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ABSTRACT 

 
An analysis is performed to study the flow and heat transfer 
characteristics of a non-Newtonian Ostwald-de Waele fluid flow 
over a non-linearly stretching surface in the presence of internal 
heat generation/ absorption. The stretching velocity and the 
prescribed surface temperature are assumed to vary with a power-
law distance from the slit. Using a similarity transformation the 
governing equations are reduced to a set of coupled ordinary 
differential equations and these equations are solved numerically 
by an implicit finite difference scheme known as Keller box 
method. Numerical solution is found to be dependent on six 
governing parameters, namely, the power law index, the velocity 
exponent parameter, the injection parameter, the temperature 
exponent parameter, the modified Prandtl number and the heat 
source/ sink parameter. Numerical computations are performed to 
understand the variations of linear and non-linearly stretching 
surface for different values of physical parameters to display the 
velocity and temperature profiles. The obtained numerical result 

shows that the injection parameter 0wf <  is to increase the 

velocity as well as the temperature and the suction parameter 

0wf >  does the reverse. Results are compared with previously 

published work and are found to be in excellent agreement.  
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1. INTRODUCTION 

 
 Non-linear fluid rheology is 
encountered in numerous practical situations 
due to its technological applications in 
several engineering/ industrial processes: for 
example manufacturing of plastic sheets, 
performance of lubricants, application of 
paints, processing of food and movement of 
biological fluids. The boundary layer flow of 
a viscous fluid due to the motion of a plane 
sheet in its own plane was first investigated 
by Sakiadis1. Erickson et al.2 extended this 
problem to study the temperature 
distribution in the boundary layer when the 
sheet is maintained at a constant temperature 
with suction or blowing. Crane3, Chen and 
Char4 and Datta et al.5, studied the boundary 
layer flow of a Newtonian fluid caused by 
stretching of an elastic flat sheet which 
moves in its own plane with a velocity 
varying linearly with distance from a fixed 
point due to the application of a uniform 
stress. This work was later extended by 
many authors Gupta and Gupta6, Vajravelu7  
by considering the Newtonian flow and heat 
transfer under different physical situations. 
These investigators, however, restrict their 
analyses to the flow of Newtonian fluids.  
Most of the fluids such as molten plastics, 
artificial fibers, drilling of petroleum, blood 
and polymer solutions are considered as 
non-Newtonian fluids. However the study of 
non-Newtonian fluid motion is accordingly 
an important subset of fluid mechanics and 
the non-Newtonian fluids cannot be 
described simply as Newtonian fluids. 

 Therefore in view of their diversity; 
several models of non-Newtonian fluids 
have been proposed.  Among several non-
Newtonian models, the most popular 
rheological model for non-Newtonian fluid 
is the power-law or Ostwald-de Waele 
model. The power-law model provides an 
adequate representation of many non-
Newtonian fluids over the most important 
range of shear rates. This, together with its 
apparent simplicity has made it a very 
attractive model both in analytical and 
numerical research. The rheological 
equation of the state between the stress 
components ijτ  and strain components ije   

is defined by Vujannovic et al.8, 
 

( 1) 23 3

1 1

,
n

ij ij lm ml ij
m l

p K e e eτ δ
−

= =

= − + ∑∑    (1) 

 

where p is the pressure, ijδ is Kroneckar 

delta and K and n are respectively, the 
consistency coefficient and power-law index 
of the fluid. For 1<n  , the fluid is called 

