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ABSTRACT 
 
A set D of vertices in a graph G=(V,E) is a dominating set of G if 
every vertex in V-D is adjacent to some vertex D. The domination 
number γ = γ(G) is the minimum cardinality of a dominating set . 
The upper domination number Г(G) is the maximum cardinality of 
a minimum dominating set in G. Respectively, for a total 

dominating set γ�(G) .We prove that the domination number of a 

graph of order P and minimum degree at least 2. Furthermore, we 
derive upper bounds on the domination number of graph of given 
minimum degree.   Respectively the total domination number of a 
graph is the minimum cardinality  of  a total dominating set in G.   
 
Keywords:  Domination number, cycle length, total domination 
number, girth, diameter. 
 

1.1  INTRODUCTION  
 
The Domination number γ (G) of a 

graph G=(V,E) is the minimum cardinality 
of a set D⊆V of vertices such that every 
vertex in V –D has a nieghbour in D. this 
parameter is one of the most well studied in 
graph theory and the two volume monograph 
(T. W. Haynes, S.T. Hedetniemi and P. J. 
Slater, Fundamentals  of domination in 
graphs and domination  in graphs advanced 
topic) provides an impressive account of the 
research related to this concept. 
      Fundamental results about the 
domination number γ (G)  are upperbounds 

in terms of the order P and the minimum 
degree δ of the graph G.Ore proved that 

γ(G)≤
�
� provided δ≥1. For δ≥2 and all but 

seven exceptional graphs Blank and Mc 

Cuaig and Shephered proved γ(G)≤
��
� . 

 

In Reed proved that γ (G)≤
�
�P for 

δ≥3. Bounds which are interesting for large 
minimum degree were obtained by Alon and 
Spencer,Arnautov and Payan who proved 

γ(G)≤���	
����
��� �P while all these bounds 

hold without restricting the structure of the 
graph, there are several partly quite recent 
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results that involve conditions on the girth of 
the graph, that is the length of a shortest 
cycle in the present chapter we consider the 
domination number of graphs of 
minimumdegree  under different conditions 
related to graphs. We prove a best possible 
bound on the domination number of graph of 
minimum degree and maximum degree       
∆ (G). The domination number of a graph G 
is the minimum cardinality of dominating set 
in G. respectively the total domination 
number of a graph G denoted by γ�(G) is the 
minimum cardinality of a total dominating 
set in G, clearly γ(G)≤γ�(G), also it has been 
proved that γ�(G)≤2γ(G).The upper bound 
for γ�(G) has been achieved   by  Cockayne  
and Hedetniemi. 
 
Theorem 1.1.1: if G is a graph without 
isolated vertices, and D is a minimal 
dominating set, then V-D contains a minimal 
dominating set .Proof: Let D be any minimal 
dominating set of G . Assume vertex uϵD,is 
not dominated by any vertex in V- D since G 
has a no isolated vertices, u must be 
dominated by at least one vertex in D-�u�, 
that is, D-�u�  is a dominating  set, 
contradicting the minimality of D. thus 
every vertex in D is a dominated by at least 
one vertex in  V-D ,and V-D is a dominating 
set . 
 

Theorem1.1.2 :A dominating  set D is a 
minimal  dominating set iff each vertex 
u∈D, one of the following two conditions 
holds; (I) u is an isolated vertex of D.  (ii) ∃ 
a vertex  v∈V-D, for which N(v)∩D=�u�. 
Proof: Assume that, D is a minimal 
dominating set of  G . then for every vertex 
u ∈D, D- �u� is not a dominating  set, This 
means that some vertex v in V-D∩�u�   is 

not dominated by any vertex in D- �u� , 
Now either v=u, in which case u is an 
isolated of D or v∈V-D, If v is not 
dominated by D-�u�, but is dominated by D. 
then vertex v is adjacent only to vertex u in 
D, that is N(v)∩D=�u�. Conversely, suppose 
that D is a dominating set and for each 
vertex u∈D,  one of  the two stated 
conditions holds, we show that D is a 
minimal dominating set , Suppose that D is 
not a minimal dominating set , that is, there  
exists a vertex u∈D such that D- �u�, that is  
condition(i) does not holds. If D-�u�, is a 
dominating set, then every vertex in D is 
adjacent to at least one vertex in D-�u�, that 
is, condition(ii) does not hold for u. Thus 
neither condition (I) nor (ii) holds , which 
contradicts our assumption that at least one 
of these conditions holds .Definition: the 
domination number γ (G)of a graph G equals 
the minimum cardinality of a set in 
MDS(G), or equivalently, the minimum 
cardinality of a dominating set G. The upper 
domination number �(G) equals the 
maximum cardinality of a set  in MDS(G), 
or equivalently , the maximum cardinality of 
a minimal dominating set of G. Dominating 
set of minimum cardinality is called γ-set of 
G. The minimum cardinality of an 
independent  domi nating set of G is the 
independent domination number i(G). 
 

