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ABSTRACT 
 

A modified Padé approximation is proposed to improve the 
stability of precise time-step integration (PTI) algorithm for 
solving structural dynamic equations. The precise time-step   
integration (PTI) algorithm with the modified Padé approximation 
would be unconditionally stable and solve the second-order 
differential equation directly. With Rayleigh damping and 
symmetric property, the efficiency of the precise time-step   
integration (PTI) algorithm with the modified Padé approximation 
could be improved significantly. Three numerical examples are 
also presented to investigate the stability and the applicability of 
the proposed algorithm. 
 
Keywords: Unconditionally stable; Symmetric matrices; Padé 
approximation. 

 
1. INTRODUCTION 

 
 The dynamic equation of motion of 
a discrete structural model can be written as 
 

[M ]{u&&(t)} + [C]{u& (t)} + [K ]{u( t)} = {r(t )} (1) 
 
where [M ], [C] and [K ] are time-invariant 
mass, damping and stiffness matrices, 
respectively. {r (t)} is the external force 
vector of time t. The initial conditions at 

t=0 are given as {u(0)}={u 0} and{u& (0)} = 
{v0} . Normally, [M ] is symmetric and 

positive definite while [C] and [K ] are 
symmetric and semi-positive definite. 
 
 Zhong and Williams1 presented a 
PTI method to solve Eq.(1). The second-
order equations need to be transformed into 
first-order equations. And the Taylor 
approximation is employed to evaluate the 
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initial matrices of recursive evaluation. Lin 
et al.2 extended the PTI method to tackle 
sinusoidal loading and more general 
loading forms by Fourier series. Shen et 
al.3 improved the efficiency of  the  method  
by parallel  computing  method. To avoid  
computing the  particular solutions 
separately, Gu et al.4 and Wang    et al.5 

transformed the governing equations into an 
equivalent homogenous form by expanding 
the dimension of the problems. Later, the 
PTI method is used to solve dynamic elastic-
plastic hardening and softening problems6. 
 

 From another point of view, 
Bendazzoli et al.7 presented and discussed 
a Padé-type algorithm suitable for large 
scale systems and having better convergence 
properties than the classical Jacobi 
procedure. Fung8 presented an 
unconditionally stable  higher-order  
accurate  time  step  integration  algorithm  
suitable  for  linear first-order differential 
equations based on the weighted residual 
method. Wang9 developed  an  unconditional  
stable  PTI  algorithm  with  Padé 
approximation.  This method computed the 
exponential matrix using Padéapproximation 
instead of Taylor approximation directly. 
Moler and Loan10 gave a comprehensive 
review on the computation of the 
exponential matrix function. They found that 
the algorithms with Padéapproximation will 
be more accurate and stable than the 
algorithms with Taylor approximation. 
More details about convergence of 
Padéapproximation can be found in the 
research11-14. 
 
 Most of the above studies are 
based on first-order equations or 
conditionally stable.  An  unconditionally  

stable  PTI  algorithm  with  the  new  
modified  Padé approximation is developed 
in this paper. The new algorithm based on 
the PTI method by  the   step-response   and   
impulsive-response   matrices15 could   solve   
the second-order partial  different  equations 
efficiently.  Considering  symmetry  of  the 
matrices, the computational cost could be 
further reduced by half. 
 
2. PTI METHOD WITH STEP AND  
    IMPULSIVE RESPONSE MATRICES  
 
 Following15, the solution of Eq. (1) 
can be obtained from the initial conditions, 
the steady-state responses, and the step-
response and impulsive-response matrices as 
 
{u(t)} = [G(t)]{ u

0 − u s (0)} + [H(t)] 

{ v
0 − vs (0)} + {u s (t)}     (2a) 

 

{v(t)} = [G& (t)]{ u
0 − u s (0)} + [H& (t)] 

{ v
0  − vs (0)} + { vs (t)}    (2b) 

 
where {us(t)} is the steady-state 
response corresponding to {r (t)}, 
{ vs(t)}={u&s (t)} , and more details about 
{us(t)} could be found in16; {u0} and 
{v 0} are the given initial conditions. 
[G(t)] and[H(t)] are step-response and 
impulsive-response matrices respectively. 
The impulsive-response matrix [H(t)] 

and its derivatives [J(t)] = [H& (t)] at t=∆t 

can be obtained from [H(∆t/2N)] and 

[J(∆t/2N)]= [H(∆t/2N)] by using the 
squaring and scaling technique, 
respectively. 
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 The  step-response  matrix  [G(t)]  
and  its  derivative [G& (t)] can  be  obtained  
by iterating [H(t)] and [J(t)] = [H& (t)] as 
following 
 

[G(∆t )] = [J(∆t )] − [H(∆t )][B]   (3a) 
 

[G& (∆t)] = [H(∆t)][A]               (3b) 
 
where [A] = −[M] −1[K] and  
[B] = −[M] −1[C]. 
 