shear thinning or pseudo plastic; 1>n , 
fluid is said to be dilatant or shear thickening 
and for 1=n  the fluid is simply the 
Newtonian fluid. Several fluids studied in 
the literature suggest the range 0 <n ≤  2 for 
the power law index n.  Since the pioneering 
work of Sakiadis1, various aspects of the 
stretching sheet problem involving 
Newtonian/ non-Newtonian fluids have been 
extensively studied by several authors. Some 
recent papers in this direction are found in 
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the references9-13. However the intricate flow 
and heat transfer problem over a non-
linearly stretching sheet with the effects of 
internal heat generation/absorption is yet to 
be studied. This has applications to several 
industrial problems say engineering 
processes involving nuclear power plants, 
gas turbines, and many others. 
 Motivated by these analyses and 
practical applications, the authors in the 
present paper contemplate studying the 
effect of velocity and temperature exponents 
on the power law fluid flow and heat transfer 
over a non-linearly stretching sheet. 
Recently, the flow of non-Newtonian 
polymer solution was investigated by Savvas 
et al.14 and it was shown that computer 
simulation is a powerful technique to predict 
the flow behavior. To consider the situation 
of chemical reaction we also include the 
contribution of internal heat generation/ 
absorption. Because of the complexity, the 
influence of power law index parameter, 
non-linear velocity and temperature 
exponent, and heat source / sink parameter 
make the momentum and energy equations 
highly non-linear partial differential 
equations. To reduce the number of 
independent variables, these highly non-
linear partial differential equations are 
simplified to a highly non-linear form of 
ordinary differential equations by a 
similarity transformation. These equations 
are in turn solved numerically by Keller box 
method.  
 
2. MATHEMATICAL FORMULATION 
 

 Consider the steady, laminar, two-
dimensional boundary layer flow of an 
incompressible fluid, obeying the power-law 
model past a non-linear stretching sheet 

coinciding with the plane y =0 as shown in 
the figure 1. The flow is generated by the 
action of two equal and opposite forces 
along the x-axis so that the wall is stretched 
and y-axis being normal to the flow. The 
continuous stretching surface is assumed to 
have a non-linear velocity and temperature 
of the form, 
 

( ) mU x b x= ,       (2) 

 

( ) ( )r

wT x T a x l∞= + ,      (3) 

  
respectively, where a and b are constants, x  
is the distance from the slit and l is the 
characteristic length. Here, m and r are 
respectively, the velocity and temperature 
exponent parameters. Under these 
approximations and assumptions, the 
velocity and temperature fields in the 
Ostwald-de Waele fluid are governed by the 
following boundary layer equations for 
mass, momentum and thermal energy: 
 

v
0 ,

u

x y
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where u and v are the velocity components 
along x and y directions respectively, ρ is 

the density, xyτ  is the shear stress. Within 

the boundary layer approximation, the 
essential off-diagonal stress component 
simplifies to 
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1
n n

xy

K u u

y y
τ γ

ρ ρ
   ∂ ∂= − − = − −   ∂ ∂   

,    (7) 

 
and becomes the only stress component of 
dynamic significance. Here, K is the 
consistency coefficient and also called as 

absolute viscosity ( )K µ= , ( )Kγ ρ=  is 

the kinematic viscosity, n is the flow 
behavior index namely power-law index. As 
n deviates from unity, the fluid becomes 
non-Newtonian. Several fluids studied in the 
literature suggest the range 0 2n< ≤  for 
the value of power-law index n. The term in 
the right hand side of the equation (7) is the 
shear rate )/( yu ∂∂ has been assumed to be 
negative throughout the boundary layer 
since the stream wise velocity component u 
decreases monotonically with the distance y 
from the moving surface. Further, here the 
flow is driven solely by a flat surface, which 
moves with a velocity ~ mU x , T is the 

temperature of the fluid and pK Cα ρ=  is 

the thermal diffusivity of the fluid. The last 
term containing sQ  in Eq.(6) represents the 

temperature-dependent volumetric rate of 
heat source when 0sQ >  and heat sink 

when 0sQ < . These deal with the situation 

of exothermic and endothermic chemical 
reactions respectively. Thus the relevant 
boundary conditions applicable to the flow 
are: 

( ) ( ) ( ) ( )
( ) ( )
( ,0) , ,0 , ,0

, 0 , ,

w wu x U x x T x T x

u x y T x y T as y∞

= = =

→ → → ∞

v v

 

       

(8) 
 

where vw  is the velocity of suction/ 

injection. We introduce the following 

dimensionless variable ( )f η  and ( )θ η  as 
well as the similarity variable  η  as: 
 