Theorem1.1.3: If D is an independent 
dominating set, then D is both minimal 
dominating set and a maximal independent 
set. conversely, if D is a maximal 
independent set then D is an independent 
dominating set of G . 
 

Theorem 1.1.4 : For any graph G of order P 

that has no isolated vertices, then γ(G) ≤
�
� . 
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Theorem 1.1.5: For any graph G, 
�

��∆�� ≤ γ 

(G) ≤ p − ∆ (G). 
Proof : Let D be a γ – set of G, now first we 
consider the  lower bound . Each vertex can  
dominate at most itself  and ∆ (G) other 

vertices . Hence , γ (G)≥
�

��∆�� .  For the 

upper bound, let v be a vertex of maximum 
degree ∆(G). Then v dominates ��v
 and the 
vertices in V−��v
 dominate themselves . 
Hence, V −��v
 is a dominating set of 
cardinality �−�(G), So γ(G) ≤ �−�(G) . 
 
Theorem 1.1.6: If G has degree sequence 
(d�,��,��,,,,,�
 ) d�≥d���, then γ(G) ≥ 

min�k; k � �d��������,,,,��� � P�.  
Proof : The easy proof of the above 
theorem. It follows from the proof of the 

theorem 1.1.5, that γ (G)=
�

��∆��, iff G has a 

γ – set D such that ��u
∩��v
 = 0 , for all 
u, v ∈D and |Ν�v�| = �(G), ∀ v ∈ D. For  
example the collection of stars t��.∆ and 

cycles C�� have � = t = 
�

��∆ . we note that a 

set D is a 2 – packing  if   for each pair of 
vertices  u, v ∈D ,  ��u
∩��v
 = 0 . The 
packing number ρ(G) is the cardinality of a 
maximum  packing . Hence , the packing 
number provides another lower bound on 
γ(G) . 
 
Theorem 1.1.7:   
 
(i) For any graph G, ρ(G) ≤ γ(G) .  

(ii) For any graph G , γ(G) ≤(P+1-(δ(G)-

1)
∆��
���)⎮2 , 

(iii) If a graph G has no isolated vertices , 

then γ(G)≤ 
�������

� , 

 (iv) If a graph G has no isolated vertices and 

γ(G)≥3, then γ(G)≤
�������

� , 

 
Theorem1.1.8: If  G is a graph with P 
vertices and domination number γ where 
2≤γ≤P ,  
then the number of  edges of G is at most 

��
� �P � γ�G��P � γ�G�� � 2��.  

Proof : Let G be a graph with γ(G)≥2, we  
proceed by induction on the order P . If P=2, 
then G is either k� �� k�

� and the inequality is 
satisfied . Assume that every graph G having 
order less then P and γ(G)≥2, satisfied the 
inequality .We first consider graphs G 
having γ(G)≥3, Let v be a vertex of 
maximum degree ∆(G). Then, by theorem 
1.1.5,|N	v�|=∆(G)≤ P−γ(G).That is, |N	v�|= 
∆(G)=p− γ(G)− r, where 0≤ r ≤p− γ(G). Let 
D=V − N�v. Then |D| = γ(G)+ r−1, If u 
∈N(v), then the set (D−N(u))∪�u, v� is a 
dominating set of G, and therefore 
γ(G)≤|D � N	u| +2. Thus , γ(G)≤ γ(G)+ r− 
1− |D � N	u�| +2, and so |N	u� � D| ≤ r+1, 
for each vertex  u∈N(v). Hence, the number, 
say m�, of edges between N(v) and D is at 
most ∆(G).(r+1). Furthermore, if S is a γ – 
set of �D�, then S ∪ �v� is a dominating set 
of G. Hence, γ (G)≤|S � �v�|, implying that 
γ (�D�)≥γ (G) – 1 ≥ 2 , By the inductive 
hypothesis, the number of edges in �D�, say 
m�, is m� 

 

