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ABSTRACT 

 
The Graceful labeling of a graph G with q edges means that there is an 

injection g : V(G) to { 0,1, 2, ..., q} such that, when each edge uv is assigned the label 

|g(u)-g(v)|, the resulting edge labels are {1, 2, 3, ...q}. A graph which admits an 

graceful labeling is called an graceful graph. In this paper we will prove for each k 

≥1, the complete m-point projection (m≥1) on the disjoint and adjoint vertices of n-

layered linear kC4-snake are graceful and odd-graceful. 
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1.  INTRODUCTION 

  

In 1967 Rosa8 introduced β-labeling and later it was renamed as graceful labeling. A 

graceful labeling of a graph G with n-edges is an injection g : V(G) →{0, 1, 2, ..., n} with the 

property that the resulting edge labels are also distinct where an edge incident with vertices u 

and v is assigned the label | g(u)-g(v) |. A graph which admits graceful labeling is called a 

graceful graph. Gnanajothi5 in 1991 defined a graph G with q edges to be odd-graceful if there 

is an injection g from V(G) to { 0, 1, 2, ...2q-1} such that, when each edge xy is assigned the 

label |g(x)-g(y)|, the resulting edge labels are {1, 3, 5, ..., 2q-1}. 

A kC4 -snake graph was first introduced by Barrientos2 as a generalization of the 

concept of triangular snake introduced by Rosa9 and he proves that kC4 -snakes are graceful. 

A kC4 -snake is a connected graph with k blocks, each of the block is isomorphic to the cycle 

Cn, such that the block-cut-vertex graph is a path. By a block-cut-vertex graph of a graph G 

we mean the graph whose vertices are the blocks and cut-vertices of G where two vertices are 

adjacent if and only if one vertex is a block and the other is a cut-vertex belonging to the block. 

We also call a kC4 -snake as a cyclic snake. Let u1, u2, u3, ..., uk-1 be the consecutive cut-vertices 
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of G and  di be the distance between ui and ui+1 in G for 1≤ i ≤ k - 2 the string (d1,d2, . . . dk -2) 

of integers characterizes the graph G in the class of n-cyclic snakes. If the string of given  kCn 

-snake is (⌊
𝑛

2
⌋ , ⌊

𝑛

2
⌋ , ⌊

𝑛

2
⌋ , … . , ⌊

𝑛

2
⌋), we say that kCn -snake is linear. Badr1 defines a linear cyclic 

snake (m, k)Cn as the graph  consisting of k copies of Cn with two non-adjacent vertices in 

common where every copy has m copies of Cn and the block-cut-vertex graph is not a path, 

and he proves that the linear cyclic snakes (m, k)C4-snake and (m,k)C8-snake are graceful. We 

name this as m-layered kCn-snake and prove for each k ≥1, the complete m-point projection 

(m≥1) on the disjoint and adjoint vertices of n-layered kC4-snake are graceful and odd-graceful. 

Definition 1.1. The adjoint vertices of kC4 -snake is the set of union of cut vertices and two 

non-adjacent vertices of cut vertices of kC4 -snake. The disjoint vertices of kC4 - snake is the 

set of union of adjacent vertices of cut vertices of kC4 -snake. So there are k +1adjoint vertices 

and 2k disjoint vertices.  

Definition 1.2. The complete m-points projection (m ≥1) on some projected vertices (say l ) 

of a graph H(p,q) is the Super graph G(N,M) of H(p,q) by adding m isolated vertices (Nm) to 

the vertices set of H(p,q) and adding complete bipartite edges (ml edges ) between the sets 

A&B, where A is the set of newly added m isolated vertices (Nm) and B is the set of  l -projected 

vertices of the graph H(p,q). So the number of vertices of the super graph G is N = p + m and 

the number of edges of the super graph G is M = q + ml .  
 

2. MAIN RESULTS 
 

Theorem 2.1. The complete m-point projection (m≥1) on the disjoint vertices of n-layered 

kC4-snake for each k ≥1 are graceful. 

Proof: Let G be the complete m-point projection on the disjoint vertices of n-layered kC4-

snake. Let u1, u2, u3, ..., uk, uk+1, be the k+1 adjoint vertices, For 1≤ i ≤ n , v1
i, v2

i, v3
i, ...vk

i and 

w1
i, w2

1, w3
i, ..., wk

i be the disjoint vertices and the m isolated vertices be y1, y2, y3, ..., ym. Then 

|E(G)|=2nk(m+2). Let the graph G be described as indicated in below figure. 

