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ABSTRACT 

 

A real n x n matrix A = [ aij ] is a QPN-matrix if for every k =1,2,….,n the 

sum of all   k x k principal minor is Sk(A) < 0 if k is even order are negative and    

Sk(A) > 0 if k is odd order are positive. In this paper the QPN- matrix completion 

problem is considered. A digraph D is said to have QPN-completion if every partial 

QPN-matrix specifying D can be completed to a QPN-matrix. It is shown that partial 

non-positive QPN-matrices representing all digraphs of order 5 with q = 0 to 6 have 

QPN-completion. 
 

MSC Code: 15A48. 
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1.  INTRODUCTION  

 

A partial matrix is a rectangular array of numbers in which some entries are specified, 

while others are free to be chosen. For α {1, 2, . . . , n}, the principal submatrix A[α] is 

obtained by deleting from A all row and column whose  indices are not in α. A principal minor 

is the determinant of a principal submatrix. A pattern for n x n matrices is a subset of {1, 2, . . 

. , n} x {1, 2, . . . , n}. A partial matrix specific a pattern if its specified entries lie exactly in 

those positions listed in the pattern. A completion of a partial matrix is a specific choice of 
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mailto:**ponmudims@gmail.com
mailto:*andavanmathsramesh@gmail.com


 M. S. Ponmudi, et al., Comp. & Math. Sci. Vol.9 (11), 1701-1711 (2018)  

1702 

values for the unspecified entries. The matrix completion problem is concerned with 

determining whether or not a completion of partial matrix exists within a certain class of 

matrices. In the recent economic literature, considerable attention has been directed to the class 

of so-called PN-matrices.  

 This class was apparently introduced by Inada1 who presents the following definition:  
 

Definition:1.0  A real n x n matrix A = [ aij ] is a PN-matrix when every principal minor of 

odd order is positive, and every principal minor of even order is negative”. 
 

Definition 1.1: A real n x n matrix A = [ aij ] is a QPN-matrix if for every k =1,2,….,n the sum 

of all k x k principal minor is Sk(A)<0 if k is even order are negative and Sk(A)>0 if k is odd 

order are positive.  
 

Definition 1.2: A real n x n matrix A = [ aij ] is a Q-matrix if for every k =1,2,….,n the sum 

of all k x k principal minor is positive.  
 

Definition 1.3: A real n x n matrix A is a P-matrix if for every k=1, 2, .…n all the k x k 

principal minor are positive. 
 

Definition 1.4: A real n x n matrix A is a N-matrix if for every k=1, 2,.…n all the k x k 

principal minor are negative.  

 Clearly the set of P and N- matrices is the intersection of the set of P and N- matrices 

with the set of Q- matrix. Spectral properties of Q-matrices and other related classes are 

discussed in2,3 and 4. In this paper, it is seen that the property of being a Q-matrix is not inherited 

by principal submatrices, thus the QPN-matrix completion is significantly different from the 

completion problem studied earlier. A number of researcher studied matrix completion 

problem for different classes of matrices5 and 6. 
 

2.  PRELIMINARIES 
 

 It is observed from the history of matrix completion problems that graph theory and 

matrix completion problem are correlated with each other. Graph theoretic techniques are seen 

to be very fruitful to solve the matrix completion problems. Any standard reference for 

example5 and 6 can be used for graph theoretic terminologies.  

 A directed graph or digraph G = (V,E) is a finite set of positive integers V, whose 

associates are called vertices, and a set E of ordered pair of (u,v) of vertices called directed 

edges. A digraph H is set to be a sub- digraph of G if every vertex of H is also a vertex of G 

and every edge of H is also an edge of G. Let G be a digraph, a path that begins and ends at 

the same vertex is called a cycle, A digraph that does not contain any cycles is called an acyclic 

digraph. A sub-digraph of digraph is called a clique if it contain atleast three vertices and for 

each pair of vertices vi and vj in the subset, both vi →vj and   vj→ vi exists5. 

 A partial matrix specifies a digraph if its specified entries are exactly the edges in the 

digraph. In this paper, we denote the specified entries as aij, the unspecified entries as xij and 

the diagonal entries as di where the entry is in the ith row and jth column of the partial matrix; 

as all main diagonal entries are specified, we omit loops. 
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 A n x n partial matrix is said to be combinatorially symmetric if the (i, j ) entry is 

specified if and only if the (j, i) entry is; and is said to be sign-symmetric if aij aji > 0 for all     

i, j ∈ {1, 2, . . . , n} such that both (i, j ), (j, i) entries are specified; and non-combinatorially 

symmetric in other cases. For a combinatorially symmetric partial matrix, all main diagonal 

entries are specified. In7 the class of PN-matrices was studied. In the following notation we 

give some important properties for QPN- matrices. 
 