≤ ��|� |�����	
����	�����	
�



�    ≤ ���������������������������������
� �    = 

�����
� . 
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               Let m� =|E�"N�v�$|. Now vertex v is adjacent to ∆(G) edges and each vertex u ∈ 
N(v) has degree at most ∆(G). The edges between D and N(v) account for at most r+1 edges 
incident to each u ∈ N(v). Thus the following inequality applies for the size of G.  
 

m=m�+m�  ≤ ∆(G)(r+1)+
�����

�  +∆(G)+
∆���∆������

�  

    = ∆ (G)(P-γ(G)- ∆(G)+1+
�������∆���������∆����

�  +∆(G)+
∆����∆����������

�  

                          =
�������������

� −
∆���������∆��

�   ≤ �P�γ�G��P�γ�G��2
2  . 

 
Theorem 1.1.9: If a graph G has γ(G) ≥ 2, 
and ∆(G)≤P- γ(G)-1, then,  

m ≤
��������������

� . 

Proof : From the proof to theorem2.2.8  we 
have  

m≤���������������∆���������∆��
� � 

 
Using elementary calculus, we see 

that this parabolic upper bound has a 

minimum at ∆(G)=
������

� . Thus it suffices 

to apply the bound for ∆ (G) =P-γ(G)-1 and 
∆(G)=1. In both cases  

m ≤� �����!����������
� �. 

 
Theorem 1.1.10: If a graph G has no 

isolated vertices, then γ(G)≤

���	�����
��



�����  . 

Proof: Let P=l
(δ(G)+1)/(δ(G)+1).  
Construct a dominating set as follows , 
select a set of vertices A, where each vertex 
is selected independently with the 
probability P. The expected value of A is np. 
Let B=V−N�A
, that is , set B is not 
dominated by A. clearly D=A∪B, is a 
dominating set  we show that the expected 
value of B is at most ne������. A vertex v 
is in B iff no vertex from N�v
 is in A.So the 
probability that v is in B is �1 �

P����"# �%. since  e�& ≥ 1−x  for any non 
negative real number  x, and deg(v) ≥δ(G), it 
follows that the probability that v is in B is 
at most e������ , thus the expected value 
of |B| is at most  n e������ . Hence , the 
expected value of |D| is at most  n 
(p+e������)= n(1+ln�δ � 1�/δ+1 .  
 
Theorem 1.1.11 : 
(i) If a graph G has  diam(G) = 2 , then 
γ(G)≤ δ(G) 
 (ii)If γ(G) ≥ 3 , then  diam (G)≤ 2  (iii)If a 
graph G has no isolated vertices and  

diam(G)≥ 3 , then γ(�)=2 , 

Proof: Let x and y  be vertices of G such 
that d(x, y) = diam(G) ≥ 3. obviously , x and 

y  dominate �  Since there is no vertex in G 

adjacent  to both  x and y . hence �x , y� 

dominates �  and γ(�)≤ 2 , If γ(�)=1,then G 

has an isolated  vertex , contrary to the 
hypothesis . (ii)If G is not connected , let  
diam(G)=∞.the  contrapositive of theorem 

determines γ(�)for any graph G having  

diameter at least three . 
 
Theorem 1.1.12: For any connected graph 

G���'(����
� � ≤ γ(G) . 
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Proof: Let D be a γ- set of a connected 
graph G. consider an arbitrary path of length 
diam(G). This  diametral path includes at 
most two edges from the induced sub graph "N�v
$ for each v∈ D .Further more , since 
D is a γ- set , the diametral path includes at 
most γ(G)- 1 edges joining the 
neighborhoods of the vertices of D . Hence , 
diam(G)≤ 2γ(G)+γ(G)- 1 =3γ(G) – 1 . 
 
Definition : The length of a shortest cycle in 
a graph G that contains cycles is the girth 
g(G). A cycle with length g(G) is called  g – 
cycle . knowing the girth helps to ascertain 
bounds on the domination number of G . 
Brigham and Dutton obtained several 
bounds along these lines . 
 
Theorem 1.1.13 :If a graph G has δ(G)≥2 

and g(G)≥5, then γ(G)≤ ����#��\�
� �. where 

g(G) is the length of a shortest  cycle in a 
graph  G .  
 