 
Figure 1: Naming of complete m-point projection on the disjoint vertices of n-layered kC4 –snake 
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Define g : V(G) → {0, 1, 2, …, 2nk(m+2)} by 

g(yi) = 2nk(i-1)   1≤ i ≤ m 

g(ui) = 2mnk+2n(i-1)   1≤ i ≤ k+1 

g(wi
j) = 2nk(m+2)-(j-1)-2n(i-1) 1≤ i ≤ k , 1≤ j ≤ n 

g(vi
j) = 2nk(m+2)-n-(j-1)-2n(i-1) 1≤ i ≤ k , 1≤ j ≤ n 

Let S={ g(yi) |1≤ i ≤ m, g(ui) |1≤ i ≤ k+1, g(wi
j) | 1≤ i ≤ k ; 1≤ j ≤ n, g(vi

j) | 1≤ i ≤ k; 1≤ j ≤ n} 

={ g(y1), g(y2), ...., g(ym), g(u1), g(u2), ...., g(uk+1), g(w1
1), g(w1

2), …,g(w1
n), g(w2

1), g(w2
2), 

…,g(w2
n),..., g(wk

1), g(wk
2), …,g(wk

n), g(v1
1), g(v1

2), …,g(v1
n), g(v2

1), g(v2
2), …,g(v2

n),..., g(vk
1), 

g(vk
2), …,g(vk

n)}={0, 2nk, 4nk, ..., 2nk(m-1), 2mnk, 2mnk+2n, ..., 2mnk+2nk, 2nk(m+2), 

2nk(m+2)-1, ..., 2nk(m+2)-(n-1), 2nk(m+2)-2n, 2nk(m+2)-2n -1, ..., 2nk(m+2)-2n -(n-1), ..., 

2mnk+2nk+2n, 2mnk+2nk+2n-1, 2mnk+2nk+n+1, 2nk(m+2)-n, 2nk(m+2)-n -1, ..., 

2nk(m+2)-2n +1, 2nk(m+2)-3n, 2nk(m+2)-3n-1, 2nk(m+2)-4n+1, 2mnk+2nk+n, 

2mnk+2nk+n -1, 2mnk+2nk-1}={0, 2nk, 4nk, ..., 2nk(m-1), 2mnk, 2mnk+2n, ... 2mnk+2nk, 

2mnk+2nk-1, ...., 2nk(m+2)-1, 2nk(m+2)}             (1) 

Consider edge sets E1, E2, E3, E4, E5, E6 as follows 

E1 = {|g(wi
j)- g(ui)|; 1≤ i ≤ k , 1≤ j ≤ n} 

={|g(w1
1)- g(u1)|, | g(w1

2)- g(u1)|, ..., |g(w1
n)- g(u1)|, ..., |g(wk

1)- g(uk)|, |g(wk
2)- g(uk)|, ..., |g(wk

n)- 

g(uk)|}={|2nk(m+2)-2mnk|, |(2nk(m+2)-1)-2mnk|, ..,|(2mnk+4nk-n+1)-2mnk|, ..., 

|(2mnk+2nk+2n)-(2mnk+2nk-2n)|, |(2mnk+2nk+2n-1)- (2mnk+2nk-2n)|, ..., |(2mnk+2nk+ 

n+1)- (2mnk+2nk-2n)|}={4nk, 4nk-1, ..., 4nk-n+1, ...,  4n, 4n-1, ...,3n+1} 

E2 = {| g(wi
j)- g(ui+1)|; 1≤ i ≤ k , 1≤ j ≤ n} 

={|g(w1
1)- g(u2)|, | g(w1

2)- g(u2)|, ..., |g(w1
n)- g(u2)|, ..., |g(wk

1)- g(uk+1)|, |g(wk
2)- g(uk+1)|, ..., 

|g(wk
n)- g(uk+1)|}= {|2nk(m+2)-(2mnk+2n)|, |(2nk(m+2)-1)-(2mnk+2n)|, ..,|(2mnk+4nk-n+1)-

(2mnk+2n)|, ..., |(2mnk+2nk+2n)-(2mnk+2nk)|, |(2mnk+2nk+2n -1)- (2mnk+2nk)|, ..., 

|(2mnk+2nk+n+1)- (2mnk+2nk)|}={4nk-2n, 4nk-2n-1, ..., 4nk-3n+1, ...,  2n, 2n-1, ..., n+1} 

