determinant is 1, and hence it corresponds to a lattice of determinant 1 .
The underlying lattice in the Euclidean space
is given by the matrix ,

whose columns forms a basis for the lattice. Let
be the rows of
. Applying
LLL algorithm to , the resultant of LLL is then a reduced basis of the same lattice. As
and
are the matrices whose columns represent basis of the same lattice, and
are
related by integer unimodular transformation matrix, as
. Therefore, the matrix
, is obtained by
,

the vector

short vector

. This short vector

approximation of .
12
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By LLL for any short vector
Thus, we have for the 2-dimensional lattice
Therefore, we have

we have
above

det

,

.

and
and
and
Now, as is a decimal approximation of
using the inequalities above, we get:

to precision , we have

which implies,
all

, for

and

Therefore, as for

by 7 we have is a rational approximation of .
Now to solve Pell equation

we search the convergents

in the class

of convergents of
that satisfies the equation
. In the following theorem, we
prove that the convergents as above may be obtained via lattice reduction as a short vector
of quadratic form
Theorem 7 Any solution

for
.
of Pell’s equation can be obtained as short vector

of a

lattice
equipped with a quadratic form
for an appropriate .
Proof. First note for each choice of
for some , and
decimal approximation of
to the precision , we reduce the lattice
with a quadratic form
in the variables
given as
13
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and the 2-dimensional Gram-matrix for the above is given as

.

and note the corresponding lattice in
given as

is given by the basis as columns of matrix

which may be deduced by the results in Lattices and Quadratic Forms of 5. Now applying
LLL algorithm to
, we get reduced basis matrix
of the same lattice. As and
are
the matrices whose columns represent basis of the same lattice, and
are related by
integer unimodular transformation matrix,
as
. Therefore, the matrix , is
obtained by
,
with

as short vector obtained for the choice of
. Also, note as any short vector
of quadratic form is an approximation of
[ Theorem 6 ], now, we find the
necessary condition for an approximation of
to be a short vector for any
such that
is an approximation of
, we have

Therefore,
vector
solution

is a short vector only for
, and note of all approximations
with minimal
. Now for
of the Pell’s equation
and therefore for
min

and the above holds for an
, note short vector is the
note any

with
is

is a convergent of

, we have
convergentof

is the short vector of

for
14
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Note 1 The search of the convergent

leading to solution of the Pell equation may be

obtained form the class of short vectors
for
appropriate choice of . In the following theorem it is proved that such

for an
is possible.

Theorem 8 Let
be a minimal solution of the Pell’s equation
is a short vector of the quadratic form,

for

such that

log

for some with

then

.

Proof. Let
be minimal solution of
, then by Theorem 3,
for some convergent
of
and by above theorem the
is a short vector
for he quadratic form,

for
for some appropriate l, such that
minimal solution and if
is the number of digits in
log

. Now, note as
, as in12 we have:

is a

log
log

log

for

Now for,
log
, varying in the range
we compute short vector of the quadratic form

then as reaches , we have
quadratic form with
is
.

and taking

and the coresponding short vector of the
the minimal solution of the Pell’s equation

3.1 Algorithm:
An algorithm for finding the smallest solution of the Pell’s equation
via Lattice reduction is given in the following:
Algorithm:
Step 1: Start
Step 2: Input

if

.
15
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Step 3: Compute

to

log
Step 4: Set

decimals, where
.

.

Step 5: Set

,

corrected to decimal places.

Step 6: Set

Apply LLL algorithm to
and then obtain unimodular transformation matrix
, where is the resultant obtained using LLL

Set

,
Step 7: If
Step 8:If
is a solution of
.

then stop, otherwise

and go to step 5.

is a solution of
, then
or if
, then we have
using the relation

Example 3 For
, by varying from 1 to , for
log
i.e.,
,
we have obtained the smallest solution
of the equation
for s
as
. The convergent deduced as a short vector for each
and
the corresponding unimodular matrix obtained by LLL algorithm for Lattice Reduction of
the quadratic form
decimal approximation of

,

for

and

to the precision , is depicted in the Table 1.
16
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Table 1: The smallest solution
vector for

of the Pell equation

obtained as short

Unimodular matrix using

,

LLL,

/ Set

to iterate

=

6.8

3

Set

6.78

-5

Set

6.782

2

Set

6.7823

2

Set

6.78233

-5

Set

6.782330

3

Set

6.7823300

Set

6.78232998

1

Using the algorithm above, the unimodular matrix obtaining LLL algorithm by
Lattice Reduction fo the quadratic form
,
for the
appropriate
giving the smallest solution
of the equation
for
to 30 are depicted in the following Table 2:
Table 2: The list of Unimodular matrices and appropriate
of the equations
, for
to
Unimodular matrix using LLL,

leading to the smallest solution
.
=

1.4

1

1.7

1

2.2

-1

2.4

1

2.65

1

2.8

1

3.1
3.32

1
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3.5

1

3.61

-1

3.74

1

3.9

1

3.32

-1

3.32

1

4.3589

1

4.47

1

4.582

1

4.6904

1

4.80

1

4.9

1

5.1

-1

5.20

1

5.292

1

5.385

-1

5.5

1

3.2 A graphical review on solutions via Lattice reduction:
An infinite list of the solutions of a given Pell equation may be obtained from the
minimal solution and the minimal solution is obtained from the list of convergents of
.
Now this search for minimal solution in the list of convergents may now be confined to the
list of short vectors of the quadratic form
,
, by
varying
in the range
to
, for
log
. Note the required
solution always arrives as a short vector for an appropriate , and the class of short vectors
leading to solution of
is the subclass of continued fraction of
as for a
given the set of all short vectors
of quadratic form
,
for some

is a subset of set of all

such that
18
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depicted in the following graphs with respect to logarithmic scale taken on both the axes to
show the distribution of the points clearly for
by plotting the convergent
as a
point
as

in a given range in a plane. Note all points
are approximations to
, and note if the points

vectors of the quadratic form
represented by " " and the points

,
for which

lie close to the line
that are short
for some

are

are only convergents and not short

vectors for
of the form
are represented by " ", figure 1 represents the
convergents that are short vectors reaching to minimal solution for
. Figure 2
represents the list of 11 convergents of which only 6 convergents are short vectors leading to
minimal solution. In this search of minimal solution of Pell equation for N
from the list
of 11 convergents only the 6 convergents represented by " " may be considered and the
convergents corresponding the points represented by " " will be avoided in the search of
solutions of
via lattice reduction. Thus, the search of list of convergents is
reduced in approximation via Lattice reduction and hence adapting rational approximation
via Lattice reduction is preferable.

Figure 1: Represents the minimal solution
short vector for
.

from the set of convergents of

19
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Figure 2: Represents the list of 11 convergents and the list of 6 short vectors leading to minimal solution

CONCLUSION
For any general solution
of the Pell’s equation
for
a nonsquare positive integer, as
for
, for
the
minimal solution of
, it is enough to evaluate
to find the solutions of
the given Pell’s equation. As is a convergent, it is obtained by searching in the class of
convergents of
. In this paper, this search of
in the class of continued fractions of
is adapted via lattice reduction in the class of short vectors of the quadratic form
for an appropriate choice of
. The existence of
appropriate
and the process that leads to
as a short vector are depicted and
supported by numerical examples. An algorithm to compute
as short vector is given
and is used in all the computations by using LLL algorithm.
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