Proof: Let G be a graph with δ(G)≥2 and 
g(G)≥5, Remove a g – cycle from G to from 
graph G| . Suppose a vertex  v∈V(G|) has 
two neighbors , say x and y on the g – cycle 
which was removed from G . If d(x, y) ≤ 2, 
then v, x and y are on either a c� or c+in G. 
contradicting  the hypothesis that g(G)≥ 5. If  
d(x , y ) ≥3, then replacing the path from x 
to y on the  g – cycle with the path  x , v, y 
reduces  the girth of G , a contradiction.  
 

Hence no vertex in G| has two or more 
neighbors on the  g – cycle . since  δ (G) ≥ 2, 
the graph  G| has minimum degree at least  δ 
(G) - 1≥ 1. Therefore, Ore’s theorem implies 

that γ(G| )≤���#��
� �. Observe that in general 

a cycle with length  g can be dominated by 

1#�,�
�

-
� 2 vertices .Hence , γ(G) ≤���#��

� � 
+1#���,���


�
-

� 2 

 
Theorem 1.1.14: For any graph G,  
(i) if g(G) ≥5, then γ(G)≥δ(G).                                                                  
(ii) if g(G)≥ 6, then γ(G)≥2�δ�G� � 1� 
Proof: Let D be a γ – set of G . The 
inequalities are trivially true for δ(G) = 1, so 
let δ(G)≥2. By the theorem 2.2.5 γ (G)≤p − 
∆(G)≤p –δ(G)≤p – 2  implying that |V �D|≥2, Let u ∈V−D. If a vertex  of D 
dominates  two or more vertices in N(u), 
then a cycle C�or C+ is formed, 
contradicting that g(G)≥5. Hence each 
vertex in N(u), so γ(G)≥|N�u�| ≥δ(G).  Let 
g(G)≥6 , if there are adjacent vertices u and 
v in V – D, then each vertex of D can 
dominate at most one vertex in N(u)∪N(v) –�u , v, �. Thus γ(G)≥|N�u�|+|N�v�|-2≥2 
(δ(G) – 1). If V –D is independent and �u , v�⊊V – D, then N(u)⊊ D and N(v) ⊊D. 
Furthermore, since g(G)≥6, |N�u� 4N�v�|≤1, and again γ(G)≥|N�u�|+|N�v�| -
1≥2(δ(G) -1).  
 
Theorem 1.1.15: If a graph G has δ(G)≥2 
and g(G)≥7, then γ(G)≥∆(G).  
 

Proof: Let D be a γ –set of G and v a vertex 
of maximum degree. If v∉D, then an 
argument similar to the proof  theorem3.2.2 
shows that γ(G)≥∆(G). Let v∈D,  

N(v)=5v� %,,,,,,,,,�∆
6, and u� be a second 

neighbor of v�, for 1≤i≤∆(G). since  g(G)≥7, 
N(v) is an independent set and no pair of 
vertices in N(v) have a common neighbor in 
V –D. Hence, the u� are distinct. Again since 
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g(G)≥7, no two vertices of 5u� ,. ,,,,,   .�∆
6 

have a common neighbor .Thus , each u� is 
either in D or has a  distinict  neighbor in D. 
It follows that γ(G)≥∆(G)+ 1. 
 
Theorem 1.1.16: If G is a graph having p-
vertices and q-edges then   

q≤� �����!��������
� �. 

 

Definition : A graph is ‘planar’ if it can be 
drawn  in the plane with no crossing edges 
.Macgillivray and Seyffarth  studied the 
problem of domination number of planar 
graphs with small diameter.They determined 
the following upper bound. 
 

Theorem1.1.17:  
(i)If G is a planar graph of diameter two, 
then γ(G)≤3. 
(ii)If G is a planar graph with diameter three, 
then γ(G)≤10. 
(iii)If G is an outer planar graph with 
diameter two, then γ(G) ≤2 .  
(iv)Let G be an outer planar graph with 
diameter three then γ(G)≤3 . 
 

Theorem 1.1.18 :(i)For any graph G of 
order p such that G and G� have no isolated 

vertices, γ+γ�≤��
��+2 (ii)For any graph 

G≠k�×k� such that G and G� have no 

isolated vertices , γ+γ� =
�
�+2 iff either γ  or 

γ� =
�
�. (iii)If γ�≥3, then diam (G) ≤2, (iv) If 

G has no isolates and diam (G) ≥3, then γ�  
=2.  
 
1.2: TOTAL DOMINATING SETS IN  
       GRAPHS 
 
Theorem  A  If a graph G has no isolated 
vertices , then γ/ (G) ≤p−∆(G)+1 . 

