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ABSTRACT 
 

Combinatorial methods for the analysis of finite words were 
introduced by Aldo de Luca for the study of biological 
macromolecules1. This method is based on the analysis of (right) 
special factors of a given word. Subword complexity of words is 
extended to rectangular arrays5. In this paper we consider the 
combinatorial method for the analysis of hexagonal arrays and its 
special hexagonal subarrays.  The Maximal complexity of finite 
hexagonal array in terms of the three recursive relations is arrived 
in3.  In this paper some results on hexagonal subarrays and its 
special subarrays are obtained. The main result of this paper is the 
Maximal box theorem on hexagonal arrays. 
 

Keywords: Hexagonal arrays, catenations, right (right up, left up) 
special hexagonal subarrays. 

 

1.  INTRODUCTION  
 
 Aldo de Luca introduced the 
combinatorial method for the analysis of 
finite words, for the study of biological 
molecules1.  In the combinatorial study of 
words, there were repetitions in the 
subwords of a given word.  The repeated 
subwords were classified as special factors2.  
This notion is extended to two-dimensional 
arrays in5. The study of combinatorial 
analysis of rectangular arrays finds its 
application in image analysis and pattern 
recognition. Motivated by the above 

concepts we extend this notion to a finite 
hexagonal array. If the geometrical pattern 
to be recognized is other than rectangular 
picture languages, then the combinatorial 
study of hexagonal picture languages can   
be applied to identify the pattern.   
 Hexagonal arrays and hexagonal 
patterns are found in the literature in picture 
processing and image analysis.  Kolam 
arrays were introduced by Siromoney and 
Siromoney4. Based on the operations defined 
on the hexagonal arrays and using the 
concepts in subarray complexity of arrays, 
we have defined subarray complexity of a 
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hexagonal arrays, valencies, right (right up, 
left up) special and left (left down, right 
down) special arrays are also defined.  The 
hexagonal subarray complexity (HSAC) of a 
hexagonal array and the maximal 
complexity theorem are also proved in terms 
of the recursive relations3. In this paper we 
study some interesting properties on special 
hexagonal subarrays and maximal box 
theorem for finite hexagonal arrays is 
obtained. 
 
2.  PRELIMINARIES 

 
 In this section we consider some of 

the basic concepts on the hexagonal arrays. 
The set of all hexagonal arrays over the 
alphabet ∑ is denoted by ∑**H .  A hexagonal 
picture language L over ∑ is a subset of 
∑

**H . 
 

With respect to a triad of triangular axes  
 
                  x, y, z the coordinates of each 
element of hexagonal picture can be fixed. 
 Let ∑ be a finite alphabet of 
symbols.  A hexagonal picture p over ∑ is a 
hexagonal array of symbols of ∑.   
 For example, a hexagonal picture of 
smallest size over the alphabet {a} is  

aa
aaa

aa
 of size (2, 2, 2). 

Consider hexagon of the type 
 

 
 
 
 
 
 
 Let p ∈ Σ**H .  Let ℓ denote the 
number of elements in the border of p from 
the upper left vertex to the leftmost vertex in 
the direction     called X direction, m denotes 
the number of elements in the border of p 
from the upper right vertex to the right most 
vertex in the direction of     called Y 
direction and n denotes the number of 
elements in the border of p from the upper 
left vertex to upper right vertex in the 
direction        called Z direction. 

 The directions are fixed with the 
origin of reference as the upper left vertex 
having coordinates (1, 1, 1).  The triplet     
(ℓ, m, n) is called the size of the picture p.  
For ℓ, m, n ≥ 1, Σ(ℓ, m, n)H denotes the set of 
hexagonal pictures of size (ℓ, m, n). 

 
 
 
 
 
 
 
 
 
 
 

x y 
z 

left most vertex 
(ℓ,1,1) 

upper left vertex 
(1,1,1) 

upper right vertex 
(1,1,n) 

right most  
vertex (1,m,n) 

lower left vertex 
(ℓ,m,1) 

lower right vertex 
(ℓ,m,n) 

B 

B1 

B2 
B3 

A = A = 
B 

B1 

B2 

B is said to be a suffix if B is said to be a prefix if 

A = B3     ((B      B2)     B1) A = (B     B1)     B2 
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 Six arrow head catenations, upper 
left catenation     , upper right catenation    , 
left catenation   , lower left catenation     , 
lower right catenation    , right arrow head 
catenation     are define in4.  We use these 
catenations for arriving hexagons of 
different sizes. 