( ) ( ) ( )1 1
Re ,

n

xU x fψ η− +=

( ) ( )wT T T T θ η∞ ∞= + − ,

( )( ) ( )1 1
Re ,

n

xy xη +=                      (9)                   

 
where ( , )x yψ  is a stream function, defined 

by and vu y xψ ψ= ∂ ∂ = −∂ ∂ , which 
identically satisfies continuity equation (4) 

and 2Re n n
x U x γ−=  is the local 

Reynolds number. In terms of these new 
variables, the momentum and the energy 
equations together with the boundary 
conditions becomes,  
  

( ) ( )1 2 2 1
0

1
n mn m

n f f m f f f
n

− − + ′′ ′′′ ′ ′′− − + = + 
                                                                    

     (10) 
 

( )2 1
Pr 0 ,

1

mn m
f r f

n
θ θ β θ − + ′′ ′ ′+ − − =  +  

                                                                            

     (11) 
and  

( ) ( ) ( )
( )
0 , 0 1, 0 1 ,

0 ( ) 0

wf f f

f

θ
θ

′= = =

′∞ = ∞ =
 

 (12) 

 
where prime denotes the differentiation with 
respect to η . Here   

( ) ( ) ( )1 1v (2 1) ( 1) Re n
w w xf U mn m n += − − + +  

is the suction/ injection parameter (namely, 
0wf < corresponds to injection whereas

0wf > corresponds to suction),   

( ) ( ) ( )2 1
Pr Re

n

xU γ − +=  is the modified  
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Prandtl number for power law fluid and

( )s pQ b cβ ρ= is the heat source/sink 

parameter. It is worth here mentioning that  
n = 1, m =1 and r = 1, in this situation for the 
Newtonian fluid flow over a linearly 
stretching sheet the equation (10) and (11) 
are reduces to those of Gupta and Gupta [6] 
and Grubka and Bobba11. For 1n ≠  and 
when there is no heat transfer the equation 
(10) reduces to Andersson and Dandapat9. 
The physical quantities of interest are the 
skin friction coefficient and the local Nusselt 
number, which are defined as 
 

( ) ( ) ( )( )2 2 ,fx w x w wC U Nu x q K T Tτ ρ ∞= = −

                     (13)  
respectively, where the skin friction wτ and 

heat transform the sheet wq are given by                 

( ) 0w at y
u yτ µ

=
= − ∂ ∂ ,       

( ) 0w at y
q K T y

=
= − ∂ ∂     (14) 

 
with µ and k  being the dynamic 
viscosity and thermal conductivity, 
respectively. Using the non-dimensional 
variables (Eq. 9), we get 

( ) ( ) [ ] ( )1 12

0
 2 2  0  Re

n

fx x

n
xy y

C U fτ ρ − +

=
′′ = − = − 

,

( )1 1Re (0).n
x xNu θ− + ′= −     (15) 

 
3. NUMERICAL PROCEDURE 
 
 The system of transformed 
governing non-linear differential equations 
(10) and (11) with the boundary conditions 
(12) are solved numerically using the second 
order finite difference scheme known as 
Keller box scheme described in Cebeci and 
Bradshaw17 and Keller18. This method is 

unconditionally stable and has a second 
order accuracy with arbitrary spacing. For 
numerical calculations, a uniform step size 
of 0.01η∆ =  is found to be satisfactory and 
the solutions are obtained with an error 
tolerance of 610−  in all cases. To assess the 
accuracy of the present method, comparison 
of the skin friction between the present 
results and previously published results 
Andersson and Kumaran15 and Prasad         
et al.16 are made, for several special cases, 
namely for a Newtonian and non-Newtonian 
fluids (see Table-1) and these results agrees 
very well with the available literature. 
 