3. MODIFIED PADÉ APPROXIMATION  
   FOR [H] AND [H&] 
 
 In this section, Padé approximation 
is considered for evaluating the initial 
matrices [H(τ)] and [J(τ )] = [H&(τ )]. The 
computational cost will be very high for 
computing the matrices  [H(τ)]  and [J(τ )] = 
[H& (τ)] evaluated when Padéapproximation 
is employed directly. Hence, the modified 
Padé approximation is presented to improve 
the efficiency. The first four-order explicit 
formulae of the current modified 
Padéapproximation are generated in this 
paper. Both single-degree-of-freedom  
(SDOF)  system  and  multi-degree-of-
freedom  (MDOF) system are considered. 
 
3.1  SDOF System 
 
 First, the modified Padéapproxi-
mation for SDOF system is considered. The 
control equation of SDOF system is 
 

m ⋅ u&&(t) + c ⋅ u&(t) + k ⋅ u(t) = 0   (4) 
 
With given initial conditions u0 and v0, the 
displacement response u(t) and the velocity 
response v(t) of Eq. (4) can be written as: 

�  ����

���� � = exp �� � �
	 
 �. �	. 
  ��

�� �      (5) 

 
where a = −m−1k and b = −m−1c 
The exponential function expanded by 
diagonal (p, p) Padé approximation10 is 
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The final result of Eq. (6) can be written as 
 

exp  �0 1
� �� .t   � 

��������� � �������   �������� � �������
�������� � �������  �������� � ������� � �

 
 
 �     (7) 

 

where s = (Q11 Q22− Q12Q21)
−1; Qij  and Dij 

are factors  of  matrices  [Q(t)]  and  [D(t)], 
respectively. 
 
The solution of Eq. (4) also can be written as  

���������� � �g���  ���g! ���  ���" ��	�	
�     (8) 

 
Then, the modified Padé approximation to 
the response functions h(t) and can be 
generated from Eq. (7) as 
 
h(t) = s ⋅ (Q22 D12− Q12 D22)  (9a) 
 

h&(t) = s ⋅ (Q11 D22 − Q21 D12)   (9b) 
 

The first four-order formulae of functions 

h(t) and h&(t ) are given in Table 1 and Table 2, 
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respectively. g(t) and g& (t )  can be obtained 
directly as 
 

g (t) = h& (t) − h(t) ⋅ b              (10a) 
 g!  (t ) = h(t ) ⋅ a                        (10b) 
 
According to Table 1 and Table 2, it should 
be noted that the order of accuracy of 
functions h(t) and h&(t ) using the modified 
Padéapproximation in Eq. (9) will be (2p) 
and (2p-1), respectively. 
 
3.2  MDOF System 
 
Consider a MDOF system: 
 
[M ]{ u&&(t)} + [C]{ u& (t)} + [K ]{ u(t)}  
= { r(t) }     (11) 
 
Its solution has been given in Eq. (2), where 
the response matrices can be evaluated by 
following equation: 
 

�#�t�  %�t�#�t� %�t�" & �'���–1�'���  
=�'

'�


 '
�'��
"  


 �(

(�

 (
�(��

"   (12) 

 
where [Q ij] and [Dij] (i, j=1, 2) are the sub-
matrix of matrices [Q pp ] and [D pp ]. 
 
 Normally, the rational approximation 
formulae of the response matrices [G(t)] and 
[H(t)]([G& (t)] and [H& (t)] = [J(t)] ) can be 
computed directly from Eq. (12) as: 
 

���t�  ��t�
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 There are two inverse matrices so 
that the computational cost may be very high 
according to Eq. (14a-d) Hence, Rayleigh 
damping and symmetric property are 
employed to improve the computational 
efficiency. 
 
3.2.1 Implementation of Rayleigh  
        Damping 
 
 In engineering, the Rayleigh 
damping matrix is defined as a linear 
combination of mass matrix and stiffness 
matrix as following 
 
[C] = α[M ] + β [K ].                 (15)  
 
The coefficients  α and  β can be determined 
when any two modal damping ratios and the 
corresponding modal frequencies are 
specified17. Then, we have 
 
[B] = −[M ]−1[C] = −α[I ] + β[A]          (16) 
 
[A][B] = [A]⋅ (− α[I ] + β[A]) = [B][A]   (17) 
 
As a result, [Qij] and [Dij] (i, j=1, 2) are 
functions only including matrix [A]. 
 

