
J. Comp. & Math. Sci. Vol.2 (2), 316-321 (2011) 

Journal of Computer and Mathematical Sciences Vol. 2, Issue 2, 30 April, 2011 Pages (170-398) 

Stability of Incompressible Rivlin-Ericksen Elastico-Viscous 
Superposed Fluids Under Rotation  

in Porous Medium 
 

G. C. RANA*1, V. SHARMA2  and  SANJEEV KUMAR3 

 

1Department of Mathematics, NSCBM Govt. P. G. College, Hamirpur-177 005, 
Himachal Pradesh, India 

email: drgcrana15@gmail.com 
2Department of Mathematics, Himachal Pradesh University, Shimla-171 005, India 

3Department of Mathematics, Govt. P. G. College, Mandi-175 001, 
Himachal Pradesh, India. 

 
ABSTRACT 

 

The stability of incompressible Rivlin-Ericksen elastico-viscous 
superposed fluid under rotation in porous medium has been 
considered. By applying normal mode analysis method, the 
dispersion relation has been derived and solved analytically. The 
system is found to be stable / unstable for bottom heavy 
configurations, as in Newtonian viscous fluid. . For exponential 
varying density, viscosity, viscoelasticity, medium porosity, 
medium permeability, the system becomes stable (or unstable) for 
the stable (or unstable) stratifications. The behavior of growth 
with respect to rotation has been examined analytically. 
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1.  INTRODUCTION  
 
A comprehensive account of the 

Rayleigh-Taylor instability under varying 
assumptions of hydrodynamics and 
hydromagnetics has been given by 
Chandrasekhar1. Oldroyd2 has studied non-
Newtonian effect in steady motion of some 
idealized elastico-viscous liquid while the 
effect of surface tension and viscosity on the 
stability of two superposed fluids has been 
studied by Ried3. 

The medium has been considered to 
be non-porous in all the above studies. 
Wooding4 has considered the Rayleigh 
instability of thermal boundary layer in flow 
through porous medium whereas Sharma5 
has also studied effect of rotation on thermal 
instability of a viscoelastic fluid. Sharma 
and Sharma6 have also studied effect of 
rotation and magnetic field on thermosolutal 
convection in porous medium. 

With the growing importance non-
Newtonian fluids in modern technology and 
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industries, the investigations on such fluids 
are desirable. There are many elastic-viscous 
fluids that cannot be characterized by 
Maxwell’s constitutive relations or 
Oldroyd’s constitutive relations. One such 
class of elastic-viscous fluid is Rivlin-
Ericksen fluid. Rivlin and Ericksen7 have 
proposed a theoretical model for such 
another elastic-viscous fluid. 

Such and other polymers are used in 
the manufacture of space crafts, aero planes, 
tyres, ropes, cushions, seats, foam, plastics, 
engineering equipments, adhesives, contact 
lenses etc. Recently, polymers are used in 
agriculture, communications appliances and 
in bio medical applications. Examples of 
these applications are filtration processes, 
packed bed reactors, insulation system, 
ceramic processing, enhanced oil recovery, 
chromatography etc. 

 
The stability of a flow of a fluid 

through a porous medium taking in to 
account by Lapwood8. A porous medium is a 
solid with holes in it, and is characterized by 
the manner in which the holes  are 
imbedded, how they are interconnected and 
the description of their location, shape and 
interconnection. However, the flow of a 
fluid through a homogeneous and isotropic 
porous medium is governed by Darcy’s law 
which states that the usual viscous term in 
the equations of incompressible Rivlin-
Ericksen fluid motion is replaced by the 

resistance term   �� ���
�μ � μ� �����q, where 

μ and μ� are the viscosity and viscoelasticity 
of the incompressible Rivlin-Ericksen 
fluid, 
� is the medium permeability and q is 
the Darcian (filter) velocity of the fluid. 

Sharma and Kumar9 have studied 
Rayleigh Taylor instability of two 

superposed conducting Walters’ (model B’) 
elastico-viscous fluid in hydromagnetics 
whereas Sharma and Rana10 have studied 
thermal instability of a finite-larmor-radius 
hall plasma under rotation and variable 
gravitational field in porous medium. 
Sharma and Rana11 have also studied the 
instability of streaming Rivlin-Ericksen 
fluids in porous medium. 

Keeping in mind the importance in 
various applications mentioned above, our 
interest, in the present paper is to study the 
stability of incompressible Rivlin-Ericksen 
elastic-viscous superposed fluids under 
rotation in porous medium as the rotation 
has profound effect on the onset of 
instability and some of its consequences are 
unexpected at first instance, i.e. the role of 
viscosity is inverted.   
 

2. FORMULATION OF THE PROBLEM  
    AND PERTURBATION EQUATIONS 
 

 The initial stationary state whose 
stability we wish to examine is that of an 
incompressible Rivlin-Ericksen elastico-
viscous superposed fluid of variable density 
under rotation arranged in horizontal strata 
in porous medium of variable porosity and 
permeability. Consider an horizontal fluid 
layer of thickness d bounded by the planes z 
= 0 and z = d. The character of equilibrium 
of this initially static state is determined by 
supposing that the system is slightly 
disturbed and then following its further 
evolution. 