E3 = {| g(vi
j)- g(ui)|; 1≤ i ≤ k , 1≤ j ≤ n} 

={|g(v1
1)- g(u1)|, | g(v1

2)- g(u1)|, ..., |g(v1
n)- g(u1)|, ..., |g(vk

1)- g(uk)|, |g(vk
2)- g(uk)|, ..., |g(vk

n)- 

g(uk)|}={|(2nk(m+2)-n)-2mnk|, |(2nk(m+2)-n-1)-2mnk|, ..,|(2mnk+4nk-2n+1)-2mnk|, ..., 

|(2mnk+2nk+n)-(2mnk+2nk-2n)|, |(2mnk+2nk+n -1)- (2mnk+2nk-2n)|, ..., |(2mnk+2nk-1)- 

(2mnk+2nk-2n)|}={4nk-n, 4nk-n-1, ..., 4nk-2n+1, ...,  3n, 3n-1, ...,2n-1} 

E4 = {| g(vi
j)- g(ui+1)|; 1≤ i ≤ k , 1≤ j ≤ n} 

={|g(v1
1)- g(u2)|, | g(v1

2)- g(u2)|, ..., |g(v1
n)- g(u2)|, ..., |g(vk

1)- g(uk+1)|, |g(vk
2)- g(uk+1)|, ..., |g(vk

n)- 

g(uk+1)|}={|(2nk(m+2)-n)-(2mnk+2n)|, |(2nk(m+2)-n-1)-(2mnk+2n)|, ..,|(2mnk+4nk-2n+1)-

(2mnk+2n)|, ..., |(2mnk+2nk+n)-(2mnk+2nk)|, |(2mnk+2nk+n -1)- (2mnk+2nk)|, ..., 

|(2mnk+2nk-1)- (2mnk+2nk)|}={4nk-3n, 4nk-3n-1, ..., 4nk-4n+1, ...,  n, n-1, ...,1} 
 

E5 = {|g(yz)- g(wi
j)|; 1≤ i ≤ k , 1≤ j ≤ n, 1≤ z ≤ m } 

={|g(y1)- g(w1
1)|, |g(y1)- g(w1

2)|, ..., |g(y1)- g(w1
n)|..., |g(y1)- g(wk

1)|, |g(y1)- g(wk
2)|, ..., |g(y1)- 

g(wk
n)|..., |g(ym)- g(w1

1)|, |g(ym)- g(w1
2)|, ..., |g(ym)- g(w1

n)|..., |g(ym)- g(wk
1)|, |g(ym)- g(wk

2)|, ..., 

|g(ym)- g(wk
n)|}= {|0-(2nk(m+2))|, |0-(2nk(m+2)-1)|, ..., |0-(2mnk+4nk-n+1)|, ..., |0-

(2mnk+2nk+2n)|, |0-(2mnk+2nk+2n-1)|, .., |0-(2mnk+2nk+n+1)|, ..., |2nk(m-1)-(2nk(m+2))|, 

|2nk(m-1)-(2nk(m+2)-1)|, ..., |2nk(m-1)-(2mnk+4nk-n+1)|, ..., |2nk(m-1)-(2mnk+2nk+2n)|, 



 G. Sankari, et al., Comp. & Math. Sci. Vol.8 (11), 606-613 (2017)  

609 

|2nk(m-1)-(2mnk+2nk+2n-1)|, .., |2nk(m-1)-(2mnk+2nk+n+1)| }={2nk(m+2), 2nk(m+2)-1, ..., 

2mnk+4nk-n+1, ..., 2mnk+2nk+2n, 2mnk+2nk+2n-1, ..., 2mnk+2nk+n+1, ...., 6nk, 6nk-1, ..., 

6nk-n+1, ..., 4nk+2n, 4nk+2n-1, ..., 4nk+n+1} 

E6 = {|g(yz)- g(vi
j)|; 1≤ i ≤ k , 1≤ j ≤ n, 1≤ z ≤ m } 

={|g(y1)- g(v1
1)|, |g(y1)- g(v1

2)|, ..., |g(y1)- g(v1
n)|..., |g(y1)- g(vk

1)|, |g(y1)- g(vk
2)|, ..., |g(y1)- 

g(vk
n)|..., |g(ym)- g(v1

1)|, |g(ym)- g(v1
2)|, ..., |g(ym)- g(v1

n)|..., |g(ym)- g(vk
1)|, |g(ym)- g(vk

2)|, ..., 

|g(ym)- g(vk
n)|}= {|0-(2nk(m+2)-n)|, |0-(2nk(m+2)-n-1)|, ..., |0-(2mnk+4nk-2n+1)|, ..., |0-

