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ABSTRACT 

 

 In this paper, we concerned with the study of a random iterative scheme 

involving two nonexpansive random operators. Using the random iterative scheme, 

we approximate the random common fixed points of these two operators in a 

uniformly convex separable Banach space under some appropriate conditions. The 

results are obtained in this article represent a generalize and improve recent ones by 

other authors. 

 

Mathematics Subject Classification (2010):  47H09, 47H10 
 

Keywords: Two-step iteration scheme, Nonexpansive mappings, Banach space, 

Strong convergence, Common fixed point. 

 

1.  INTRODUCTION 

 

Random nonlinear analysis is an important mathematical discipline which is mainly 

concerned with the study of random nonlinear operators and their properties and is much 

needed for the study of various classes of random equations. Of course famously random 

methods have revolutionized the financial markets. Random fixed point theorems for random 

contraction mappings on separable complete metric spaces were first proved by Spacek15 and 

Hans8, 9. The survey article by Bharucha-Reid2 in 1976 arrtacted the attention of several 

mathematician and gave wings to this theory. Itoh10 extended Spaceks and Hanss theorem to 

multivalued contraction mapping. Now this theory has become the full edged research area 

and various ideas associated with random fixed point theory are used to obtain the solution of 

nonlinear random system (see3). Recently Xu19, Xu and Beg20, Beg and Shahzad5 and many 
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other authors have studied the random fixed points of random operator. Mann13, Outlaw14, 

Ishikawa9,10, and Ghosh and Debnath7 had used different iteration processes to obtain fixed 

points in deterministic operator theory. The aims of this paper are to study random Ishikawa 

iterative schemes and to show that the random iterative scheme converges to a random 

common fixed point of two nonexpansive random operators on the setting of uniformly 

convex separable Banach space. 

 

2. PRELIMINARIES  

 

 Let (Ω,Σ) be a measurable space (Σ-Sigma algebra) and K a nonempty subset of a 

Banach space X . A mapping ξ : Ω → X is measurable if ξ-1 (U ) ∈ Σ for each open subset U 

of X . A mapping T : Ω × K → K is a random map if and only if for each fixed x ∈ K , the 

mapping T (., x) : Ω → K is measurable, and it is continuous if for each ω ∈ Ω the mapping 

T (ω, .) : K → X is continuous. A measurable mapping ξ : Ω → X is a random fixed point of 

a random map T : Ω × K → X , if T (ω, ξ(ω)) = ξ(ω) for each ω ∈ Ω. 

 Throughout in this article the random mapping I : Ω×K → K defined by I(ω, ξ(ω)) = 

ξ(ω) denotes by I , the set of all random fixed points of T denotes by F (T ), respectively. 

 

Definition 2.1  Let K be a nonempty subset of a separable Banach space X and T : Ω ×−K → 

K be a random operator. T is said to be random nonexpansive operator if for arbitrary x, y ∈ 

K 

 
for each ω ∈ Ω. 
 

Definition 2.2 Let X be a separable Banach space, K a nonempty subset of X . Suppose that 

T : Ω × K → K is a random operator. Then 

1.  T is said to be demiclosed random operator (at y) if {xn} and {yn}−are two sequences 

such that T (ω, xn ) = yn and {xn} converges weakly to x and {T (ω, xn)} converges to y 

imply that x ∈ K and T (ω, x) = y, for each ω ∈−Ω. 

2.  T is said to be completely continuous random operator if the sequence {xn}in K 

converges weakly to x0 implies that {T (ω, xn )} converges strongly to T (ω, x0 ) for each 

ω ∈ Ω. 
 

Definition 2.3 Let T : Ω × K → K be random operators, where K is nonempty closed and 

convex subset of a separable Bananch space X . Then the random Picard iterative process is 

defined as follows: for any given measurable mapping x : Ω →K, 
 

                   (2.1) 

for each ω ∈ Ω. 

and 

                
(2.2) 

is called random Mann iteration, for each ω ∈ Ω, where {αn} is in (0, 1). 



 N. K. Agrawal, et al., J. Comp. & Math. Sci. Vol.6(10), 516-525 (2015) 518 

October, 2015 | Journal of Computer and Mathematical Sciences |www.compmath-journal.org 

Definition 2.4 Let T : Ω × K → K be random operators, where K is nonempty closed and 

convex subset of a separable Bananch space X . Then the random Ishikawa iterative process 

is defined as follows: for any given measurable mapping x0 : Ω → K, 
 

                 (2.3) 
 

for each ω ∈ Ω, where {αn }and {βn }are in [0,1]. 
 