Hence the inverse matrix in Eq. (12) can be 
written as 

�'

'�

 '
�'��

"  
 � �)0  0)� � '���'�

 �'
�'



" , 
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where [S] = (Q

Q�� � Q
�Q�
)-1. (18) 
 
Submitting Eq. (18) into Eq. (12), 
eventually, the formulae of response 
matrices [H(t)] and [H& (t)] = [J(t)] can be 
obtained directly as following 
 
[H(t)] = [S]⋅([Q22][D 12]−[Q12][D 22])      (19a) 
 
[H& (t)] = [S]⋅([Q11][D 22]−[Q21][D 12])  (19b) 
 
 Comparing Eq. (9a-b) with Eq. 
(19a-b), it is found that the formulae of these 
two kinds of equations are similar. In fact, 
the response matrices [H(t)] and [J(t)] could 
be expressed by the succinct formulae 
described in Table 1 and Table 2, just 
replacing a and b with [A] and [B] 
respectively. Especially, according to Eq. 
(19a-b), more computational effort could be 
saved because there only one inverse matrix 
needs to be evaluated. 
 Then, the matrices [G(t)] and       
[G& (t)] can also be obtained from [H(t)] and 
[J(t)] directly as: 
 
[G(t )] = [J(t )] − [H(t )] ⋅ [B]             (20a) 
[G& (t)] = [H(t)] ⋅ [A]            (20b) 
 
3.2.2 Implementation of Symmetric  
        Property 
 
Eq. (19a-b) can be written as: 
 
�H� �t�� � �M��H�t�� � �M� · �S� · ��Q��

��D��
� � �Q��

��D��
��  

                   (21a) 
�J� �t�� � �M��J�t�� � �M� · �S� · ��Q��

��D��
� � �Q��

��D��
�� 

               (21b) 
 
 Table 1 and Table 2 show that while 
the denominator and numerator of [H(t)] and 

[J(t)] may not be symmetric, [M][H(t)] and 
[M][J( t)] will be symmetric. Hence, only the 
diagonal and half of the remaining entries 
(say the upper triangular part of  [H�(t)] and 
[J�(t)]) need to be computed. More 
computational cost can be saved. 
 If [M] is not diagonal, it can be 
decomposed by Cholesky factorization16 as  
 
[M]=[L][L] T and [M]–1=[L] T[L] –1  (22) 
 
where [L] is a lower triangular matrix. Let 
�H����� � 	
��	�����	
��� � 	
��	�� · �	���

�	���
� � 	����	�����	
��� 

               (23a) 
�� ����� � 	
��	�����	
��� � 	
��	�� · �	���

�	���
� � 	����	�����	
��� 

               (23b) 
They denote two symmetric matrices.  
 
4. ALGORITHM ANALYSIS 
 
4.1  Computational Effort 
 
 Generally, Padéapproximation can 
be employed to improve the stability of the 
current PTI method. But the computational 
costs of Padéapproximation will be very 
high for evaluating inverse matrix. The PTI 
method with the modified Padé 
approximation proposed in this paper could 
be unconditionally stable. For the symmetric 
properties of the response matrices [H(t)] 
and [J(t)] could be remained comprehensi-
vely, about half efforts can be saved. 
 

 With Rayleigh damping, the 
computing formulae of h(t) and h&(t ) in 
SDOF system be employed to solve the 
response matrices [H(t)]    and [J(t)] in 
MDOF system conveniently. Only one 
inverse matrix is needed to be evaluated 
because the denominators of the functions 
[H(t)] and [J(t)] are the same. Furthermore, 
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only odd items in the numerator of [H(t)] 
need be computed according to Table 1. As 
a result, the advantages of the new 
unconditionally stable PTI method can be 
summarized as: 
(1) Only one inverse matrix need to be 

computed for both [H(t)] and [J(t)] in 
Padé approximation; 

(2) The nominator of the modified 
Padéapproximation for impulsive-
response matrix [H] just keeps the odd 
items according to Table 1. 

 
4.2   Algorithm Stability 
 
 Following the analysis of stability15, 
the stability characteristic of the PTI method 
proposed in this paper can be investigated by 
considering the following equivalent 
transformation. 
 

 
(24) 

The stability of the final matrix of 
time-step size ∆t depends on the stability of 
the initial matrix of time-step size ∆t/2N 
obtained from the Taylor approximation 
solutions or the modified Padéapproximation 
solutions. 

Without  loss  of  generality,  the  
un-damped  free  vibration  with  [C]=[0]  
and {r (t)}={ 0} could be considered. To 
further simplify the stability analysis, the 
modal decomposition method is used to 
uncouple the system of differential 
equations. As a result, considering the 
stability of a SDOF system15 governed by 

�� + ω2 ⋅ u = 0              (25) 
 
The displacement and velocity at � � ∆� can 
be written as 

  (26)  
where  
The squares of the moduli of the eigenvalues 

 are given by:  
.  

