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ABSTRACT

 Let  v=
n

   ,   be

a polynomial of degree n and let M(P,r)=  |P(z)|. If P(z) has all

its zeros on |z|=k,k1, then it was shown by Dewan & Hans7

 

In this paper we have improved the above inequality by involving
some or all the coefficients of . Our result also generalizes a
known result of Dewan & Mir5.
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1. INTRODUCTION AND STATEMENT
OF RESULTS

Let P(z) be a polynomial of degree
n and let   then
according to Bernstein’s inequality

  (1.1)

The result is best possible and equality

in (1.1) is obtained for  ,  .

If we restrict ourselves to the
class of polynomials not vanishing in

, then the Erdos conjectured and
Lax3 proved

 (1.2)

Inequality (1.2)  is best possible
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and the extremal polynomial is 

  with  .

As a generalization of (1.2), Malik4 proved

Theorem 1.1. If  be a polynomial
of degree n which does not vanish in

, then

  (1.3)

The result is best possible and equality
holds for  .

While trying to obtain inequality
analogous to (1.3) for polynomials not
vanishing in  , Govil1 was
able to prove the following:

     Theorem 1.2. If v=
n

0   
be a polynomial of degree  and let

 
. If  has all

its zeros on   then

 
 
(1.4)

Dewan and Abdullah5 proved the
following.

       Theorem 1.3.If v=
n

0   

is a polynomial of degree n having  all

its zeros on   then

 

(1.5)

Further as a generalization of Govil1,
Dewan & Hans7 proved the following.

      Theorem 1.4.  If v=
n



 ,   is a polynomial of

degree n, having all its zeros on  
, then

 

(1.6)

In this paper we shall generalize
Theorem 1.3 for the polynomial of the

type  v=
n

 ,

 , and which in turn refines
Theorem 1.4 as well. More precisely,
we prove

        Theorem. If  

,   a polynomial
of degree n having  all its zeros on

 then

 
 
 (1.7)
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The bound obtained in the above
theorem is better than the bound
obtained in Theorem 1.4

To prove that the bound obtained in
the above theorem is better than the
bound obtained in Theorem 1.4, we
show that

 

Which is equivalent to
 

    

Which implies

 

 

Or 

     

Or  

Or  

Or  

Which is always true see lemma 2.4.

Remark 1. If we take µ=1 in

the above theorem then the inequality
(1.7) reduces to the inequality (1.5).

2.  Lemmas

We need the following lemmas
for the proof of the theorem.

      Lemma 2.1. If 

 ,  , is  a polynomial

of degree  having no zeros in 
  then

  (2.1)

Where here and throughout this paper

.  The above lemma is

due to Dewan & Hans7.

        Lemma 2.2. If v=
n

0  
be a polynomial of degree n, then on
|z|=1

  (2.2)

The above lemma is a special case of
a result due to Govil and Rahman2.

Lemma 2.3. If    

,   a polyno-
mial of degree which does not vanish
in   then for |z|=1,

 

(2.3)
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and , where .

      (2.4)

where . 

The above lemma follows easily on
using arguments similar to that used
in [6, lemma 1].

Lemma 2.4.  If  

,   a poly-
nomial of degree  n having all its zeros
in    then

  ,

for                    (2.5)

and      (2.6)

where . 

Proof of Lemma 2.4. Since all
the zeros of P(z) lie in  , then

all the zeros of q(z) lie in . 

Hence applying Lemma 2.3 to the

polynomial   

and using the fact that  

we get

 

for  

and 

which implies 

 for

and  

Equivalently

 

for  .
Which completes the proof of lemma.

3. Proof of the Theorem :

Let z0 be a point on |z|=1 such

that  , then by Lemma
2.2 it follows that

  (3.1)

Which when combined with Lemma
2.4 gives

 

Which is equivalent to

  (3.2)

Inequality (3.1) when combined with
Lemma 2.1, gives
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     This completes the proof of the
theorem.
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