 Let A be a hexagonal array of size 
(ℓ, m, n).  An array B of size (p, q, t) is a 
subarray of A, if there exist arrays B1, B2, 
B3, B4 ∈ Σ**H  for 0 ≤ p ≤ ℓ, 0 ≤ q ≤ m, 0 ≤ t 
≤ n satisfying any one of the following 
conditions. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

B 

B1 

B2 

A = A = 
B 

B1 

B2 

B is said to be a column 
suffix and row prefix if 

A = (B      B1)     B2 A = B2      (B     B1) 

B is said to be a column 
prefix and row suffix if 

B 
B1 

B2 

A = A = B 

B1 

B2 

B is said to be  
a row prefix if 

A = ((B      B1)      B2)      B3 A = (B       B1)     B2 

B is said to be  
a row suffix if 

B3 

B 
B1 B2 

A = A = B 
B1 

B2 

B is said to be a  
column prefix if 

A = (B2      (B      B1))      B3 

B3 

B3 

A = (B2       (B     B1))     B3 

B is said to be a  
column suffix if 
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3. SPECIAL HEXAGONAL SUBARRAYS 
 
 Let A be a finite hexagonal array 
over an alphabet Σ of size (ℓ, m, n).  Let 
S(A) denote the set of all hexagonal 
subarrays of A.  For any subarray B of A, we 
consider the maximal subset with respect to 
the inclusion RB of Σ**H , we denote R such 
that for all X ∈ R, B     X ∈ S(A), means 
that the subarray B occurs in the hexagonal 
array A with X in its right obtained by the 
right arrow head catenation.  Similarly we 
can consider the maximal subset LB of Σ**H  
and let us denote it by L such that for all  
X ∈ L, X     B ∈ S(A).  Similarly we can 
define the other four maximal subsets, RUB, 
RDB, LUB, LDB which occurs in right up, right 
down, left up and left down directions 
respectively. 
 We define the mapping Vr : S(A) → 
N = {0, 1, 2, ...} defined for all B ∈ S(A) as  
Vr(B) = card(R).  i.e., the integer Vr(B) is 
called the right valence of B.  Similarly we 
define the left, right up, left up, right down, 
left down valencies as Vℓ(B), Vru(B), Vℓu(B), 
Vrd(B), Vℓd(B) respectively. 
 For any B ∈ S(A), 0 ≤ Vr(B), Vℓ  

(B), Vru(B), Vℓu(B), Vrd(B), Vℓd(B) ≤ max{ℓ, 
m, n}.  

Definition 1. A hexagonal subarray B of A 
is called right special if there exist atleast 
two hexagonal subarrays B1 and B2 of Σ++H 
with B1 ≠ B2 such that B     B1, B     B2 ∈ 
S(A).  i.e., the right valence Vr(B) > 1 or 
Vr(B) ≥ 2. Similarly we can define left 
special, rightup special, leftup special, 
rightdown special, leftdown special 
subarrays. 
 
Definition 2. A hexagonal subarray B of A 
is said to be bispecial if it is special with 
respect to any two of the valencies (i.e., right 
and left, left and right up and so on). A 
hexagonal subarray B is said to be trispecial 
if it is special with respect to any three 
valencies. The right special hexagonal 
subarray of A are denoted as Sr(A).  
Similarly the other special hexagonal 
subarrays are denoted as Sℓ (A), Sℓu(A), 
Sℓd(A), Sru(A) and Srd(A) with respect to 
their valencies. 
 
