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ABSTRACT
Finding solution of nonlinear system of equations is a peculiar task for
engineering and science fraternities. In this paper, we propose solution of nonlinear
systems through a stochastic method namely, Genetic algorithm. Comprehensive
experimentation is performed on standard benchmark problems for validating the
present scheme. The original optimization problem is first assigned a fitness function
and then, the minimization task is carried out by selection of the parameters and
tuning of the algorithm. Further, the sensitivity analysis is studied to analyze the effect
of variations of parameters. The results are duly compared and ensure the
effectiveness of the work in handling complex nonlinear system of equations.
Keywords: Genetic Algorithm, Nonlinear equations, Optimization, Soft Computing
Techniques.

1. INTRODUCTION
Nonlinear system of equations arise in all engineering, science, and medical domains.
These complex problems comprises of functions which are nonlinear and transcendental in
nature. Many problems arising in discrete systems like travelling salesman problem,
continuous systems like designing airfoil in aerospace engineering, elasticity theory, kinetic
theory of gases, molecular potential energy and other domains are reduced to system of
nonlinear equations in order to find their potential solution. Many optimization techniques are
used to solve such problems by deterministic approach such as Newton’s method, gradient
method, steepest descent etc1,2. These methods demand the differentiability property of the
objective function. In practice, the objective functions might not be necessarily differentiable,
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or may be nonsmooth. This gave motivation to many researchers to work with stochastic global
optimization approaches such as Particle swarm optimization, Genetic algorithm, Cuckoo
search, Bat algorithm, Firefly algorithm, Gravitational search etc.
With the advent of technology, many innovative ideas have been developed to solve
nonlinear system of equations. This includes parameters estimation by multi-crossover real
coded genetic algorithm3, improving the conventional Genetic algorithm by well conditioning
of nonlinear system of equations using calculus based variant gradient descent method 4, line
search sequential quadratic programming5, arranging the equations in Cycle Gas Turbine
simulation by fixed point method6, multi-objective optimization using Genetic algorithm for
standard benchmark problems7, analytical existence of solution based on Matrix inversion
principle with Schur complement for road safety measure8. Also, many attempts have been
made to enhance the exploration and exploitation efficiency of GA, numerous researchers
solicited to enhance the basic architect of GA by assimilating particle swarm optimization 9,
augmented langrangian function10, symmetric and harmonious individuals11, global and Tabu
search12, stochastic design solver based on variants of GA13. All these attempts provided
motivation to develop a reliable and effective methodology for solving nonlinear systems.
In the present work, we are applying Genetic Algorithm (GA), a form of Evolutionary
Algorithm (EA) to solve system nonlinear of equations. In our earlier work, we tried solving
nonlinear systems with single equation and further worked on two dimensional nonlinear
system of equations14,15. Here, the proposed technique is applied on benchmark problem
adopted from Grosan7. A comparative analysis is made to substantiate the effectiveness and
reliability of the proposed scheme in handling nonlinear systems involving transcendental
functions. The data is obtained by independent execution with the help of GA Solver.
Sensitivity analysis is also made to validate the selection of parameters of GA.
The paper has been organized in 6 sections as follows. In section 2, brief review of Genetic
algorithm has been narrated. Section 3 comprises methodology, figure depicting procedure
and parameters setting of GA. In section 4, experimentation results of the simulation
performed along with comparison with other evolutionay technique are presented by
numerical and graphical illustrations. Also, to validate the efficiency of the work, the
sensitivity analysis has been performed and results are presented with section 5. The last
section presents the findings and conclusion.
2. GENETIC ALGORITHM
Genetic algorithm (GA) was developed by John Holland and his collaborators in 1960 16.
GA is a model or abstraction of biological evolution based on theory of natural selection17. To
solve an optimization problem, GA uses the value of objective (fitness or merit) function
assigned to the problem10. It can deal with any type of optimization problem where the
objective function may be stationary, non-stationary, differentiable, non-differentiable, linear,
nonlinear, continuous, discontinuous, or having random noise. The algorithm starts with
encoding the solutions as arrays of bits or strings to represent chromosomes and forming an
initial poputaion matrix17. These matrix includes individuals that are part of the solution space
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of the problem. A set of genetic operators viz. reproduction, crossover and mutation are applied
to generate a new generation from the initial population matrix based on the best fitness value.
This process is iterated until the stopping criteria is met. Once the algorithm terminates, the
final chromosome represent the optimal solution to the problem.
3. MATERIAL AND METHODS
In this section, we present the methodology adapted for finding effective global solution of
nonlinear system of equations using optimization technique based on genetic algorithm.
3.1 Methodology: The work scheme involves encoding the original set of equation which is
phenotype in nature, into genotype structure. This is further followed by setting the parameters
of GA. Then, the population size is varied, and experiments are repeated for various sizes to
decide the number of chromosomes in the population. Rank scaling function has been used
and experiments are carried out for both tournament and Roulette wheel. The empirical
analysis showed that both could generate the optimal results in given time. To carry out
meaningful empirical analysis, the number of generations are varied. The results are obtained
by varying the number of generations.
3.2 Parameters of GA: The parameters of Genetic Algorithm have been stated in Table 1.
The procedure has been depicted in Figure 1. The process has been peformed, and the results
are given in the subsequent section.
Table 1 Parameters of GA
Parameters
Population size
Mutation function
Scaling function
Crossover function
Selection function
Generations
Ratios/ Fractions