Definition 2.5 Let S, T : Ω × K → K be two random operators, where K is nonempty closed 

and convex subset of a separable Bananch space X. Then the random Ishikawa iterative 

process is defined as follows: for any given measurable mapping x : Ω →−K, 
 

 
                (2.4) 

 

for each ω ∈ Ω, where {αn } and {βn } are sequence in [0, 1]. This scheme also reduces to 

Mann iteration scheme (2.2) when T = I or S = I . 

We define a new implicit random iteration scheme to compute the common fixed 

points of two random operators: 
 

Definition 2.6 Let S, T : Ω × K → K be two random operators, where K is nonempty closed 

and convex subset of a separable Bananch space X. Then the random Ishikawa iterative 

process is defined as follows: for any given measurable mapping x0 : Ω →−K, 
 

                
(2.5) 

for each ω ∈ Ω, where {αn },{βn },{γn },{α’n },{β’n }−and {γ’n }−are sequence in [0, 1] and  

αn +βn +γn = α’n +β’n +γ’n = 1, for fixed points of asymptotically nonexpansive mapping T in 

uniformly convex Banach space. 

Observe that in (2.5) we set T = I , then the scheme will reduce to: 

                  
(2.6) 

 

for each ω ∈ Ω, where γn and β’n are sequences in [0, 1]. 

Now, we observe that in (2.6) we set S = T, γn = αn and β’n=0 then the scheme reduce 

to the Mann type iteration scheme (2.2). 
 

Remark 2.1 Let K be a closed and convex subset of a separable Banach space X and the 

sequence of mappings {xn}defined as in Definition 2.6 be point wise convergent, that is, x 

(ω) → q := x(ω) for each ω ∈ Ω. Then closedness of K implies that x is a mapping from Ω to 

K. Since K is a subset of a separable Banach space X , so, if S, T are two continuous random 

operators then by (Lemma 8.2.3 of6), the map ω →T (ω, f (ω)) and ωS(ω, f (ω)) are 

measurable mappings for any measurable mapping f from ω to K. Thus {xn} is a sequence of 

measurable mappings. Hence x : ω → K, the limit of the sequence of measurable mappings 



519 N. K. Agrawal, et al., J. Comp. & Math. Sci. Vol.6(10), 516-525 (2015) 

October, 2015 | Journal of Computer and Mathematical Sciences |www.compmath-journal.org 

{xn}, is also measurable. For approximating fixed points of deterministic nonexpansive 

mappings, Senter and Dotson17 introduced a Condition (A). Later on, Maiti and Ghosh12, Tan 

and Xu18 studied the Condition (A) and pointed out that Condition (A) is weaker than the 

requirement of demicompactness. 

 Following are the definitions and lemma used to prove the results in the next section. 
 

Definition 2.7 A self-mapping T of a subset K of a normed linear space is said to be random 

quasi-nonexpansive provided T has at least one fixed point in K, and if p ∈ K is any fixed 

point of T, then 

 
holds for all x ∈ K. 
 

Definition 2.8 Let X be a uniformly convex Banach space, K be a nonempty closed convex 

subset of X , and T : K → K be an random asymptotically nonexpansive mapping. 

Then I − T is said to be demi-closed at 0, if xn → x converges weakly and xn (ω) − T (ω, xn 

(ω)) → 0 converges strongly, then it is implies that x ∈ K and T (ω, x) = x. 

 

Definition 2.917 Suppose two mappings S, T : K → K, where K is a subset of a normed space 

E, said to be satisfy condition (A’) if there exists a nondecreasing function F : [0,∞) → [0,∞) 

with F (0) = 0, f (r) > 0 for all r ∈ (0,∞) such that either  ||x −S(ω, x)|| ≥ f (d(x, F )) or  ||x −T 

(ω, x)|| ≥ f (d(x, F )) for all x ∈ K where d(x, F ) = inf {||x –p|| : p ∈ F = F (S) ∩−F (T )}. 
 