For any j such that 1 < j ≤ max{ℓ, m, n}.  
We denote Sr(j, A) and Sℓ(j, A) the right 
special and left special subarrays of A of 
valence 

UU
n}m,,max[j1n}m,,max{j1

rr A)(j,S(A)S,A)(j,S(A)S
l

ll

l ≤<≤<

==  

B 
B1 B2 

A = A = B 
B1 

B2 

B is said to be a  
column prefix if 

A = (B2      (B      B1))      B3 

B3 

B3 

A = (B2       (B     B1))     B3 

B is said to be a  
column suffix if 
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Similarly we can define the other special 
subarrays of A. 
For any p, q, t ≥ 0, we have 
 
(i)  sr(j, p, q, t) = card(Sr(j, A) ∩ Σ(p,q,t)H) 
(ii) sℓ(j, p, q, t) = card(Sℓ(j, A) ∩ Σ(p,q,t)H) 
 
Here sr(j, p, q, t), sℓ(j, p, q, t) denote the 
number of right special, left special arrays of 
size (p, q, t) similarly  other special arrays 
are defined. 
 
4. RESULTS ON SPECIAL HEXAGONAL  
    SUBARRAYS 
 
 In this section, we prove some 
results on special hexagonal subarrays and 
Maximal box theorem for finite hexagonal 
arrays. 
 
Definition 3. The repeated hexagonal subarray 
B of a hexagonal array A is called maximal 
with respect to cardinality if it is not a 
proper hexagonal subarray of another 
repeated hexagonal subarray of A. 
 
Definition 4. Let A∈Σ**H  be a finite 
hexagonal array, a hexagonal subarray F of 
A is a proper box of A if  
F = (B1     (S     B2)) or F = (B1     (S      B2))  
or  
F = ((B1     S)     B2) where B1, B2 ∈ Σ++H and 
S∈ ∑**H  is a bispecial  hexagonal subarray. 
 
 We denote by hA  the set of prefixes 
of A of minimal cardinality which cannot be 
extended in the left, leftdown and right down 
directions in S(A).  Similarly kA denote the 
set of suffixes of A of minimal cardinality 
which cannot be extended in the right, 
rightdown and leftdown directions in S(A).  

The set hA is called the initial box of A.  The 
set kA is called the terminal box of A. The set 

Ah′   is the set of longest prefixes of arrays in 
hA which are repeated in A and the set Ak′   is 
the set of longest suffixes of arrays in kA 

which are repeated in A. 
 
Definition 5. A box is called maximal if it is 
not a proper subarray of another hexagonal 
array (box). The set of all boxes of A will be 
denoted by BA. By a box without 
specification we mean initial, the terminal or 
a proper box. 
 
Theorem 1. If S is a maximal right special 
hexagonal subarray of a hexagonal array A, 
then either S is at least bispecial or S ∈ Ah′  
and Vr(S) = 2. 
 
Proof. Let S be a maximal right special 
hexagonal subarray of a hexagonal array A.  
Then there exist two hexagonal subarrays 
B1, B2 ∈ Σ++H such that B1 ≠ B2 and S     B1, 
S     B2 ∈ S(A).  We consider the following 
cases: 
 

Case (i). There exist C1 and C2 ∈ Σ++H such 
that C1      (S      B1), C2     (S     B2) ∈ S(A).  
Since S is maximal, C1 ≠ C2 implies that S is 
left special and hence it is bispecial. 
 

In addition to this if there exist D1, D2 ∈ 
Σ++H such that S      D1,S     D2 ∈ S(A) where 
D1 ≠ D2, then S is rightup special. In addition 
to this if there exist hexagonal subarrays E1, 
E2 ∈ Σ++H, E1 ≠ E2 such that S     E1, S     E2 
∈ S(A) then S is right down special.  
Similarly if there exist F1, F2 ∈ Σ++H, F1 ≠ F2 
such that S     F1, S     F2 ∈ S(A) then S is 
leftup special.  Similarly we can discuss for 
left down and left directions. 
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Case (ii). Suppose S      B1 is a prefix of A, 
since S is repeated there exist a hexagonal 
subarray A2 ∈ Σ++H such that (A2       (S          
B2)) ∈ S(A).  Hence S ∈ .hA

′  
 
If the right valence of S is greater than 2, 
there would be a further occurrence of S in 
A such that S is at least bispecial in view of 
case (i).  Hence Vr(S) = 2. 
 