Theorem  B  If G is a connected graph and 
∆(G)<p −1 , then γ/(G)≤ p− ∆(G). 
             As a result of the above theorems, if 
G is a graph with γ/(G) = p −∆(G)+1, then 
∆(G)≥ p −1 . Hence , if G is  a k – regular 
graph and γ�(G) = p−k +1 , then G is k0, As 
a result of the above theorems , if G is a 
graph with 7/(G) = p−∆(G)+ 1 , then ∆(G)≥ 
p −1, Hence , if G is a  k – regular graph and γ/(G)= p– k + 1. then G is  K0. Total 
domination and upper bounds on the total 
domination number in graph were 
intensively investigated. Here we 
characterize bipartite graphs and trees which 
achieve the upper bound in Theorem A . 
Further we present some another upper and 
lower bounds for γ� (G). Also , for circular 
complete graphs , we determine the value of γ/(G). It is easy to prove that for p ≥3, 

γ/(C0)= γ�(P�)=
0
1 if p=0 (mod 4) and 

γ�(C�)= γ�(P�)=��
��+1 otherwise . for the 

definitions and notations not defined . 
 
1.3. OTHER BOUNDS FOR 7/(G)  
 
Theorem  1.3.1 Let G be a connected graph, 

then γ�(G)≥� �
∆���. 

 
Proof : Let D ⊊V(G) be a total  dominating 
set in G . Every vertex in D dominates at 
most ∆(G)−1 vertices of V(G)−D and 
dominate at least one of the vertices in D 
.Hence , |D|(∆(G)−1)+|D|≥p .Since , D is an 
arbitrary total dominating set, then  
 

γ�(G)≥� �
∆���. If G=C+�, or G=P+� then 

γ�(G)=� �
∆���. So the above bound is s harp.  
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Theorem 1.3.2 . Let G be a graph with 
diam(G) = 2 then , γ� (G)≤�(G)+1.  
Proof : Let x∈V(G) and deg(x) =�(G). 
since, diam(G) =2, then N(x) is a dominating 
set for G. Now D=N(x)∪�x� is a total 
dominating set for G and |9|=�(G)+1. 
Hence, γ�(G)≤�(G)+1. As we know , γ�(C�) 
=3 and also �(C�)=2, diam(C�)= 2 then γ�(C�)=�(C�)+1.  Hence , the above bound 
is sharp. 
 
Theorem 1.3.3 : If G is a connected graph 
with the girth of length g(G)≥5 and �(G)≥2,  

then 7/ (G)≤p –�2�3
1 � + 1 . 

Proof : Let G be a connected graph with 
g(G) ≥5 and let C be a cycle of length g(G) . 
Remove C from G to form a graph G. 
Suppose an arbitrary vertex v∈V(G’) , since 
�(G)≥2, then v has at least two neighbors 
say x and y . Let x , y ∈C . If d(x ,y)≥3, then 
replacing the path from x to y on C with the 
path x,v,y reduces the girth of G, a 
contradiction . If d(x,y)≤2, then x,y,v are on 
either C� or C+ in G, contradicting the 
hypothesis that g(G)≥5, Hence , no vertex in 
G’ has two or more neighbors on C. Since 
�(G)≥2, the graph G’ has minimum degree 
at least �(G)−1≥1.Then G’ has no isolated 
vertex . Now let D’ be a γ� - set for C. Then 
D=D’∪V(G’ ) is a total dominating set for 

G. Hence , γ� (G) ≤p−�#��
� � +1  

 

Theorem 1.3.4 : Let G be a bipartite graph 
with no isolated vertices . Then γ� (G)=p  
−∆(G)+1, if f G is a graph in form of K�,�∪ r K�, for r≥0 . 
Proof : If G is K	,�∪ r K�(r≥0), clearly γ�(G)=p − ∆(G)+1 . Now let G be a bipartite 
graph with partitions A∪B and x ∈A where 

deg(x) =∆(G) = t . We continue our proof in 
four cases: 
Case  1 : We claim that for every vertex 
y∈A −�x� , N(y) –N(x)≠0 .If it is not true. 
there exists a vertex in A −�x�, say  y , such 
that N(y)⊊N(x) . So let u ∈N(y), the set D= 
V – (N(x)∪�y�) ∪�u� is  a total dominating 
set and |D|= p - ∆(G), a contradiction . So 
we have n ≥2|A|+∆(G) – 1. 
Case 2 : For every vertex y ∈A, let u4∈ N 