4. RESULTS AND DISCUSSION 
 
 The effect of velocity and 
temperature exponent parameter on the flow 
and heat transfer in a power law fluid over a 
non-linear stretching sheet in the presence of 
internal heat generation/absorption has been 
investigated numerically. The effects of 
different values of the governing parameters 
on the flow and heat transfer are shown 
graphically in the Figures 2-6 and the 
numerical values are tabulated in tables 2 
and 3.  
 Figures 2(a)-2(c) respectively 
depicts the effect of shear thinning ( 1<n ), 
Newtonian ( 1=n ), and shear thickening (

1n > ) fluids, on the horizontal velocity 
profile ( )f η′

 
for different values of the 

velocity exponent parameter (m) and the 
injection parameter ( )wf . The general trend 

is that the horizontal velocity profile 
decreases monotonically and tends 
asymptotically to zero as the distance 
increases from the sheet. The effect of 
increasing values of the velocity exponent 
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parameter (m) is to reduce the skin friction 
and hence reduces the velocity boundary 
layer thickness. Physically, 0<m  implies 
that the surface is deaccelerated from the 
slit, 0=m  implies the continuous 
movement of a flat surface, and 0>m  
implies the surface is accelerated from the 
extruded slit. The velocity profiles decreases 
and disclosing the fact that the effect of 
stretching of the velocity exponent 
parameter (m) (from negative values to 
positive values) is to decelerate the velocity 
and hence reduces the momentum boundary 
layer thickness. However, the horizontal 
velocity profile decreases with increasing 
values of injection parameter because, the 
suction reduces the horizontal velocity 
boundary layer thickness whereas injection 

0wf < has quite the opposite effect on the 

velocity boundary layer. This trend is 
notified for all values of power law fluid n. 
Further it is observed that the effect of 
power law index n is to increase the velocity 
and thereby increasing boundary layer 
thickness i.e. the thickness is much large for 
shear thinning fluids (0 < n < 1) than that of 
Newtonian (n = 1) and shear thickening 
fluids (1 < n < 2) as clearly seen in Figures 
2(a)-2(c). 
 The graphs for the temperature 
profiles ( )ηθ  with η  for shear thinning, 
Newtonian and shear thickening fluids for 
different values of non-dimensional 
parameters governing the mathematical 
model, are shown graphically in Figures 3-6. 
The general trend portrays from the 
temperature profiles is that   
 

• The temperature profile is unity at the 
sheet with the change of physical 
parameters and tends asymptotically  to 

zero as the distance increases from the 
boundary. 

• The effect of increasing values of power 
law index n leads to thinning of the 
thermal boundary thickness. This 
behavior is much noticeable in shear 
thinning and shear thickening fluids. 
 

 Figures 3(a)-3(c) respectively 
depicts the effect of shear thinning, 
Newtonian and shear thickening fluids on 
the temperature profiles )(ηθ for different 
values of velocity exponent parameter (m) 
and the injection parameter wf . The effect of 

increasing values of  m is to decrease the 
thermal boundary layer thickness. However 
temperature distribution is lower throughout 
the boundary layer for suction ( 0wf > ) and 

higher for injection parameter ( 0wf < ) as 

compared with the temperature profiles for 
impermeability ( 0wf = ). This effect is 

even true for shear thinning, Newtonian and 
shear thickening fluids. Figures 4(a)-4(c) 
depicts the effect of temperature exponent 
parameter (r) on the temperature profiles for 
shear thinning, Newtonian and shear 
thickening fluids. From the geometrical 
representation we examine that an increase 
in r  leads to decrease the temperature 
profiles. Physically, when 0>r  
temperature flows from the stretching sheet 
into the ambient medium, when 0<r  the 
wall temperature gradient positive and the 
temperature flows into the stretching sheet 
from the ambient medium and when 0=r
the thermal boundary conditions becomes 
isothermal. Figures 5(a)-5(c) exhibits the 
temperature distribution for different values 
of internal heat source/sink parameter ( β ). 
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From these graphs we observe that the 
temperature distribution is lower throughout 
the boundary layer for negative values of β  
(heat sink) and higher for positive values of
β  (heat source) as compared with the 
temperature profile in absence of heat 
source/ sink parameter i.e. β =0. Physically 