Theorem 2. If a repeated hexagonal 
subarray B of A is maximal then at least one 
of the following condition is satisfied. (i) B 
is at least bispecial (ii) B is one special  
(iii) B ∈ .hA′  (iv) B ∈ .kA′  
 
Proof. Let B be a prefix of A, since B is a 
repeated hexagonal subarray of A, then B ∈ 

).h( A
′   If B is a suffix of A then B ∈ .kA′  

 
We suppose that B is neither a prefix nor a 
suffix of A.  Since B is a repeated hexagonal 
subarray of A, there exist atleast two 
occurrences of B in A, such that  
(i) there exist subarrays B1, B2 ∈ Σ++H, B1 ≠ 
B2 (since B is maximal) such that B     B1,    
B   B2 ∈ S(A), this means that B is right 
special. 
(ii) there exist subarrays A1, A2 ∈ Σ++H such 
that A1      B,  A2      B ∈ S(A).  This means 
that B is left special. 
(iii) there exist subarrays D1, D2 ∈ Σ++H, D1 
≠ D2 (since B is maximal) such that B    D1, 
B    D2 ∈ S(A) means  that B is rightup 
special, similarly if D1     B, D2     B ∈ S(A) 
then B is leftdown special. 
 
(iv) there exist subarrays E1, E2 ∈ Σ++H, E1 ≠ 
E2 (since B is maximal) such that E1     B,  
E2     B∈ S(A) means that B is leftup special.  

Similarly if E1      B, E2     B ∈ S(A) means 
that B is rightdown special.  
 
Hence B is one special (that is, either right 
or left or rightup or leftdown or rightdown or 
leftup).  If the two occurrences satisfy more 
than one of the above cases then it is at least 
bispecial. 
 
Let A ∈ Σ++H be a non empty hexagonal 
array.  We denote GA, the maximal size 
(with respect to cardinality) of a repeated 
subarray of A. 
 
Theorem 3. Let A ∈ Σ++H, then GA = 
max{RA, LA, RUA, LUA, RdA, LdA, HA, KA}. 
 
Proof. Let GA = |B|, where B is a maximal 
repeated hexagonal subarray of A.  Since B 
is a maximal repeated subarray of A it is 
special (by theorem 1) with respect to any of 
the six directions namely left, right, rightup, 
leftdown, rightdown, leftup.  Since it is 
maximal, no other hexagonal subarray is 
bigger in cardinality than this.  Hence GA = 
max{RA, LA, RUA, LUA, RdA, LdA} where RA 
is the cardinality of maximal right special 
hexagonal subarray of A.  Similarly we can 
define LA, RUA, LUA, RdA, LdA. 
 
 If B ∈ ,hA

′  then GA = HA where HA 
is the cardinality of maximal subarray in .hA

′   

If B ∈ ,kA
′  then GA = KA where KA is the 

cardinality of maximal subarray in .kA
′  

 

 If B is neither a prefix nor a suffix, 
that is B is either a row prefix and a column 
suffix or a column prefix and a row suffix.  
B is not one special, then GA = HA or GA = 
KA.  Hence GA = max{RA, LA, RUA, LUA, 
RdA, LdA, HA, KA}. 



 H. Geetha, et al., J. Comp. & Math. Sci. Vol.2 (6), 780-789 (2011) 786 

Journal of Computer and Mathematical Sciences Vol. 2, Issue 6, 31 December, 2011 Pages (780-898) 

5.  MAXIMAL BOX THEOREM FOR  
  FINITE HEXAGONAL ARRAYS 
 
 In this section, we prove a theorem 
called the maximal box theorem for finite 
hexagonal arrays.  This theorem shows that 
any finite hexagonal array is completely 
determined by the initial box, the terminal 
box, column suffix and row prefix, column 
prefix and row suffix, row prefix, row suffix, 
column prefix, column suffix, the maximal 
boxes and by internally occurring hexagonal 
arrays. 
 