(y). Clearly the set D=A∪(:456 �u4�) is a 

total dominating set for G and |D|≤2 |A|, so γ�(G)≤ 2 |A|. Now let y∈A - �x� such that |N�y� �  N�x�|≥2 . Hence , we  have : p≥ 2 |A| +∆(G)⤇γ�(G)+ ∆ (G) – 1 ≥2 |A|+ ∆ 
(G)⤇γ�(G) ≥ 2 |A| + 1. a contradiction.  
Hence, for every  y∈A - �x�, |N�y� �N�x�| = 1 .  
Case  3 : Let y ∈ A  - �x� and N(y)∩N(x) ≠0 
.Let u ∈N(y )∩N( x). Now , D =(V –
N(x)∪�y� )∪�u� is a total dominating set 
and |D| =p - ∆ (G), So γ�(G) ≤ p - ∆ (G), a 
contradiction . 
Case 4 : Let y , z ∈A - �x� and N(y ) ∩ N ( 
z) ≠ 0 . Now D = ( V – (�z� ∪ N( x)) ∪ �u� , 
where u ∈ N( x) , is a total dominating  set 
and |D| = p - ∆ (G). So , γ�(G) ≤ p - ∆ (G) , 
a contradiction . Hence , G is a graph in 
form  of K�,� ∪ r K� . 
Corollary  1 : Let T is a tree , then γ� (T)  = 
p- ∆ ( T) + 1  iff  T is a star . 
 
Definition : If p and q are positive integers 
with p ≥2q then circular complete graph K� ,7 is the graph with vertex set 

5v�,%,….����
6in which v� is adjacent to v8 if 

and if d ≤|i � j|≤ p– q . we determine the 
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total domination of circular complete graphs. 
It is easy to see that K�,�is the complete 

graph K� and K�,�is a circle on  n vertices 
,therefore we assume that q≥3. 
 
Theorem 1.3.5 : For p≥4q– 2 and d ≥3, γ�(K�,7 ) =2.  

Proof: Clearly , γ�(K� 7) ≥ 2. Let D= 

5v9,%� ��6. We will show that D is a total 

dominating set for K�7 . Since p≥4q-2 and 
2q – 1 ≤2q , then 2q - 1≤p–q, Also 2q – 1 ≥q 
since q≥3. Thus q≤2q – 1 ≤p –q and v9v�7��∈(K�,7 ). By definition of K�,7 , v9 

is adjacent to each of the vertices v�, v7��,…, v��7.  Now for each 1 ≤i≤q– 1 we 
have p –q+I –(2q– 1)=p– 3q + i+ 1 ≥4q– 2 -
3q + i +1 ≥q and p–q + i – (2q -1)=p – 3q 
+i+1≤p– 3q+q=p-2q<p-q thus v�7��, is 
adjacent to each of the vertices v��7��,….,v���.On the other hand , for 
each 1≤i≤q-1, we have  2q-1-i≤2q-2≤3q-
2≤p-q , and 2q-1-i≥2q-1-q+1=q. Hence , v�7��, is adjacent to each of the vertices v9, 

v�,…., v7�� and so D is a total dominating 

set for K�,7and γ�(K�,7)= 2. 
 
Theorem 1.3.6 : For 3q≤p≤4q – 3 and q≥3, γ�(K�7)=3.  
 

Let D=�v�,�,�����
�. We prove that D is a γ� 

(K��) – set . Since q≤2q-2 ≤p – q, G�D 
contains no isolated vertices . Clearly , v� 
and v� are adjacent to each of the vertices 
v�, v���, …., v���, and v��, v����,…., 
v��� respectively . For 1≤i≤p-1, we have 2q-
1-i≤2q-1- q+1=q and 2q  −1-i≤ 2q -2 ≤ 2q ≤ 
p-q. Thus v���� is adjacent to each of the 

vertices v�, v�, …. , v���. Hence D is a total  
dominating set for K�,� and so γ�(K��) ≤ 3 . 
Now we prove that there is no total 
dominating set for K� ,� of size 2 . Let 
D’=�u , v , � be a γ�(K� ,��– set . without loss 
of generality , let u=v� and v=v�. Clearly , q 
≤j ≤p -q. Since v� , v�����∉E(K� ,�),  q ≤p –
q +1-j ≤p –q and so 1≤ j ≤ q+1 . Thus , j=q  
or j=q +1 . In both cases , D’ is not a total 
dominating set since v� , v�, …. , v���  are 
not dominated by D’ a contradiction . This  
completes the proof 
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