Values
200/ 250/ 500
Gaussian
Rank
Single point
Tournament/ Roulette wheel
50/51/100/150/200/300
Default

It may be noted here that variations in generations have been considered. The reason
is, more the number of generations more would be the computational time. It is, therefore,
necessary to first see if optimization can be achieved by slightly varying the number of
generations but, if it is not possible, then larger leaps are required. Therefore, we have taken
various generations as 50, 51, 100, 150, 200, 300.

Figure 1 Adapted Procedure of GA
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4. RESULTS AND DISCUSSIONS
For evaluating the proposed approach, the algorithm has been employed on standard
benchmark problems which appear in engineering and science domains7,10,18-21. For each
function, the experiment is carried out by varying the number of generations (50, 51, 100, 150,
200 and 300). For each generation, the experiment is repeated by varying the number of
chromosomes in the initial population. Moreover, both Tournament ad Roulette wheel
selection are employed. This is because the empirical study carried out earlier did not indicate
to which of the two is better. The experiment is repeated 100 times, and the minimum values
are taken, and are shown in Table 2 and Table 3. Moreover, the comparison of the results for
the two methods of selection has also been shown diagrammatically (Figure 2 & Figure 3).
4.1 Arithmetic Application Problem
This test problem is proposed from arithmetic7, 9,19, 20. This problem consists of following set
of complex system of nonlinear equations having ten variables:
𝑓1 (𝑥) = 𝑥1 − 0.25428722 − 0.18324757 𝑥4 𝑥3 𝑥9
𝑓2 (𝑥) = 𝑥2 − 0.37842197 − 0.16275449 𝑥1 𝑥10 𝑥6
𝑓3 (𝑥) = 𝑥3 − 0.27162577 − 0.16955071 𝑥1 𝑥2 𝑥10
𝑓4 (𝑥) = 𝑥4 − 0.19807914 − 0.15585316 𝑥7 𝑥1 𝑥6
𝑓5 (𝑥) = 𝑥5 − 0.44166728 − 0.19950920 𝑥7 𝑥6 𝑥3
𝑓6 (𝑥) = 𝑥6 − 0.14654113 − 0.18922793 𝑥8 𝑥5 𝑥10
𝑓7 (𝑥) = 𝑥7 − 0.42937161 − 0.21180486 𝑥2 𝑥5 𝑥8
𝑓8 (𝑥) = 𝑥8 − 0.07056438 − 0.17081208 𝑥1 𝑥7 𝑥6
𝑓9 (𝑥) = 𝑥9 − 0.34504906 − 0.19612740 𝑥10 𝑥6 𝑥8
𝑓10 (𝑥) = 𝑥10 − 0.42651102 − 0.21466544 𝑥4 𝑥8 𝑥1
The problem has been considered as
min(𝑓1 (𝑥), 𝑓2 (𝑥), . . . , 𝑓𝑛 (𝑥))
where 𝑛 = 10 and 𝑥 = (𝑥1 , 𝑥2 , 𝑥3 , ⋯ , 𝑥10 )
Using the proposed methodology, the system was solved. Table 2 lists the minimum values of
the fitness function taken as
𝑧 = |𝑓1 | + |𝑓2 | + |𝑓3 | + |𝑓4 | + |𝑓5 | + |𝑓6 | + |𝑓7 | + |𝑓8 | + |𝑓9 | + |𝑓10 |
The obtained results have been depicted in Figure 2.
The fitness function attains its optimal value as 0.040217 at roulette wheel selection function
with highest population 500 and 150 generation.
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Table 2 Minimum values obtained for Arithmetic Application Problem
Selection \ No. of generations
Tournament (Population size 200)
Roulette (Population size 200)
Tournament (Population size 500)
Roulette (Population size 500)