 For all ℓ, m, n ≥ 0, the binary 
relation n)m,,(lp  in Σ**H  defined as follows: for 

G1, G2 ∈ Σ**H , G1 n)m,,(lp  G2 if and only if 

S(G1) ∩ Σ[ℓ,m,n]H ⊆ S(G2) ∩ Σ[ℓ,m,n]H for all ℓ, 
m, n ≥ 0, we consider the equivalence 
relation ~(ℓ,m,n) = n)m,,(lp  ∩ .1

n)m,,(

−
l

p   Thus G1 

~(ℓ,m,n) G2 if and only if S(G1) ∩ Σ[ℓ,m,n]H = 
S(G2) ∩ Σ[ℓ,m,n]H where  

.}{ ΛΣΣ

1i

m

1j

n

1l

k)Hj,(i,n]Hm,,[

UUU
l

l

= = =

∪=   For all ℓ, m, 

n ≥ 0, we consider the relation ≡(ℓ,m,n) defined 
on Σ**H  as:  
for G1, G2 ∈ Σ**H , G1 ≡(ℓ,m,n) G2 if and only if   
S(G1) ∩ Σ(ℓ,m,n)H = S(G2) ∩ Σ(ℓ,m,n)H. 
 
 We now give the maximal box 
theorem for finite hexagonal arrays. 
 
Theorem 4. Let G1, G2 ∈ Σ**H  be two 
hexagonal arrays such that  
1. .kk,hh

2121 GGGG ==  

2. ).S(GB 2G1
⊆  

3. ).S(GB 1G2
⊆    

Then G1 = G2. 

Proof. We prove by induction on ℓ, m and n 
that for all ℓ, m, n ≥ 1, G1 ~(ℓ,m,n) G2. We first 
prove the base of induction, that is G1 ~(1,1,1) 
G2.  If card(alph(G1)) = 1, then 

.kkG
21 GG1 ==   Thus G1 ∈ S(G2).  We then 

suppose that card(alph(G1)) > 1.  In such a 
case, since Λ is a bispecial hexagonal 
subarray, any hexagonal subarray B1 is a 
box, since B1 is included in a maximal box, 
one has that B1 ∈ S(G2).  Thus we have G1 

(1,1,1)p  G2.  Similarly we can prove that G2 

(1,1,1)p  G1. We suppose that for ℓ, m, n ≥ 1, 

G1 ~(ℓ,m,n) G2.  We prove that G1 ~(ℓ,m,n+1) G2,  
G1 ~(ℓ,m+1,n) G2 and G1 ~(ℓ+1,m,n) G2. 
 
 Let B be a hexagonal subarray of G1 
of size (ℓ, m, n+1).  If B is a box of G1, then 
B is a hexagonal subarray of a maximal box 
and therefore by condition (2), B is a 
hexagonal subarray of G2.  Suppose B is not  
a box.  We factorize B as B = ((B1       S)      
B2), with B1, B2 ∈ Σ++H and S is not a 
bispecial hexagonal subarray of G1. 
 
 Since size(B1     S) = size(S     B2) = 
(ℓ, m, n), by the induction hypothesis that B1     
       S, S     B2 ∈ S(G2), suppose S is not a 
right special hexagonal subarray of G1, since  
B1     S is extendable in the right in G1, 

21 GG kk =  cannot be the suffix of B1    S.  

This implies that B1    S can be extended in 
the right in G2.  Thus there exists an array C 
such that (B1     S)     C ∈ S(G2).  By the 
induction hypothesis that S     C ∈ S(G1).  
Since S is not right special in G1, we obtain 
that B2 = C and thus B1     S     B2 ∈ S(G2).  
Similarly if S is not a left special hexagonal 
subarray of G1, one can prove again that 
B1      S      B2 ∈ S(G2). 
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Hence G1 1)nm,,( +l
p  G2.  Similarly we can 

prove that G2 1)nm,,( +l
p  G1.  Thus G1 ~(ℓ,m,n+1) 

G2. 
 Let B be a subarray of G1 of size (ℓ, 
m+1, n).  If B is a box of G1, then B is a 
subarray of a maximal box and therefore by 
condition (2), B is a subarray of G2.  We 
then suppose that B is not a box.  We 
factorize B as B = (B1     S)      B2, with B1, 
B2 ∈ Σ++H and S is not a bispecial subarray 
of G1.  Since (B1     S) = size(S    B2) = (ℓ, m, 
n) by induction hypothesis that B1    S, S     
B2 ∈ S(G2).  Suppose S is not a rightdown 
special subarray of G1.  Since B1    S is 
rightdown extendable in G1, 

21 GG hh =  cannot 

be the prefix of B1     S.  This implies that  
B1       S  can  be  extended  in  the rightdown 
direction in G2.  Thus there exists an array C 
such that B1      S B2 ∈ S(G2). 
 