Notation 1.1  

Let A= (aij) be an QPN- matrix of size n x n. Then  

1.  If P is a permutation matrix, then PAPT is an QPN-matrix. 

2.  If D is a positive diagonal matrix, then DA, AD is QPN-matrices. 

3.  aij ≠ 0 and sign(aij ) = sign(aji ), for all i, j ∈ {1, . . . , n}. 

4.  If aii+1 > 0, i = 1, 2, . . . , n − 1, then A ∈ Sn, where Sn= A = (aij ); aij ≠ 0 and  

sign(aij ) = (−1)i+j, for all i, j ∈ {1, . . . , n}. 

5.  Any principal submatrix of A is a QPN-matrix.  

 In this paper, we take all the diagonal entries to be positive (i.e) 1 and all specified or 

unspecified off diagonal entries sign (aij) = (-1)i+j , has an QPN-matrix.  
 

Definition 2.1: 

A partial matrix is said to be a partial QPN-matrix if every completely specified principal 

submatrix is a QPN -matrix. 

Our interest here is in the QPN -matrix completion problem, that is, when a partial QPN 

-matrix has a QPN -matrix completion. We have seen that an QPN -matrix has no null entries and 

is sign-symmetric. Keeping this in mind, it would not make sense to study the existence of QPN 

-matrix completions of partial QPN -matrices with some null entry or of non-sign-symmetric 

partial QPN -matrices, as the following examples illustrate. 

Example 1.1 Consider the partial QPN –matrix A =

122

11?

011

 

A has no QPN –matrix completion, as any completion 

Ac =

122

11

011

S  of A is not an QPN –matrix. 

 

Example 1.2 Consider the partial QPN –matrix 

A =

1??

413

22?

 

particularly A is not sign-symmetric. A admits no QPN –matrix completion,  
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since any completion Ac =

1

413

22

cb

a

of A is not an QPN –matrix. 

 The goal of this paper is QPN- matrix completion problem which is discussed in the 

next section for combinatorially and non- combinatorially symmetric partial QPN-matrices. 

 

3.  QPN-MATRIX COMPLETION PROBLEM 

 

Let A= (aij) be a partial QPN- matrix of size n x n. In a matrix A the specified and 

unspecified entries of the arbitrary element aij and xij, the signed ‘+’ or ‘-‘ is adopted to the 

entries as  follows: 

A={ +aij if i+j (sum of suffixes) is even; -aij if i+j (sum of suffixes) is odd} 

From property 3 and 4 of notation 1.1 the conditions: 

(i) Specified entries of A are nonzero. 

(ii) sign(aij ) = sign(aji ), when aij and aji, are specified. 

(iii) Sn= A = (aij ); aij ≠ 0 and sign(aij ) = (−1)i+j, for all i, j ∈ {1, . . . , n}. 

are necessary conditions in order to obtain QPN- matrix completion of A. For matrix of size 2 

x 2 condition (i), (ii) and (iii) are also sufficient. 

 

Definition 3.1  

 

Let A= (aij) be a Partial QPN- matrix of size n x n. There exists a QPN-Matrix completion 

problem Ac of A, if and only if A satisfies conditions (i),(ii) and (iii).  

The above conditions is false for partial matrices of size n x n, both when the partial matrix is 

combinatorially symmetric and it is not, as the following examples show: 
 

(a) The Combinatorially symmetric partial QPN-matrix 

A=

3-1x3-

-13-1x

x-131-

-3x-13

42

31

24

13

satisfies condition (i) ,(ii) and (iii), but does not have an 

QPN-Matrix completion. 
 

Since det A{1,2,3,4} = 12x₁₃+12x₃₁+12x₂₄+12x₄₂-9x₁₃x₃₁-3x₁₃x₂₄- x₁₃x₄₂-x₃₁x₂₄-3x₃₁x₄₂-
9x₂₄x₄₂+x₁₃x₃₁x₂₄x₄₂-23, 

det A{1,2,3} = x₂₄+x₄₂3x₂₄x₄₂+21, det A{1,2}= 8 even order are positive. but det A{1,2,4}= 

3x₂₄+3x₄₂-3x₂₄x₄₂-3 < 0 for x₂₄ , x₄₂ > 0. 
 