(2mnk+2nk+n)|, |0-(2mnk+2nk+n-1)|, .., |0-(2mnk+2nk-1)|, ..., |2nk(m-1)-(2nk(m+2)-n)|, 

|2nk(m-1)-(2nk(m+2)-n-1)|, ..., |2nk(m-1)-(2mnk+4nk-2n+1)|, ..., |2nk(m-1)-(2mnk+2nk+n)|, 

|2nk(m-1)-(2mnk+2nk+n-1)|, .., |2nk(m-1)-(2mnk+2nk-1)| }={2nk(m+2)-n, 2nk(m+2)-n-1, ..., 

2mnk+4nk-2n+1, ..., 2mnk+2nk+n, 2mnk+2nk+n-1, ..., 2mnk+2nk-1, ...., 6nk-n, 6nk-n-1, ..., 

6nk-2n+1, ..., 4nk+n, 4nk+n-1, ..., 4nk-1} 

Clearly, E1∪E2∪E3∪E4∪E5∪E6={1, 2,..., 6nk-n, 6nk-n+1, ..., 2nk(m+2)-1,2nk(m+2)}             (2) 

From equation (1) and (2) it is clear that the complete m-point projection (m≥1) on the disjoint 

vertices of n-layered kC4-snake for each k ≥1 are graceful. 

 
Figure 2: Graceful labeling of complete 2-point projection on the disjoint vertices of 2-layered 3C4 -snake 

 

Theorem 2.2. The complete m-point projection (m≥1) on the disjoint vertices of n-layered 

kC4-snake for each k ≥1 are odd-graceful. 
 

Proof: Let G be the complete m-point projection on the disjoint vertices of n-layered kC4-

snake. Naming of the vertices is same as above. 

Define g : V(G) → {0, 1, 2, …, 4nk(m+2)-1} by 

g(yi) = 4nk(i-1)   1≤ i ≤ m 

g(ui) = 4mnk+4n(i-1)   1≤ i ≤ k+1 

g(wi
j) = 4nk(m+2)-2(j-1)-4n(i-1)-1 1≤ i ≤ k , 1≤ j ≤ n 

g(vi
j) = 4nk(m+2)-2n-2(j-1)-4n(i-1)-1 1≤ i ≤ k , 1≤ j ≤ n 

Proof same as previous theorem. Therefore, the complete m-point projection (m ≥ 1) on the 

disjoint vertices of n-layered kC4-snake for each k ≥1 are odd-graceful. 
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Figure 3: Odd-Graceful labeling of complete 2-point projection on the disjoint vertices of 2-layered 3C4 -

snake 
 

Theorem 2.3. The complete m-point projection (m ≥1) on the adjoint vertices of n- layered 

kC4-snake for each k ≥1  are graceful. 
 

Proof: Let G be the complete m-point projection on the disjoint vertices of n- layered kC4-

snake. Let u1, u2, u3, ..., uk, uk+1, be the k+1 adjoint vertices, for 1≤ i ≤ n , v1
i, v2

i, v3
i, ...vk

i and 

w1
i, w2

1, w3
i, ..., wk

i be the disjoint vertices and the m isolated vertices be y1, y2, y3, ..., ym. Then 

|E(G)|= 4nk+m(k+1). Let the graph G be described as indicated in below figure. 
 

 
Figure 4: Naming of complete m-point projection on the adjoint vertices of n-layered kC4 –snake 

 

Define g : V(G) → {0, 1, 2, …, 4nk+m(k+1)} by 

g(yi) = (k+1)(i-1)    1≤ i ≤ m 
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g(ui) = 4nk+m(k+1)-(i-1)   1≤ i ≤ k+1 