 By induction hypothesis that S     C 
∈ S(G1).  Since S is not rightdown special in 
G1, we obtain B2 = C and thus B1     S     B2 
∈ S(G2).  Similarly if S is not an leftup 
special subarray of G1, we prove that B1     S      
      B2 ∈ S(G2).  Thus we have obtained that 
G1 n)1,m,( +l

p  G2.  Similarly we can prove that 

G2 n)1,m,( +l
p  G1.  Hence G1 ~(ℓ,m+1,n) G2. 

 Based on the above arguments we 
can prove G1 ~(ℓ+1,m,n) G2. 
 
Theorem 5. Let α be a box of a hexagonal 
array A. Then any internal hexagonal 
subarray of α is repeated in A. 
 
Proof. Let us suppose that α ∈ kA and B is 
an internal hexagonal subarray of α.  Then B 
is a subarray of Ak′  so that it is repeated in 
A.  Similarly, one reaches the same result if 

B is an internal subarray of α = hA.  We now 
suppose that α = (B1     (S     B2)) or α = ((B1      
     S)    B2) or α = ((B1     S)     B2) is a 
proper box of A (where B1, B2 ∈ Σ++H).  An 
internal subarray B of A is a subarray of S, 
which is a bispecial subarray of A.  Since S 
is a repeated subarray of A, B is also a 
repeated subarray of A. 
 
Theorem 6. The set of proper boxes of a 
hexagonal array A is equal to the set of 
proper boxes of BA. 
 
Proof. Let (B1     S)     B2, B1, B2 ∈ Σ++H be a 
proper box of A.  Since S is a bispecial 
hexagonal subarray of A, one can find arrays 
C, D ∈ Σ++H such that C ≠ B1, D ≠ B2 and C      
     S, S     D ∈ S(A).  We first suppose that 
C     S is extendable on the right in A.  That 
is there exists a hexagonal subarray E ∈ Σ++H 
such that (C     S)     E ∈ S(A), which 
implies that (C     S)     E is a box of A and 
hence it is a hexagonal subarray of BA.   
 

Since (B1    S)      B2 is also a hexagonal 
subarray of BA.  That is (B1       S)      B2 is a 
proper box of BA. 
 

 Let us suppose that C     S is not 
right  extendable  in  A.  This  implies  that  
C   S ∈ kA and thus it is a hexagonal 
subarray of BA.  Also in this case S is a left 
special hexagonal subarray of BA.  By a 
similar argument we can prove that S is a 
right special hexagonal subarray of BA.  
Hence S is a bispecial hexagonal subarray of 
BA.  Thus (B1      S)       B2 is a proper box of 
BA. 
Similarly  we  can  prove  that of  the proper 
box of A is of the form (B1       S)       B2 and 
(B1      S)     B2, where B1, B2 ∈ Σ++H, then it 
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is a proper box of BA using the concept of 
leftup, rightdown, leftdown, rightup special 
hexagonal subarrays.  Conversely, any 
proper box of BA is trivially a proper box of 
A which concludes the proof.  
 
Theorem 7. Let α be a maximal box of a 
hexagonal array A, then α is an unrepeated 
hexagonal subarray of A. 
 

Proof. Suppose the maximal box α is a 
repeated hexagonal subarray of A. The box 
α will be a hexagonal subarray of a maximal 
repeated hexagonal subarray β of A.  By 
Theorem 2 there are four possibilities. 
(i) β is a bispecial hexagonal subarray of 

A.  Since β has always an internal 
occurrence in A, it can be extended in a 
box.  The same will occur for α, which 
contradicts the maximality of α. 

(ii)  β is one special, that is either left or 
right or leftdown or rightdown or leftup 
or rightup special.  Suppose β is a right 
special hexagonal subarray of a 
hexagonal array A.  There exist 
subarrays B1, B2 ∈ Σ++H such that         
β      β1, β      β2 ∈ S(A), where B1 ≠ B2 
which contradicts the maximality of β 
and hence α is the maximal hexagonal 
subarray.  Similarly the proof can be 
given for the other (left, leftdown, 
leftup, rightdown and rightup) 
hexagonal subarrays. 