(b) The non-combinatorially symmetric partial QPN-matrix 



 M. S. Ponmudi, et al., Comp. & Math. Sci. Vol.9 (11), 1701-1711 (2018)  

1705 

A=

3-23

-232-

x-23 13

 satisfies condition (i),(ii) and (iii),but does not have an QPN-Matrix 

completion. 

Since detA {1,3} > 0 309 1313 xx and 305150det 1313 xxA . 

 In the next section all the possible digraph with 6 vertices and 0,1,2,….6 edges are 

considered 6 x 6 matrices specifying these digraph extracted. This construction of digraphs is 

guided by the graph with six vertices as given in8. Throughout the paper, p represents the 

number of vertices and q represents the number of edges of the digraph. 

  

4.  CLASSIFICATION OF 6 x 6 MATRICES SPECIFYING DIGRAPH 6 VERTICES. 

 

(i)  Consider the digraph below: p = 6, q = 0 
 

                                      
 

Let A=

66564636261

56554535251

46454434241

36353433231

26252423221

16151413121

dxxxxx

xdxxxx

xxdxxx

xxxdxx

xxxxdx

xxxxxd

 
be a partial QPN – matrix representing the  digraph above. For t > 0, Consider the completion 

B(t) of A by choosing each unspecified entries to be xij = xji = t  defined as follows. 
 

B(t) = 

6

5

4

3

2

1

d-tt-ttt-

-td-tt-tt

t-td-ttt-

-tt-td-tt

t-tt-tdt-

-tt-tt-td
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 Then,S1B(t) = 
6

1

id , S2B(t) = -15t2 + f1(t), S3B(t) = 40t3 + f2(t), S4B(t) = -45t4 + f3(t), 

S5B(t) = 20t5 + f4(t), S6B(t) = -5t6 + f5(t), where fi(t) is a polynomial in t of degree at most i, i 

= 1,2,….6. Consequently, B(t) is a QPN – matrix for sufficiently large t, and therefore from 

definition 1.1, A has QPN-matrix completion.  

 

(ii)  Consider the digraph below: p = 6, q = 1 

 

                                 
 

Let A=

66564636261

56554535251

46454434241

36353433231

26252423221

16151413121

dxxxxx

xdxxxx

xxdxxx

xxxdxx

xxxadx

xxxxxd

 

be a partial QPN – matrix representing the digraph above. For t > 0, Consider the completion 

B(t) of A by choosing each unspecified entries to be xij = xji = t  defined as follows. 

B(t) = 

6

5

4

3

232

1

d-tt-ttt-

-td-tt-tt

t-td-ttt-

-tt-td-tt

t-tt-adt-

-tt-tt-td

 

Then,S1B(t) = 

6

1

id , S2B(t) = -14t2 + f1(t), S3B(t) = 39t3 + f2(t), S4B(t) = -39t4 + f3(t), S5B(t) = 

16t5 + f4(t), S6B(t) = -4t6 + f5(t), where fi(t) is a polynomial in t of degree at most i, i = 1,2,….6. 

Consequently, B(t) is a QPN – matrix for sufficiently large t, and therefore from definition 1.1, 

A has QPN-matrix completion. 
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(iii)  Consider the digraph below: p = 6, q = 2 

                                         

Let A=

66564636261

56554535251

46454434241

36353433231

26252423221

16151413121

dxxxxa

xdxxxx

xxdxxx

xxadxx

xxxxdx

xxxxxd

 

be a partial QPN – matrix representing the digraph above.  

For t > 0, Consider the completion B(t) of A by choosing each unspecified entries to be xij = 

xji = t  defined as follows. 

B(t) = 

661

5

4

343

2

1

d-tt-tta-

-td-tt-tt

t-td-ttt-

-tt-ad-tt

t-tt-tdt-

-tt-tt-td

 

Then,S1B(t) = 

6

1

id , S2B(t) = -13t2 + f1(t), S3B(t) = 32t3 + f2(t), S4B(t) = -34t4 + f3(t), S5B(t) = 

13t5 + f4(t), S6B(t) = -3t6 + f5(t), where fi(t) is a polynomial in t of degree at most i, i = 1,2,….6. 

Consequently, B(t) is a QPN – matrix for sufficiently large t, and therefore from definition 1.1, 

A has QPN-matrix completion. 

 

(iv)  Consider the digraph below: p = 6, q = 3 
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Let A=

66564636261

56554535251

46454434241

36353433231

26252423221

16151413121

dxxxax

xdxxxx

xxdxxx

xxxdxx

xxxadx

xxxxad

  

be a partial QPN – matrix representing the digraph above. For t > 0, Consider the completion 

B(t) of A by choosing each unspecified entries to be xij = xji = t  defined as follows. 