g(wi
j) = m(k+1)+2(j-1)+(4n-1)(i-1)  1≤ i ≤ k , 1≤ j ≤ n 

g(vi
j) = m(k+1)+2n+2(j-1)+(4n-1)(i-1) 1≤ i ≤ k , 1≤ j ≤ n 

Let S={ g(yi) |1≤ i ≤ m, g(ui) |1≤ i ≤ k+1, g(wi
j) | 1≤ i ≤ k ; 1≤ j ≤ n, g(vi

j) | 1≤ i ≤ k; 1≤ j ≤ n} 

={ g(y1), g(y2), ...., g(ym), g(u1), g(u2), ...., g(uk+1), g(w1
1), g(w1

2), …,g(w1
n), g(w2

1), g(w2
2), 

…,g(w2
n),..., g(wk

1), g(wk
2), …,g(wk

n), g(v1
1), g(v1

2), …,g(v1
n), g(v2

1), g(v2
2), …,g(v2

n),..., g(vk
1), 

g(vk
2), …,g(vk

n)} 

={0, k+1, 2(k+1), ..., (m-1)k+1, 4nk+m(k+1), 4nk+m(k+1) -1, ...., 4nk+m(k+1) -k, m(k+1), 

m(k+1)+2, ..., m(k+1)+2(n-1), m(k+1)+4n-1, m(k+1)+4n+1, ..., m(k+1)+6n-3, m(k+1)+4nk-

k-4n+1, m(k+1)+4nk-k-4n+3, ..., m(k+1)+4nk-k-2n-1, m(k+1)+2n, m(k+1)+2n+2, ..., 

m(k+1)+4n-2, m(k+1)+6n-1, m(k+1)+6n+1, ..., m(k+1)+8n-3, ..., m(k+1)+4nk-2n-k+1, 

m(k+1)+4nk-2n-k+3, ..., m(k+1)+4nk-k-1}={0, k+1, 2(k+1), ...,  4nk+m(k+1)-1, 

4nk+m(k+1)}                (3) 
 

Consider edge sets E1, E2, E3, E4, E5, E6 as follows 

E1 = {|g(wi
j)- g(ui)|; 1≤ i ≤ k , 1≤ j ≤ n} 

={|g(w1
1)- g(u1)|, | g(w1

2)- g(u1)|, ..., |g(w1
n)- g(u1)|, ..., |g(wk

1)- g(uk)|, |g(wk
2)- g(uk)|, ..., |g(wk

n)- 

g(uk)|}={|m(k+1)-(4nk+m(k+1))|, |m(k+1)+2-(4nk+m(k+1))|, ..., |m(k+1)+2(n-1)-

(4nk+m(k+1))|, ...,|(m(k+1)+4nk-k-4n+1)-(m(k+1)+4nk-k+1)|, |(m(k+1)+4nk-k-4n+3)-

(m(k+1)+4nk-k+1)|, ..., |(m(k+1)+4nk-k-2n-1)-(m(k+1)+4nk-k+1)|}={4nk, 4nk-2, ..., 4nk-

2(n-1), ...,  4n, 4n-2, ...,2n+2} 

E2 = {| g(wi
j)- g(ui+1)|; 1≤ i ≤ k , 1≤ j ≤ n} 

={|g(w1
1)- g(u2)|, | g(w1

2)- g(u2)|, ..., |g(w1
n)- g(u2)|, ..., |g(wk

1)- g(uk+1)|, |g(wk
2)- g(uk+1)|, ..., 

|g(wk
n)- g(uk+1)|} ={|m(k+1)-(4nk+m(k+1)-1)|, |m(k+1)+2-(4nk+m(k+1)-1)|, ..., |m(k+1)+2(n-

1)-(4nk+m(k+1)-1)|,..., |(m(k+1)+4nk-k-4n+1)-(m(k+1)+4nk-k)|, |(m(k+1)+4nk-k-4n+3)-

(m(k+1)+4nk-k)|, ..., |(m(k+1)+4nk-k-2n-1)-(m(k+1)+4nk-k)|}={4nk-1, 4nk-3, ..., 4nk-2n+1, 

...,  4n-1, 4n-3, ..., 2n+1} 

E3 = {| g(vi
j)- g(ui)|; 1≤ i ≤ k , 1≤ j ≤ n} 

={|g(v1
1)- g(u1)|, | g(v1

2)- g(u1)|, ..., |g(v1
n)- g(u1)|, ..., |g(vk

1)- g(uk)|, |g(vk
2)- g(uk)|, ..., |g(vk

n)- 

g(uk)|} ={|m(k+1)+2n-(4nk+m(k+1))|, |m(k+1)+2n+2-(4nk+m(k+1))|, ..., |m(k+1)+4n-2-