Lemma 2.14 Let X be a real uniformly convex Banach space, K a nonempty closed convex 

subset of X , and let T : K → X be a deterministic nonexpansive mapping. Then I−T is 

demiclosed at zero. 
 

Lemma 2.217  Suppose that E be a uniformly convex Banach space and 0 < p ≤ tn ≤ q < 1 for 

all n ∈ ℕ. Let {xn} and {yn} be two sequences of E such that  limsup 𝑛→∞||𝑥𝑛|| ≤

𝑟, 𝑙𝑖𝑚𝑠𝑢𝑝𝑛→∞||𝑦𝑛|| ≤ 𝑟 𝑎𝑛𝑑 𝑙𝑖𝑚𝑛→∞||𝑡𝑛𝑥𝑛 + (1 − 𝑡𝑛)𝑦𝑛|| = 𝑟 hold for some r ≥ 0. Then 

𝑙𝑖𝑚𝑛→∞||𝑥𝑛 −  𝑦𝑛|| = 0. 

 

3. CONVERGENCE RESULTS OF A NEW ITERATION SCHEME  

 

In this section, we investigate the convergence of two-step random iterative process 

for two nonexpansive random operators to obtain the random solution of the common 

random fixed point. This iterative process includes two-step random iterative process for a 

random operator T as special case. 

 

Theorem 3.1: Let K be a nonempty convex subset of Normed linear space X and S, T : K → 

K be two random nonexpansive operators. Let {ξn (ω)} be the sequence defined by (2.5), 

with restrictions that αn +βn +γn = 1 = α’n +β’n +γ’n then limn→∞||xn(ω) − 𝜌(ω)||  exists for 

any p ∈ F (S) ∩−F (T ) and each ω ∈ Ω. 
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Proof: Suppose p ∈ F (S) ∩ F (T ), then for each ω ∈ Ω, from (2.5), we have 
 

 
 

Thus the sequence {ξn (ω) − p(ω)}is a is decreasing and hence {ξn (ω)} is bounded sequence. 

Therefore limn→∞ ||{ξn (ω) – p (ω)|| is exists. The proof is completed. 

 

Theorem 3.2: Let X be a uniformly convex separable Banach space and K be a nonempty, 

closed, convex subset of X . Let T , S : K → K be two nonexpansive random operators 

satisfying the random iteration (2.5) with restriction αn + βn + γn = 1 = α’n +β’n +γ’n. Let     

{αn },{βn },{γn },{α’n },{β’n } and, {γ’n } are real sequences in [0,1], then  𝑛→∞
𝑙𝑖𝑚 ||{ξn (ω) – T 

(ω, ξn (ω)) || =  𝑛→∞
𝑙𝑖𝑚 ||{ξn (ω) – S (ω, ξn (ω)) ||= 0. 

 

Proof: By Theorem 3.1, for any p ∈ F1, limn→∞ ||{ξn – p || exists, for each ω ∈ Ω. Assume 

 𝑛→∞
𝑙𝑖𝑚 ||{ξn (ω) – p (ω)||= c, where c ≥ 0 is a real number. Now suppose c > 0. 

Now 

 
Taking limsup on both sides of the above inequality, we get 

                  
(3.1) 

Also form  

 
Taking limitsup on both sides of the above inequality, we have  

                  
(3.2) 
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Next, we consider  

  
Taking limsup on both sides of the above inequality and using (3.1), we have  

  
Further more,  

 

 
by Lemma 2.2, we get  

                 (3.3) 

Now,  

 
which yields that  

  
So that from (3.2) gives  

  
In turn,  

 
which implies that 

                  (3.4) 

By (3.1) and (3.4), we have  

                   (3.5) 
 

Again, we get  
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gives by Lemma 2.2 that  

                
(3.6) 

Notice that  

  
Hence by (3.6) 

 
                 (3.7) 

Using (3.3), (3.6) and (3.7) we obtained  

 
gives that  

    
This completes the proof.  
 

Lemma 3.1: Let K be a nonempty closed convex subset of a uniformly convex separable 

Banach space E. Suppose {ξn (ω)} be the sequence defined in Theorem (3.3) with F  ≠ ∅. 

Then, for any p1 (ω), p2 (ω) ∈ F , limn→∞  xn (ω), J(p1 (ω) – p2 (ω)) exist, in particular, p(ω) 

–q (ω), J(p1 (ω) – p2 (ω))  = 0 for all p(ω), q(ω) ∈ωω (xn (ω)). 
 