300
*
*
0.085699
0.089772

200
0.175594
0.184894
0.055994
0.061663

150
0.193638
0.121656
0.06434
0.040217

100
0.199685
0.06607
0.062285
0.062998

51
0.132563
0.058034
0.065633
0.042824

50
0.102964
0.104628
0.059031
0.058634

*average change in the fitness value less than options. TolFun.

Figure 2 Minimum values obtained for Arithmetic Application Problem

4.2 Combustion Problem
In this test problem, a complex nonlinear algebraic system governing combustion
problem7,9,10 has taken under consideration.
The equations are as follows:
𝑓1 (𝑥) = 𝑥2 + 2𝑥6 + 𝑥9 + 2𝑥10 − 10−5
𝑓2 (𝑥) = 𝑥3 + 𝑥8 − 3. 10−5
𝑓3 (𝑥) = 𝑥1 + 𝑥3 + 2𝑥5 + 2𝑥8 + 𝑥9 + 𝑥10 − 5. 10−5
𝑓4 (𝑥) = 𝑥4 + 2𝑥7 − 10−5
𝑓5 (𝑥) = 𝑥1 𝑥2 − (0.5140437)10−7 𝑥5
𝑓6 (𝑥) = 2𝑥22 − (0.1006932)10−6 𝑥6
𝑓7 (𝑥) = 𝑥42 − (0.7816278)10−15 𝑥7
𝑓8 (𝑥) = 𝑥1 𝑥3 − (0.1496236)10−6 𝑥8
𝑓9 (𝑥) = 𝑥1 𝑥2 − (0.6194411)10−7 𝑥9
𝑓10 (𝑥) = 𝑥1 𝑥22 − (0.2089296)10−14 𝑥10
Changing the above system as multi-objective optimization problem with fitness functions as
𝑧 = |𝑓1 | + |𝑓2 | + |𝑓3 | + |𝑓4 | + |𝑓5 | + |𝑓6 | + |𝑓7 | + |𝑓8 | + |𝑓9 | + |𝑓10 |
with
min(𝑓1 (𝑥), 𝑓2 (𝑥), . . . , 𝑓𝑛 (𝑥))
where n = 10 and 𝑥 = (𝑥1 , 𝑥2 , 𝑥3 , ⋯ , 𝑥10 )
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The minimum values of z obtained by the present approach have been listed in Table 3.
From the table, it can be assessed that the present results are much closer to zero. Also, the
comparison of values at different population size has been shown in Figure 3.
Table 3 Minimum values obtained for Combustion Problem
Selection \ No. of generations
Tournament (Population size
200)
Roulette
wheel (Population
size 200)
Tournament (Population size
500)
Roulette
wheel (Population
size 500)

300

200

150

100

51

50

*

0.188594

0.224595

0.299335

0.061145

0.078137

*

0.085871

0.145396

0.16594

0.108382

0.030947

0.117213624

0.153625

0.090191

0.108775

0.032489

0.038349

0.024030224

0.045464

0.043204

0.051433

0.040961

0.052011

*average change in the fitness value less than options. TolFun.