(iii)  β ∈ .hA′   In this case, it follows that α 
is a proper hexagonal subarray of the 
set of initial box hA, which contradicts 
the maximality of α as a box. 

(iv) β ∈ .kA′   In this case, it follows that α 
is a proper hexagonal subarray of the 
set of terminal box kA, which 

contradicts the maximality of α as a 
box. 

 
6.  SUPER BOXES 
 
 In this section, we introduce the 
important notion of super box which is 
strongly related to that of maximal box. 
Definition 6. We define MA = {B1      (S      
B2), 1B′      S     2B′ , 1B ′′      S      2B ′′  ∈ S(A) / 

B1, B2, 2121 B,B,B,B ′′′′′′  ∈ Σ++H, S is a repeated 
hexagonal subarray  and B1        S, S       B2, 

1B′       S,S     2B′ , 1B ′′      S  and S  2B ′′   are all 
unrepeated}.  The elements of MA are called 
super boxes. 
 
Theorem 8. Let F = B1      (S     B2) be a box 
of a finite hexagonal array A, with B1,  B2 ∈ 
Σ++H, S ∈ Σ**H  such that B1       S and S       B 
are unrepeated.  Then F is a maximal box. 
 

Proof. Suppose B1     (S    B2) is not 
maximal.  Then there exists a box α such 
that α = C1     (B1     (S     B2)     D1) where 
C1, D1 ∈ Σ**H  and C1    D1 ≠ λ.  It follows 
that either B1    S or S    B2 is an internal 
hexagonal subarray of α is (then by 
Theorem 5) a repeated hexagonal subarray 
of A which is a contradiction. 
 

Theorem 9. Any maximal box α of a finite 
hexagonal array A, such that α ∉ hA and α ∉ 
kA is a hexagonal subarray of a super box. 
 

Proof. Let α = B1     (S     B2) be a proper 
maximal box of a hexagonal array A such 
that α ∉ hA and α ∈ kA.  We consider the set 
of all hexagonal subarrays of A of the kind F 
= C1     (R     C2) where C1,C2 ∈ Σ++H and R 
is a repeated hexagonal subarray of A and α 
is a hexagonal subarray of F. 
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We take a maximal element, with respect to 
hexagonal subarray ordering, say β= D1      
(T    D2) with D1, D2 ∈ Σ++H and T ∈ Σ++H.  
We prove that β ∈ MA.  We first suppose 
that T     D2 is repeated.  If β is right or 
rightdown or rightup extendable, then one 
contradicts the maximality of β.  If β is not 
right or rightdown or rightup extendable, 
since T     D2 is repeated, then α p  β ∈ kA 

since α ∉ kA, one contradicts the maximality 
of α as a box.  This proves that T    D2 is 
unrepeated.  Similarly we can prove that  
D1     T is unrepeated. 
 

 
By similar argument we can prove the result 
for α which is in the form B1      (S      B2) 
and B1      (S      B2). 
 
7.  CONCLUSION 
 
 In this paper we have given some 
interesting properties on special hexagonal 
subarrays and maximal box theorem for  
finite hexagonal arrays is obtained. 

 

REFERENCES 
 
1. Aldo De Luca, “On the combinatorics of 

finite words”, Theoretical Computer 
Science, Vol. 218, pages 13−39, (1999). 

2. Arturo Carpi and Aldo De Luca, “Words 
and special factors”, Theoretical 
Computer Science, Vol. 259, pages 
145−182, (2001). 

3. H. Geetha, D. G. Thomas and T. Kalyani, 
“Hexagonal subarray complexity” Proc-
eedings of the International Conference 
on Mathematics and Computer Science, 
page 102−108, (2008). 

4. Gift Siromoney and Rani Siromoney, 
“Hexagonal arrays and rectangular 
blocks”, Computer Graphics and Image 
Processing, Vol. 5, (1976). 

5. T. Kalyani, V. R. Dare and P. J. Abisha, 
“Arrays, Special Subarrays and 
Computation”, International Journal of 
Applied Mathematical Analysis and 
Applications, Vol. 2, No. 1−2, Pages 
277−295, (2007). 

 
 
 
 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 