Proof.: Take x = p1 (ω) – p2 (ω), with p1 (ω)  ≠  p2 (ω) and h = t (xn (ω) –p1 (ω)) in the 

inequality (??) to get:  
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That is,  

 

 
 

Theorem 3.3 Let X be a uniformly convex separable separable Banach space satisfying 

Opial condition and K, T , S and {xn (ω)}−be taken as Theorem 3.2. If F (S) ∩−F (T ) ≠ ,   

I − T and I − S are demiclosded at zero, then {ξn (ω)}) converges weakly to a random 

common fixed point of S and T . 

 

Proof : Let p ∈ F (S)∩F (T ). Then as proved in Theorem 3.1 limn→∞  ||xn (ω) − p(ω)|| exist. 

Since E is uniformly convex. Thus there exists subsequences {𝑥𝑛𝑘
 }⊂ {xn }such that {𝑥𝑛𝑘

 } 

converges weakly to z1 ∈ K . From Theorem 3.2, we have 

  
Since I−T and I−S are demiclosed at zero, therefore Sz1 = z1. Similarly T (ω, z1 (ω)) = z1 (ω). 

Finally, we prove that {xn } converges weakly to z1. Let on contrary that there exists a 

subsequence {𝑥𝑛𝑖
 (ω)}⊂ {xn (ω)} and {𝑥𝑛𝑗

 (ω)}⊂{xn (ω)} such that {𝑥𝑛𝑗
 (ω)} converges 

weakly to z2 (ω) ∈ K and z1 (ω)  ≠ z2 (ω). Again in the same way, we can prove that z2 ∈ F 

(S) ∩ F (T ). From Lemma 2.1 the limits limn→∞ ||xn (ω) – z1 (ω)|| and limn→∞ ||xn (ω) – z2 

(ω)|| exists. Suppose that z1 (ω) ≠ z2 (ω), then by the Opial’s condition, we get 

 
 

This contradiction concludes the proof. 

 

Theorem 3.4 Let E be a real uniformly convex separable Banach space and K, S, T , F,{xn} 

be as in Theorem 3.2. Then {xn} converges strongly to a random fixed point of F if and only 

if  
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Proof. Necessity is evident, let  From Theorem 3.1, 

 exists for all p ∈ F , so that  exists. Since 

by hypothesis, lim , so that, we get 

 
But {xn} is Cauchy sequence and therefore converges to p. We know that limn→∞ d(xn (ω),   

F) =0,  we obtained d(p(ω), F ) = 0, therefore p ∈F. 

Using theorem 3.4, we obtain a strong convergence theorem of the iteration scheme 

(2.5) under the condition (A’ ) as below: 
 

Theorem 3.5 Let E be a uniformly convex separable Banach space and K, S, T , , F,{xn} be 

as in Theorem 3.2. Let S, T satisfy the condition (A’) and F  ≠ . Then {ξn (ω)})converges 

strongly to a random fixed point of F. 
 

Proof. We proved in Theorem 3.2, i.e. 

  
Then from the definition of condition (A’), we obtain 

 
or  

 
In above cases, we get  

 
But f : [0,∞) →−[0,∞) is a nondecreasing function satisfying f(0) = 0, f (r) > 0 for all r ∈ 
(0,∞), so that we get 

 
All the condition of Theorem 3.4 are satisfied, therefore by its conclusion {xn }con-

verges to strongly to a random fixed point of F . 
 

Corollary 3.1. Let K be a nonempty closed convex subset of a uniformly convex separable 

Banach space E. Suppose T be a nonexpansive random operator of K. Let {xn }be defined by 

the random iteration (2.6), where {γn } and {β’n } in [0, 1] for all n ∈ ℕ, then {ξn (ω)}) 

converges strongly to a random common fixed point of T . 
 

Proof. Suppose S = T in the above theorem. 
 

Corollary 3.2. Let K be a nonempty closed convex subset of a uniformly convex separable 

Banach space E. Suppose T be a random nonexpansive operator of K. Let {xn } be defined by 

the random iteration (2.2), where {α }−in [0, 1] for all n ∈ ℕ, then {ξn (ω)}) converges 

strongly to a random common fixed point of T . 

Proof. Suppose S = I in the above theorem. 
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