Let � ,  , �, �, � and q (0, 0, 0), 
denote, respectively, the density, the 
kinematic viscosity, the pressure, the 
porosity and velocity of the fluid. The fluid 
is acted on by a uniform rotation with an 
angular velocity Ω�0,0, Ω� and gravity force 
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g (0, 0,-g). Then the equations of motion, 
continuity and incompressibility for the 
Rivlin-Ericksen elastico-viscous superposed 
fluids through a porous medium are  �� ����� � �� ��. ���� � ��� � �� ����

� � � ���� � � 	�� �� � Ω�,      (1) 

 �. � � 0,        (2) 
 

� ���� � ��. ��� � 0.     (3) 

 
Let q (u, v, w), δ� and  �� denote, 

respectively, the perturbations in the velocity 
q (0, 0, 0), the pressure p, the density   �. 
The linearized perturbation equations 
governing the motion of fluids are  

     �� � ��� � ���
� � � ����� � � ��δ� � ��� �

� 	�� �� � Ω�,        (4) 

 �. � � 0 ,       (5) 
 

� ������ � � ����.        (6) 

 
3. DISPERSION RELATION 

 
Following the normal mode 

analyses, we assume that the perturbation 
quantities have x, y and t dependence of the 
form      �����
�� � �
� � !"#,    (7) 
 
where 
� and 
� are the wave numbers in 

the x and y directions, 
 � �
�	 � 
�	#� 	�
 

is the resultant wave number and n is the 
frequency of the harmonic disturbance, 
which is, in general, a complex constant. For 

solutions having this dependence on x, y and 
t, equations (4)-(6) using equation (7) in the 
Cartesian coordinates become   
 

�

�
�� � �

��
�� � ����� � 	 
���δ� � ��

�
Ω�,     (8) 

 
�

�
�� � �

��
�� � ����� � 	 
���δ� � ��

�
Ω�,    (9) 

 
�

�
�� � �

��
�� � ������ 	 
�δ� 
 ���,       (10) 

 �
�$ � �
�% � &' � 0,   (11) 
 � !�� � �'&�.    (12) 
 

Eliminating u, v and δ� from 
equations (8)-(10) and using equations (11) 
and (12), after a little algebra, we get  

 

� ��� �� � ���

�� � ���� �1 � 4Ω�

 � � ���

�� � ���!�" �#$ 

 

	 �

�
�� � �

��
�� � ����� ��� 
 �	
�����

�
.   (13) 

 
4.  TWO UNIFORM FLUIDS SEPARATED  
     BY A HORIZONTAL BOUNDARY  
 

Consider two uniform incompre-
ssible Rivlin-Ericksen elastico-viscous 
fluids of densities �� ��� �� superposed 
one over the other by a horizontal z = 0. 
Then in each region of constants �, � 
and  ��, equation (13) reduces to �&	 � (	�' � 0,    (14) 
where 
 (	 � ��

%�& ���
�� �

��	
�
���'. 
 

The boundary conditions to be satisfied are: 
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(i) w must be continuous across an 
interface between two fluids.         (15) 

(ii)  Integrating (13) between  z0 – � and  z0 
+ � and passing to the limit � � 0, we 
obtain in view of (15) , the jump 
condition 

∆� ��� �� � ���

�� � ���� �1 � 4Ω�

 � � ���

�� � ���!�" �#$ 

� � )��∆���* '+,           (16) 
 
while the is valid everywhere else �) * )+� 
is 

� ��� �� � ���

�� � ���� �1 � 4Ω�

 � � ���

�� � ���!�" �#$ 

	 �

�
�� � �

��
�� � ����� ��� 
 �	
�����

�
.       (17) 

 
Applying the boundary condition (15), the 
solution appropriate for the two regions are  
 '� � +��&��     (z , 0),   (18) 
 '	 � +	�-��     (z - 0).   (19) 
 
Applying the condition (16) to the solutions 
(24) and (25), we obtain the dispersion 
relation     
   

�1 � ���
�/	�� � /		� �� !	 � ���

�/�� �
/		�! � )��.�-.�

��& �Ω�

��� �
��	
�
′���

�$
� �⁄ � 0,           (20) 

 

where       
 � � µ� �  0 , 	 � µ	 �  0   and        

 �′ � µ�′ �  0 , 	′ � µ	′ � 0  

are the kinematic viscosity and 
viscoelasticity of fluids 1 and 2 respectively 
and  /�,	 � ��,���&��

. The medium porosity   

and medium permeability k1 in both the 
regions are assumed to be the same. 
If we can take ! � !+′ when  Ω � 0, 
equation (20), yields  

