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ABSTRACT

Let   be a polyno-
mial of degree. There is a close connection between the

coefficients and the zeros of . In this paper we prove some
sharp inequalities concerning the coefficients of the polynomial

 with restricted zeros. We also establish a sufficient condition

for the separation of zeros .
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1. INTRODUCTION

Let P z a zjj=
n j( )   0  be a poly-

nomial of degree n. By a simple method
Visser5 got:

        (1.1)

Corput and Visser1 generalized the
inequality (1.1) by proving the following

sharp estimate for  

  when  is not too small.

Theorem A. Let   and   wheree
 , be any two coefficientss

of the polynomial P z a zvv=
n v( )   0  such

that for no other coefficients  

do we have  . Then

  (1.2)

In this case Rahman4 proved the
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following more general result:

        Theorem B. Let P z a zvv=
n v( )   0

and Q z b z=
n( )   


0  where  .

Suppose in addition that 

for  . If    for , then

   (1.3)

Concerning the inequalities involving
three coefficients Frappier, Rahman
and Ruscewegh2 proved the following
much stronger result:

Theorem C.  let P z a zvv=
n v( )   0

and suppose that   for  |z|=1,
then

  (1.4)

Concerning the size of  , the following
inequality is well known

R max |P z r max|P zn |z|=r n
|z|=R

( )| ( )|,  
(1.5)

With equality for  .

If we restrict ourselves to the
class of polynomials having no zero
in  Jain5 replaced (1.5)
by

( ) )R + k max |P z r + k max| P zn |z|=r n
|z|=R

( )| ( ( )|,

0  r  R  k  (1.6)

and equality holds for  .

Since there is a close connection
between the location of zeros of P(z)
and its coefficients, the aim of this paper
to establish some sharp inequalities
concerning the coefficients of polyno-
mialwhen there is a restriction on the
estimate of max|z|=r|P(z) and zeros of P(z).

In this connection, if P z a zjj=
n j( )   0

for   , then the inequality

  (1.7)

Is trivial. We first prove the the
following non trivial result, which in
particular provides an improvement of
the inequality (1.7) and yields a number
of results as special cases:

Theorem 1.  Let P z a zjj=
n j( )   0

be a polynomial of degree n which does
not vanish in   1, then

 

(1.8)
and

 
(1.9)

The result is best possible with equality
for .
Instead of proving Theorem 1, we prove
the following more general result.

Theorem 2.  Let P z a zjj=
n j( )   0

be a polynomial of degree n which
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does not vanish in  , then

for  

          (1.10)

and 

 (1.11)
where

   (1.12)

The result is best possible and equality
holds for the polynomial 

.

Applying Theorem 2 to the polynomial

 , we immediately get the

following:

Corollary 1.  If P z a zjj=
n j( )   0

is a polynomial of degree n having all
its zeros in   , then

                                                                                (1.13)
and

 
                                                                                    (1.14)

Where  is defined by
(1.12).
The result is sharp and extremal

polynomial is  .

The next Corollary is also an
immediate consequence of Theorem
2.

Corollary 2.  Let   be a poly-
nomial of degree n. If for some integer

 ,

 , 

(1.15)
Then   has at least one zero in

 

From inequality (1.11) and
inequality (1.14), we deduce the
following:

Corollary 3.  Let   be a poly-
nomial of degree n. If for some integer

  then the circle  

separates the zeros of  .

We next present the following
sharp result when there is a restriction
on the zeros of  .

Theorem 3.  Let   be a poly-

nomial of degree n such that  

for . If the geometric mean of
the zeros of   is at least  ,
then

(1.16)
and
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(1.17)

Finally, concerning the estimates,
max|z|=r|P(z)|, we prove the following
result:

Theorem 4. Let P(z) be a poly-
nomial of degree n with real coefficients
having all zeros with non positive real

part. If for some 
 

      (1.18)

Where  m is a non negative integer,
then P(z) has at least (m+1) zeros in
|z|<k.

The result is best possible and
equality holds for the polynomial

 .

2.  LEMMA

For the proof of the theorems,
we need the following lemma which
is due to Corput and Visser1.

Lemma 1. If P z a zjj=
n j( )   0  is a

polynomial of degree n such that 

 for  ,  then

|a jj=
n |0

2
 1  (2.1)

2. PROOFS OF THEOREMS

Proof of Theorem 2. By hypo-

thesis all the zeros of polynomial

  lie in   where .
Therefore, all the zeros of polynomial

 lie in

 . If 

  then all the zeros of   

lie in   and  for

. If   has  ,   ,  zeros

in   and the remaining   zeros

on  , then   has  ,  

zeros in |z|>1 and remaining  

zeros on  . Thus the function

  is analytic for |z|1 and

 for  .
Therefore, by maximum modulus
principle, it follows that

  for  .

equivalently,
            for  .

Replacing z  by   ,  we conclude that

  for  . 

This implies

   for    , (3.1)
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        Unless   is a constant

of absolute value unity. If  
is constant then it is obvious that for

every complex number  with  ,
the zeros of   lie in .

In case   is not constant, wee
have from (3.1) with the help of
Rouche’s theorem that for every real
or complex number  with ||>1, all

the zeros of    lie in .
Hence by Gauss-Lucass theorem all
the zeros of   l ie in

. That is , all the zeros of

       

 

  

 

Or

     lie in . This imples

 

(3.2)
Choosing the argument of  such that

 

and making →1 , we get from (3.2)

 

Which proves inequality (1.11).
Again choosing the argument of  in

the left hand side of (3.2) such that
 , which

is possible, because  .

Making  , we get from (3.2)

 .

From which inequality (1.10) follows
and this completes the proof of
Theorem 2.

    Proof of Theorem 3.  If  

are the zeros of  , then by using
the hypothesis, we have

  

This gives

                 (3.3)
Combining (1.1) and (3.3), we get
(1.16). Again from inequality (2.1), we
have

  

This implies

         for all

                          (3.4)

Using (3.3) in (3.4), we get

       

From which the result follows and this
proves Theorem 3.

Proof of Theorem 4. Suppose
that  has t zeros in   , where
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 . Let  

and assume

that   Put 

 and 

 . The polynomial
 ,  and   have positivee

coefficients. Hence for   with 
 , we havee

 
 (3.5)

by (1.5), and

 
 (3.6)

by (1.6). On combining (3.5) and (3.6),
we get

  

                                                                  

                                                                

Which is clearly a contradiction. This
establish the Theorem 4 completely.
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