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ABSTRACT 
 

In this paper, we consider a related problem concerning the class 
of directed graphs, and we will consider digraph as a graph 
together with an orientation of its edges. An acyclic orientation of 
a graph is an orientation with no directed circuit. By Fukuda5 a 
flippable edge in an acyclic diagraph is an edge whose 
reorientation leaves the graph acyclic, these digraphs follows 
propp define two operations flip and flop, which modify the 
orientations locally. Here construction of strongly connected 
digraph through flip-flop operations on edge of an acyclic digraph 
has been taken in this paper, then set of strongly connected 
digraph will be forms a poset that will be a distributive lattice. 
Earlier research has studied the set of orientations of connected 
finite digraph. In this paper, we will prove that set of strongly 
connected digraph formed by an orientation of connected graph 
forms a poset that will be a distributive lattice if it has fixed 
circulation. The construction generalizes  partially orderings that 
arise in study of alternating sign matrices. 
 

Keywords: Flip-flop, α- orientations, C- orientations, circulation, 
accessibility class. 

 

INTRODUCTION 
 
 This work is originated in the study 
of flippable edge in an acyclic digraph. 

Fukuda5 proved that an edge is not flappable 
in an acyclic diagraph G iff there exist a path 
form one vertex to other in the diagraph G\e. 
This was independently shown by1. This 
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theory directed us to turn out to work in a 
more general situation. Theory of α- 
orientations of finite connected graph which 
is developed by Kolja6  in his paper shows 
that elements of flip flop poset of any 
directed graph can also be characterized as 
the set of all orientations. In Propp’s paper8 
he describes lattice structures in to dual 
setting. The covering relations in propp’s 
lattice are certain pushing down operations, 
these operations were introduced by 
Moserion, and further studied by Pretzel7 as 
reorientations of diagraphs of ordered sets. 
Lattice structure on set of orientations of a 
finite connected graph has been discovered 
by Felsener2,3 and Propp8. Set of orientations 
of G having the same flow-differences 
around all closed loops can be given the 
structure of a distributive lattice4. 
 
PRELIMINARIES 
 

Distributive lattice on a class of 
orientations has been investigated by Propp8 
and Felsner3, so we use original definitions 
of Propp and Felsner. 
 
Strongly Connected Digraph  
 

An undirected graph is said to be 
connected graph if for every pair of vertices 
there is a path joining them. A digraph is 
called strongly connected if there is a path 
from each vertex in the graph to every other 
vertex. That is there is a path from � �� � 
and from � �� � whenever � and � are 
vertices in the graph. The strongly connected 
components of a directed graph G are its 
maximal strongly connected sub graphs. If 
each strongly connected component is 
contract to a single vertex, the resulting 
graph is a directed acyclic graph, the 

condensation of G. A directed graph is 
acyclic if and only if it has no strongly 
connected sub graphs with more than one 
vertex, because a directed cycle is strongly 
connected and every nontrivial strongly 
connected component contains at least one 
directed cycle. 
 
α-Orientation 

 
An orientation of a finite, 

undirected, simple, connected graph G with 
n > 1 vertices assigns a direction to each of 
its edges so that one of its endpoints 
becomes the head of the edge and the other 
its tail. G is orient able if it has some 
orientation that is strongly connected. Let α � � �, We define the set of orientations α-
or(G) = {D = (V,A) | D = G and δ+ ≡ α} as 
the set of α-orientations of G. 
 
Accessibility Class 
 

Given vertices � �	
 � of G, say 
that  �  is accessible from � (relative to an 
orientation) if orientation contains a forward 
path from � ��  �. Mutual accessibility is an 
equivalence relation; we call its equivalence 
class’s accessibility classes, if all equivalence 
classes are of size 1, we say that orientation 
is acyclic. In most cases of interest, 
orientation is acyclic, but we will treat the 
general case.  
 