B(t) = 

662

5

4

3

232

121

d-tt-tat-

-td-tt-tt

t-td-ttt-

-tt-td-tt

t-tt-adt-

-tt-ttd a

 

Then,S1B(t) = 

6

1

id , S2B(t) = -12t2 + f1(t), S3B(t) = 30t3 + f2(t), S4B(t) = -33t4 + f3(t), S5B(t) = 

16t5 + f4(t), S6B(t) = -4t6 + f5(t), where fi(t) is a polynomial in t of degree at most i, i = 1,2,….6. 

Consequently, B(t) is a QPN – matrix for sufficiently large t, and therefore from definition 1.1, 

A has QPN-matrix completion. 

 

(v)  Consider the digraph below: p = 6, q = 4 

 

 

Let A=

66564636261

56554535251

46454434241

36353433231

26252423221

16151413121

dxxxxx

xdxxax

xxdxxx

xxxdxx

axxadx

xxxxad
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be a partial QPN – matrix representing the digraph above. For t > 0, Consider the completion 

B(t) of A by choosing each unspecified entries to be xij = xji = t  defined as follows. 

B(t) = 

6

552

4

3

26232

121

d-tt-ttt-

-td-tt-at

t-td-ttt-

-tt-td-tt

a-ttdt-

-tt-ttd

a

a

 

Then,S1B(t) = 

6

1

id , S2B(t) = -11t2 + f1(t), S3B(t) = 30t3 + f2(t), S4B(t) = -33t4 + f3(t), S5B(t) = 

16t5 + f4(t), S6B(t) = -5t6 + f5(t), where fi(t) is a polynomial in t of degree at most i, i = 1,2,….6. 

Consequently, B(t) is a QPN – matrix for sufficiently large t, and therefore from definition 1.1, 

A has QPN-matrix completion. 
 

(vi)  Consider the digraph below: p = 6, q = 5 

 

Let A=

66564636261

56554535251

46454434241

36353433231

26252423221

16151413121

dxxxxx

xdxxax

xxdxxx

xxxdxx

axxadx

xxxxad

 

be a partial QPN – matrix representing the digraph above. For t > 0, Consider the completion 

B(t) of A by choosing each unspecified entries to be xij = xji = t  defined as follows. 

B(t) = 

66561

5

464

363

2

121

d-at-tta-

-td-tt-tt

a-td-ttt-

-at-td-tt

t-ttdt-

-tt-ttd

t

a
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Then,S1B(t) = 
6

1

id , S2B(t) = -11t2 + f1(t), S3B(t) = 25t3 + f2(t), S4B(t) = -28t4 + f3(t), S5B(t) = 

15t5 + f4(t), S6B(t) = -3t6 + f5(t), where fi(t) is a polynomial in t of degree at most i, i = 1,2,….6. 

Consequently, B(t) is a QPN – matrix for sufficiently large t, and therefore from definition 1.1, 

A has QPN-matrix completion. 
 

(vii)  Consider the digraph below: p = 6, q = 6 

                                                   

Let A=

66564636261

56554535251

46454434241

36353433231

26252423221

16151413121

daxxxx

adxxxx

xadxxx

xxxdxx

xxxada

axxxxd

 

be a partial QPN – matrix representing the digraph above. For t > 0, Consider the completion 

B(t) of A by choosing each unspecified entries to be xij = xji = t  defined as follows. 

B(t) = 

665

565

454

3

23221

161

d-at-ttt-

-ad-tt-tt

t-ad-ttt-

-tt-td-tt

t-ttda-

-at-ttd

a

t

 

 Then, S1B(t) = 

6

1

id , S2B(t) = -9t2 + f1(t), S3B(t) = 17t3 + f2(t), S4B(t) = -10t4 + f3(t), 

S5B(t) = 11t5 + f4(t), S6B(t) = -2t6 + f5(t), where fi(t) is a polynomial in t of degree at most i,      

i = 1,2,….6. Consequently, B(t) is a QPN – matrix for sufficiently large t, and therefore from 

definition 1.1, A has QPN-matrix completion. 
 

CONCLUSION 
  

Hence a combinatorially and non-combinatorially symmetric 3 x 3 and 4 x 4 matrices 

does not have a QPN-matrix completion. Also a null graph of order six has QPN- matrix 
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completion. And also it has been proved that order six with six edges which cyclic or acyclic 

have QPN- matrix completion.  
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