β >0 implies ∞> TTw  i.e. there will be a 

supply of heat to the flow region from the 
wall. Similarity 0<β  implies ∞< TTw and 

there will be a transfer of heat from the flow 
to the wall. The effect of increasing values 
of β  is to increase the temperature profile 

)(ηθ   and this is even true for different 
values of power law index. Figures 6(a)-6(c) 
respectively, represents the temperature for 
several sets of values of the modified Prandtl 
number Pr . From the graphical 
representation we see that the effect of an 
increase in Pr  is to decrease the 
temperature. This is because of the fact that 
the thermal boundary layer thickness 
decreases with an increase in the modified 
Prandtl number. An increase in Pr , results 

in monotonic decrease in the temperature 
distribution. That is, the thermal boundary 
layer thickness decreases for higher values 
of the Prandtl number. This holds good for 
all values of n and wf . 

 
 The values of (0)f ′′− , which 

signifies the local skin friction fxC , are 

recorded in Table-2 for different values of 
the power law index (n), the velocity 
exponent parameter ( m )  and the 
suction/blowing parameter ( )wf  . The heat 

transfer phenomenon is usually analyzed 
from the numerical value of the physical 
parameter, namely, wall temperature 
gradient (0)θ ′− which in turn helps in the 
computation of the local Nusselt number

xNu .Numerical results for wall temperature 

gradient in variable temperature exponent (r) 
case is recorded in Table-3 for different non-
dimensional physical parameters n, m, Pr, β  

and wf . All results obtained here are 

consistent with the physical situations. 

 

 
 

Fig 1. Schematic diagram of the stretching sheet. 
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Table 1: Comparison of  skin friction values (0)f ′′ for different values of  n  

when 0.0wf = , 1m = and 1r = . 
 

n  Present work Andersson  and  Kumaran15 Prasad et al. 16 

0.6 -1.095181 -1.0951 -1.09521 

0.8 -1.030885 -1.0284 -1.03401 

1.0 -1.000074 -1.0000 -1.00000 

1.2 -0.987372 -0.9874 -0.98900 

1.5 -0.980555 -0.9806 -0.98047 

 
 

Table 2:  Values of (0)f ′′  for different values of the pertinent parameters. 
 

     

m  

0.235wf = −  0.0wf =  0.235wf =  

0.8n =  1.0n =  1.2n =  0.8n =  1.0n =  1.2n =  0.8n =  1.0n =  1.2n =  

-0.3 -0.888870 -0.843273 -0.818624 -0.942983 -0.879165 -0.84318 -1.001449 -0.917086 -0.868752 

0.0 -0.896211 -0.854477 -0.832874 -0.963200 -0.907031 -0.876711 -1.036606 -0.963583 -0.923293 

0.5 -0.908082 -0.872596 -0.855937 -0.997058 -0.953845 -0.932903 -1.096673 -1.043448 -1.016447 

1.0 -0.919413 -0.889615 -0.877077 -1.030885 -1.000074 -0.987372 -1.158123 -1.124491 -1.108858 

1.5 -0.930148 -0.905342 -0.896087 -1.064492 -1.045467 -1.039487 -1.220570 -1.205602 -1.199206 
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Table 3: Values of ( )0θ ′ , for different values of pertinent parameters. 

 
 

 

 

Pr 

 
β 

 

 

 r 

   
 

wf
 

0.8n =  1.0n =  1.2n=  

0.3m=−  
0.0m=

 

0.5m=
 

0.3m=−
 

0.0m=
 

0.5m=
 

0.3m=−
 

0.0m=
 

0.5m=  

1.0 

-0.1 

-1.0 

-0.235 0.253496 0.198765 0.076328 0.306243 0.227327 0.134031 0.326201 0.245601 0.193701 

 0.0 0.175579 0.099022 0.004123 0.239301 0.122397 0.057562 0.260860 0.148989 0.084275 