Figure 3 Minimum values obtained for Combustion Problem

The minimum value of fitness function is 0.024030224. The optimal value is obtained
with population size 500 and number of generations 300 and with roulette wheel selection function.
5. SENSITIVITY ANALYSIS
In the previous subsection, the results of experiments in which single point crossover
was applied, has been presented. Along with this, roulette wheel and tournament selection
were used to carry out the experiments. Genetic algorithm convergence depends on its
parameters. To substantiate the selected parameters, sensitivity analysis experiment has been
performed by taking multiple crossover rates and varying the selection function. Data
pertaining to results carried out through change in the parameters of GA, with MATLAB 2015
solver has been shown. The variations include change in following parameters as shown in Table 4.
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Table 4 Variations in Parameters in further experiments
Parameters
Population size
Scaling function
Selection function
Crossover function
Mutation function
Generations
Ratios/ Fractions

Values
Taken as minimum obtained in earlier experiment
Proportional/ Rank/ Top/ Custom/ Shift linear
Roulette wheel
Single point/ Double Point / Scattered
Gaussian
As per previous experiment
Default

The following table shows the findings obtained by using the above mention variations
of the parameters in the benchmark problems under consideration. In Table 4, further
experimentation results for Arithmetic Application Problem are presented. The minimum
value obtained is 0.007596631 for single point crossover, double vector type, population size
500, rank scaling function and tolerance level 1e-8 and 150 number of generations. Lastly,
Table 5 shows the results for Combustion Problem, in which minimum value obtained is
0.026835676 for scattered crossover, double vector type, population size 500, rank scaling
function and tolerance level 1e-8 and 300 generations. All minimum values obtained have
been marked yellow in the corresponding tables.
Table 4 Results of Sensitivity Analysis for Arithmetic Application Problem
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Table 5 Results of Sensitivity Analysis for Combustion Problem

The optimal value obtained by the present approach for each function mentioned are
presented in Table 6. With the help of this table, the results are compared with the work7.
Table 6 Comparison Table
Functions
Arithmetic Application
Combustion Problem

Previous Work
[7]
2.231845643
0.359195584

Present Technique
(Minimum based approach)
0.040217
0.024030224

Sensitivity Analysis
0.007596631
0.026835676

6. CONCLUSION
In this work, a method has been proposed to enhance the exploration and exploitation
scheme of GA. The parameters of GA have been set by empirical studies. Multiple
experiments have been carried out. Population size in the experiment are varied to make
empirical analysis as effective as possible. The efficiency of the proposed work is encountered
by standard benchmark problems. By careful and considerate analysis of the data obtained in
the experiments, we concluded, in most cases, Roulette wheel selection method give better
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results as compared to Tournament selection method. The results by the present approach are
much better than the, Evolutionary algorithm used by Grosan7. Further, sensitivity analysis
has been performed for evaluating the effect of variations in parameters. We see that improving
the tolerance level to 1e-8 in the sensitivity analysis resulted in better outcome. We observe
that for Arithmetic application problem, the optimal value obtained by Grosan7 is 2.231845643
whereas the values obtained by improving the tolerance level is 0.007596631 which is better
in comparison with the later one. One major observation by the present work is that the
convergence of GA or simply, attainment of better optimal results, majorly depends on the
selection of parameters which help in tuning the algorithm. Thus, one should always try to
tune the algorithm by suitable selection of the parameters which is commonly, problem dependent.
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