�1 � ���
�/	�� � /		� �� !+,	 � ���

�/�� �
/		�!+� � �
�/	 � /	� � 0.     (21) 
 
Using equation (21) in equation (20), we get, 
after some simplifications  

1�1 � �/���
�	 231 � ���

�/	�� � /		� �4 ! �
���

�/�� � /		�5	6 !0 � ���
�/	�� �

/		� � �	���
 �1 � �/���

� ! � ��/���� � 4Ω	� �
�2! 91 � ���

�/	�� � /		� �: � ���
�/�� �

/		�� !	 �!+�	 �!+ 91 � ���
�/	�� �

/		� �: � ���
�/�� � /		��	 � 0.          �22� 

 
           When !+�	 , 0, there is no change of 
sign in equation (22). Therefore, equation 
(22) does not involve a positive root of n i.e. 
all the values of n are real, negative or 
complex conjugates with negative real parts. 
Thus the system is stable. 
            When !+�	 - 0, there is at least one 
change of sign in equation (22) and allows at 
least one positive root of n, meaning thereby 
instability of the system. 
 
5.  THE CASE OF EXPONENTIALLY  
      VARYING STRATIFICATIONS 
 Using stratifications in fluid 
density, fluid kinematic viscoelasticity, 
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medium porosity and medium 
permeability of the forms  � � ;1<23 μ � μ1<23  μ� � μ1� <23, ���1 <23, 
� � =41<23,              (23) 
 
where ;1, μ1, μ1� , �1, =41 and > are 
constants and so kinematic viscosity  � μ �0 � μ+ �+0 � + and kinematic 

viscoelasticity � � μ� �0 � μ+� �+0 � +� are 

constants everywhere. We also assume that ?@ A 1 i.e. the variation of density at two 
neighboring points in the velocity field 
which is much less than average density has 
a negligible effect on the velocity of the 
fluid. 

Using stratifications of the form 
(23), equation (13) become 

 

�! � �/��
� �/���

!� �&	 � (	�' �)���5* ' � 0.               (24) 

 
The appropriate solution of equation (30) is 
given by ' � +�6�� � B�6��,       (25) 
where A, B are arbitrary constants; C� ,   C	 
are given by 

       C�,	 � D
� �1 � )5*7�� 	�
,     (26) 

and E � �! �1 � �/���
� � �/��

�,     (27) 

 
Here we consider the fluid to be 

confined between two rigid planes z = 0 and 
z = d. The boundary conditions for the case 
of two rigid surfaces are  
w = 0 at z = 0 and z = d.    (28)  

The proper solution of equation 
(24), satisfying equation (28), is 

0 � +��6�� � �6��#, 
i.e. �C� � C	�@ � 2�F�G ,   (29) 
where F� is an integer. 
 
Inserting the values of C�, C	from equation 
(32) in equation (35), we obtain 

1 � )5*7 � � 8�9� �����,      (30) 

which on simplification gives  !: � 	/���&�/� !	 �
� ��/����&�/�� � 8��9� �����&8��9�

0;�������&�/�� �)5����������&8��9�
������&�/��� ! � )5�/��

� 0  ,  (31) 

 
If ? < 0 (stable stratification), 

equation (31) allow any positive root of n 
and so the system is always stable for 
disturbances of all wave numbers. 

If ? > 0 (unstable stratification), 
equation (31) has one change of sign and 
allows one positive root, so the system is 
unstable for disturbances of all wave 
numbers. Let  n0 denotes the positive root of 
equation (31), then  

 

!+: � 	/���&�/� !+	 � � ��/����&�/�� �8��9� �����&8��9�
0;�������&�/�� �)5����������&8��9�

������&�/��� !+ � )5�/��
� 0  .    (32) 

 
To find the role of rotation, we examine the 

nature of  
�*�;  analytically: 

 
��

��
	 
 ����������

�

��
���������

�3��
������ ���� � 4 �

������ ����� ��� �� � 4����
� ����� 

��
���������



��������

�

��
���������

�
��

.      (33) 
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Thus, rotation has stabilizing effect in the 

wave number range 
	 , 0;�8��9�)5��     for 

? - 0 
 

NOMENCLATURE 
 
p  =    pressure     
  =    medium porosity   �p  =    perturbation in pressure      =    kinematic viscosity    

k  =    medium permeability            
g  =    acceleration due to gravity       ;  =    fluid density                        �;  =    perturbation in density �   =    kinematic viscoelasticity H  =   rotation 
 
CONCLUSION 

 
The stability of incompressible 

Rivlin-Ericksen elastico-viscous superposed 
fluid under rotation in porous medium has 
been Investigated. For exponentially varying 
stratifications, the system is stable for 
disturbances of all wave numbers if ? < 0 
and unstable if  ? > 0. The behavior of 
growth rate with respect to rotation has been 
examined analytically and it has been found 
that rotation has stabilizing effect in the 

wave number range 
	 , 0;�8��9�)5��     for 

? - 0 and the same has also been shown 
numerically. 
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