C-orientation 
 

If C is a directed cycle in G, define 
the circulation of R around C as the integer |�

� |-|�
�|, where �

�, is the set of forward 
edges of C and �

� is set the of backward 
edges of C (Pretzel calls this the flow-
difference around the cycle). Define 
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circulation of R as the function C =  �, that 
associate to each directed cycle C the 
circulation c(C) of R around C; say also that 
R is a C-orientation. Note that the problem 
of determining whether some orientation R 
is a C-orientation reduces to the problem of 
evaluating the circulation of R around all 
cycles C belonging to a cycle basis if R is a 

C-orientation then  |�
�| � �

�
�|| � �||� | 

and  |�
�| � �

�
�|| � �||� .We say that a 

circulation C is feasible  if there exist at least 
one C-orientation of G. 
 
Vertex cut 
 

We define a cut of D as an arc set S 
[x] C A, introduced by X C V.  The cut 
consists of all the arcs that are incident to X 
& V/X i.e. S [X] = {u,v) � A : {u, v} ∩ X = 
1} where maps a set to its cardinality. A cut 
will be directed if all its arcs point from X 
either to V/X (positively directed) or from 
V/X to X (negatively directed).  A cut of the 
form S [{V}] for v � V is called a vertex cut. 
 
Flip-Flop Operation  
 

Reversing the orientation on all the 
arcs c of a positively directed vertex cut is 
called a flip.  The universe operation i.e. 
reversing the orientation on a negatively 
directed vertex cut is called a flop. 
 

Theorem 1.1. Let α be a feasible circulation 
on G. A directed edge  �� is forced or 
forbidden if and only if its endpoints are in 
the same accessibility class. 
 

Theorem 1.2. For all �, � adjacent in G, λz 
(w) = λz (v) if and only if � �	
 �  belong 
to the same accessibility class relative to α.  

Theorem 1.3. Z is set of orientations of G in 
which the circulation around the cycle is 
zero then Z is distributive lattice. 
 
Result 1 
 

In an acyclic digraph D an edge � � ��, �� is not flippable  iff -eD forms 
strongly connected digraph, moreover the set 
Z of strongly connected digraph -eD  formed 
by an orientations of connected graph G 
forms a poset that will be a distributive 
lattice if  G have fixed circulation α and ß*  
is  an accessibility class of  G. 
 
Proof 
 
 We will prove our result in two parts, 
first suppose –eD forms strongly connected 
digraph then there exist a path P from u and 
v in digraph D\e, there will be a directed 
cycle in –eD by completing P by the arc (u, 
v). Implies that edge � � ��, �� is not 
flippable in an acyclic digraph D. 
Conversely suppose � � ��, �� is not 
flippable in an acyclic digraph D. Then there 
exist a directed cycle C in –eD, it necessarily 
contains the edge ��= (v, u) implies –eD is 
strongly connected digraph. Hence, this 
proves the first part of theorem. For second 
part of  theorem let us assume G has fixed 
circulation α, and let ß* be an accessibility 
class of G. Since every C-orientation 
associated with function Ø: ���→R such that 
 

 ��1   ��   �� �  �  0   ��   ��  �  �

  
 

This function Ø satisfies the following 
properties 
0 ≤ Ø (��) ≤1! ������;Ø ���� � Ø ����� �
1 ! ������ 



428  Namrata Kaushal, et al., J. Comp. & Math. Sci. Vol.4 (6), 425-429 (2013) 

Journal of Computer and Mathematical Sciences Vol. 4, Issue 6, 31 December, 2013 Pages (403-459) 

In addition, 
�  Ø ����

   ��� � 

� 1
2 �|�| � |�|�for every directed cycle in G. 