 0.235 0.054224 0.005341 0.001858 0.158665 0.011631 0.035765 0.243069 0.047344 0.059992 

0.0 

-0.235 -0.459643 -0.464945 -0.521511 -0.440598 -0.467714 -0.536223 -0.433828 -0.458814 -0.544271 

 0.0 -0.514352 -0.545764 -0.639986 -0.485065 -0.532209 -0.669151 -0.466670 -0.517121 -0.689658 

 0.235 -0.573687 -0.627068 -0.771239 -0.532417 -0.601981 -0.817968 -0.491612 -0.579940 -0.854044 

1.0 

-0.235 -0.919224 -0.924692 -0.945490 -0.914378 -0.923383 -0.949618 -0.910219 -0.919312 -0.948794 

 0.0 -0.966918 -0.984052 -1.043080 -0.951036 -0.976587 -1.059910 -0.937563 -0.967282 -1.069931 

 0.235 -1.017671 -1.047746 -1.150308 -0.989453 -1.033288 -1.182956 -0.963535 -1.018172 -1.207081 

0.1 

-1.0 

-0.235 1.311146 1.041438 0.532107 1.634584 1.135677 0.825195 1.904011 1.183691 1.054887 

 0.0 1.024423 0.767804 0.268950 1.345490 0.866613 0.460410 1.632951 0.926639 0.767460 

 0.235 0.770310 0.520966 0.015026 1.090678 0.624926 0.101100 1.391805 0.695494 0.243521 

0.0 

-0.235 -0.189167 -0.224118 -0.322391 -0.147475 -0.202476 -0.245531 -0.110242 -0.181617 -0.157014 

 0.0 -0.256355 -0.306219 -0.451177 -0.198382 -0.276214 -0.389491 -0.147557 -0.248062 -0.213402 

 0.235 -0.330091 -0.396731 -0.595048 -0.253944 -0.357451 -0.451591 -0.219228 -0.341743 -0.359690 

1.0 

-0.235 -0.781671 -0.790647 -0.819255 -0.771004 -0.784183 -0.792574 -0.758676 -0.774484 -0.782485 

 0.0 -0.828842 -0.849178 -0.916616 -0.806287 -0.836179 -0.906476 -0.784216 -0.820528 -0.854603 

 0.235 -0.879698 -0.912983 -1.025765 -0.843839 -0.892623 -0.992116 -0.812163 -0.871429 -0.908640 

β r wf
 

Pr
 

0.3m=−  
0.0m=

 
0.5m=  

0.3m=−
 

0.0m=
 

0.5m=
 

0.3m=−  
0.0m=

 

0.5m=
 

0.1 1.0 

-0.235 

1.0 
-0.781671 -0.790647 -0.819255 -0.771004 -0.784183 -0.792574 -0.758676 -0.774484 -0.782485 

3.0 -1.550055 -1.553087 -1.557303 -1.545669 -1.551595 -1.558521 -1.541313 -1.549380 -1.557955 

5.0 -2.002651 -1.994957 -1.981252 -2.010974 -2.001217 -1.981514 -2.015382 -2.004630 -1.977807 

0.0 

1.0 
-0.828842 -0.849178 -0.916616 -0.806287 -0.836179 -0.906476 -0.784216 -0.820528 -0.854603 

3.0 -1.712418 -1.751620 -1.814567 -1.669442 -1.730019 -1.828478 -1.633379 -1.709090 -1.834658 

5.0 -2.271541 -2.323837 -2.410979 -2.218727 -2.299411 -2.431056 -2.171440 -2.273730 -2.441828 

0.235 

1.0 
-0.879698 -0.912983 -1.025765 -0.843839 -0.892623 -0.992116 -0.812163 -0.871429 -0.908640 

3.0 -1.883949 -1.955255 -2.081141 -1.802616 -1.926622 -2.121864 -1.728354 -1.883160 -2.148760 

5.0 -2.571069 -2.687692 -2.887254 -2.445711 -2.634083 -2.943696 -2.334924 -2.573200 -2.982475 
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