(4nk+m(k+1))|,..., |(m(k+1)+4nk-k-2n+1)-(m(k+1)+4nk-k+1)|, |(m(k+1)+4nk-k-2n+3)-

(m(k+1)+4nk-k+1)|, ..., |(m(k+1)+4nk-k-1)-(m(k+1)+4nk-k+1)|}={4nk-2n, 4nk-2n-2, ..., 4nk-

4n+2, ...,  2n, 2n-2, ...,2} 

E4 = {| g(vi
j)- g(ui+1)|; 1≤ i ≤ k , 1≤ j ≤ n} 

={|g(v1
1)- g(u2)|, | g(v1

2)- g(u2)|, ..., |g(v1
n)- g(u2)|, ..., |g(vk

1)- g(uk+1)|, |g(vk
2)- g(uk+1)|, ..., |g(vk

n)- 

g(uk+1)|}= {|m(k+1)+2n-(4nk+m(k+1)-1)|, |m(k+1)+2n+2-(4nk+m(k+1)-1)|, ..., |m(k+1)+4n-

2-(4nk+m(k+1)-1)|,..., |(m(k+1)+4nk-k-2n+1)-(m(k+1)+4nk-k)|, |(m(k+1)+4nk-k-2n+3)-

(m(k+1)+4nk-k)|, ..., |(m(k+1)+4nk-k-1)-(m(k+1)+4nk-k)|}={4nk-2n-1, 4nk-2n-3, ..., 4nk-

4n+1, ..., 2n-1,2n-3, ...,1} 

E5 = {|g(yi)- g(uj)|; 1≤ i ≤ m , 1≤ j ≤ k+1 } 

={|g(y1)- g(u1)|, |g(y1)- g(u2)|, ...., |g(y1)- g(uk+1)|, ..., |g(y2)- g(u1)|, |g(y2)- g(u2)|, ...., |g(y2)- 

g(uk+1)|, ..., |g(ym)- g(u1)|, |g(ym)- g(u2)|, ...., |g(ym)- g(uk+1)|}= {|0-(4nk+m(k+1))|, |0-
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(4nk+m(k+1)-1)|, ..., |0-(4nk+m(k+1)-k)|, ..., |(k+1)-(4nk+m(k+1))|, |(k+1)-(4nk+m(k+1)-1)|, 

..., |(k+1)-(4nk+m(k+1)-k)|, ..., |k(m-1)+1-(4nk+m(k+1))|, |k(m-1)+1-(4nk+m(k+1)-1)|, ..., 

|k(m-1)+1-(4nk+m(k+1)-k)| }={4nk+m(k+1), 4nk+m(k+1)-1, ..., 4nk+m(k+1)-k, ..., 4nk+(m-

1)(k+1), 4nk+(m-1)(k+1)-1, ..., 4nk+(m-1)(k+1)-k,..., 4nk+m+k-1, 4nk+m+k-2, ..., 4nk+m-1} 

Clearly, E1∪E2∪E3∪E4∪E5= {1, 2, ..., 4nk+m(k+1)-1, 4nk+m(k+1)}              (4) 

From equation (3) and (4) it is clear that the complete m-point projection (m≥1) on the adjoint 

vertices of n- layered kC4-snake for each k ≥1 are graceful. 
 

 
Figure 5: Graceful labeling of complete 3-point projection on the adjoint vertices of 3-layered 3C4 -snake 

 

Theorem 2.4. The complete m-point projection (m≥1) on the adjoint vertices of n- layered 

kC4-snake for each k ≥1 are odd-graceful. 
 

Proof: Let G be the complete m-point projection on the adjoint vertices of n- layered kC4-

snake. Naming of the vertices is same as above. 

Define g : V(G) → {0, 1, 2, …, 8nk+2m(k+1)-1} by 

g(yi) = 2(k+1)(i-1)    1≤ i ≤ m 

g(ui) = 8nk+2m(k+1)-1-2(i-1)  1≤ i ≤ k+1 

g(wi
j) = 2m(k+1)+4(j-1)+2(4n-1)(i-1)  1≤ i ≤ k , 1≤ j ≤ n 

g(vi
j) = 2m(k+1)+4n+4(j-1)+2(4n-1)(i-1) 1≤ i ≤ k , 1≤ j ≤ n 

Proof same as previous theorem. Therefore, the complete m-point projection (m ≥ 1) on the  

adjoint vertices of n- layered kC4-snake for each k ≥1 are odd-graceful. 

 
Figure 6: Odd-Graceful labeling of complete 3-point projection on the adjoint vertices of 3-layered 3C4 -snake 
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