 
Noted [1.1], Let # (��) be the 

probability that a c-orientation chosen 
uniformly at random from Z contains �$ . In 
applications to specific graphs G and 
circulations α, there is typically a more 
natural function # that satisfies the property  # (��) is 1 if �� is forced and 0 when �� is 
forbidden, but for the purposes of proving 
general theorems this choice of # suffices. 
Now for defining lattice structure on Z we 
construct height function % of a C-
orientation of Z which is unique real-valued 
function λ on V such that 

 %�� &� � 0        (1) 
 
and 
for �� � ��, �, �� 

%��� � %��� � '1 � Ø$����  ��   �� �  �  
�Ø$����   ��   ��  �  �

    (2)  

 
As G is connected, we can find a directed 
path ��$  , ��$  , ��  (((( …  �	(((  
From � & to any other vertex � of G, then 1 
and 2 imply that %
��� � ) � φ���$ � �
φ ���$ � … � φ��	(((�, where ) is the number of 
i(1 ≤ i≤ n) such that  ��$ �  Z . 
Let C =   ��$  , ��$  , ��  (((( …  �	((( is directed cycle 
in G then (2) gives us 
 ∑ �	

��  %���� � %������� � ) � ∑  φ � ����	
��    

 

where,  ��� .� ��� , ����,��� 
and ) is number of i with ��$ �  �  since v0 = 
vn. Moreover, ) is number of forward edges 

in the directed cycle C that is also equal to ∑  φ � ����	
��  hence % is uniquely specifies. 

Now To construct an orientation of G from 
a % function satisfying (1) and (2), let T be 
the set consisting of all forced directed edges 
together with all directed edges  �� ���, �, �� for which %��� - %���. T is an 
orientation of G; it is easily seen that if        % = %� for some orientation . ′, we must 
have T′ = T[1.2] Let e be an edge with 
endpoints v and w, If v and w are mutually 
accessible, then the directed edge �� ���, �, �� is either forced or forbidden so that #�(��) = #� (-�� ) and λT (w) = λT(v). If v and 
w are not mutually accessible, � $ is neither 
forced nor forbidden, so that either λT (w) – 
λT(v) =[1−#(��)] > 0 or λT(w) – λT(v) = − # 
(��)< 0. Now define  /��� � /�	���   %���� for each � 7 8;  
suppose� and � are adjacent vertices in 
different accessibility class of G with /��� ; /��� then for T7 � only possible 
values of the pair <%����, %����= are of the 
form (/��� � �, /��� � >� with > � � �B > � � � 1� finally if we show �%���� C
%������ � min< �%����, %����=  
�%���� E %������ � max< �%����, %����=  
 

Then we can conclude (Z,E,C� is 
distributive lattice, as we know that (1) 
satisfied in both cases, for (2). If � and �  
are mutually accessible, then the possible 
value for <%
���, %
���= as G varies in � are  
��, ��, �� � 1, � � 1�, 
�� � 2, � � 2� … …  where � � !�"� 
and if � and � are not mutually accessible 
then the possible value for   
#$�

�"�, $�
�%�& are ��, (�, �� � 1, (�, �� � 2, ( �

1�, �� � 2, ( � 1� … …  where � � !�"� )*+ ( �
!�"� Since in either situation pairs are 
linearly ordered component wise, any 
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ordered pair of numbers that is of the form 
<%
���, %
���= E <%
���, %
���= On the 
other hand, ��

�
���, �

�
���� 	  ��

�
���, �

�
���� 

is also a pair on the list hence satisfying (2) 
hence by theorem [1.3] (Z,E,C� is 
distributive lattice. 
 
Result 2 
 

Let T be a C-orientation, and ß* be 
an accessibility class of G. Then ß* is 
maximal under T iff height function  %  is 
constant on T. 
 

Proof 
 

If T is C-orientation then let e be an 
edge with endpoints  � and �, assume  � and � are mutually accessible then from 
above result we can say  %� � J for all � 7 
ß*and for all � �ß* %��w� ; J or %��w� KJ, according to whether the edges connecting �  to a point towards ß* or away from 
ß*.Thus ß* is maximal iff  %��w� K J  for 
each � not in ß*. 
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