The algorithm is unstable if  
Using the formulae of the modified 

Padé approximation described in Table 1 
and Table 2, there has 

               (27) 
For example, considering the first-order 
Padé approximation, 
 

 
(28) 

More details can be found in example 1. 
 The stability of the PTI algorithm 
using Taylor approximation and the new 
Modified Padé approximation are given in 
Table 3. It shows that the modified first 
four-order Padé approximation formulae in 
this paper are all unconditionally stable. 
 
4.3 Non-linear problems 
 
 Not only the present method can 
solve linear problems with time independent 
matrices, but also it can be extended to solve 
non-linear problems. For non-linear 
problems, the but also it can be extended to 
solve non-linear problems. For non-linear 
problems, the system matrices need to be 
reevaluated at every time-step and the 
computational cost would be higher in usual 
conditionally PTI method. But for the 
present unconditionally stable PTI algorithm, 
the large time step (even one step iterative) 
could be used to reduce the computational 
cost. Even if the excitation {r(t)} is non-
linear, the steady-state response {us(t)} 
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corresponding to {r(t)} could be tackled 
following16. Hence the computational cost 
would not increase significantly when the 
present method is applied to solve non-linear 
problems.  
 
5. Numerical Examples 
 

In order to investigate the efficiency 
and stability of the new algorithm presented 
in this paper, two numerical examples are 
considered. All programs are run on a PC 
with Pentium III 1 GHz CPU. 
 
5.1 SDOF system 
 

To compare the convergence and 
stability of Taylor approximation and the 
modified Padé approximation, a SDOF 
system is considered. 

    (29) 
where � and ω are the damping ratio and un-
damped natural frequency of the system 
respectively. The analytical solution is given 
by 

    (30) 
where the step-response and impulsive-
response functions, g(t) and h(t), have 
different forms depending on whether the 
system is under-critically damped (�<1), 
critically damped (� =1) and over-critically 
damped (� >1).  
For under-critically damped system, g(t)  
and h(t) are given by 
 

            (31a) 

             (31b) 

where  

For critically damped system, g(t) and 
h(t)are given by  

             (32a) 

              (32b) 
For over-critically damped system, g(t) and 
h(t) are given by 

             (33a) 

             (38b) 

where  
 

More details of Taylor series 
expansions for g(t) and h(t) indifferent cases 
can be found in (Fung, 1997). The proposed 
Padé series expansions for g(t) and h(t) are 
given by 

          (34a) 

           (34b)  
Let  and  denote the nth 

order Taylor approximations of g(t) andh(t).
 and  denote the nth order 

modified Padé approximations of g(t) and 
h(t), respectively. The Nth level recursive 
Padé approximations of g(t) and h(t) are 
denoted by  and  (  and
for Taylor approximation) respectively. The 
corresponding time derivatives are evaluated 
from 

    (35) 

  (36) 
The iterative formulae between  
 

 

 (37) 
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The iterative formulae between  
 

will be the same as (41). 
 

If is zero, the step-response and 
impulsive-response functions g(t) and h(t) 
are given by  
and  respectively. For example,  and 

 with =0 can be obtained by Table 1 
and Table 2 as: 

         (38a) 

            (38b) 
Then, the explicit forms of  

 and with =0  are  

            (39a) 

 

             (39b) 

 

 
          (40a) 

 
          (40b) 

Various numerical approximations 
by Taylor approximation (4-term), the 
modified Padé approximation (2-term) and 
the exact analytical solution for the under-
critically damped, critically damped and 
over–critically damped systems are shown 
from Fig.1(a, b) to Fig. 6(a, b), respectively. 
The results obtained by Taylor approxima-
tion will be diverged with low N. The 
numerical solutions obtained by the 
modified Padé approximation do not diverge 

and even the number of recursive evaluation 
is very low. It also can be seen that the 
convergence speed of the modified Padé  
approximation is faster than that of Taylor 
approximation. 
 
5.2 MDOF System 
 
The governing equations of a system 

  (41) 
were solved by the linear assumption 
method where [M] and [K] are NS ×NS 
matrices 

 (42) 
The damping matrix [C] is described by 
Rayleigh damping as  where 

.{r 0} and {r1} are  
vector composed of the repeated identical 
triplets of elements shown 

             (43a) 
            (43b) 

where units have been omitted for 
convenience. The initial displacement and 
velocity  vectors  

   (44) 

 
 

 The computing formulae of the 
modified Padé approximation (2, 2) can be 
obtained by Table 1 and Table 2. The 
computational costs of various PTI methods 
and the PTI method presented in this paper 
are given in Table 4. According to Table 4, 
the efficiency of the current unconditionally 
stable PTI method is further investigated. 
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Generally, the computational cost of the 4th-
order Taylor approximation and the 
modified (2, 2) Padé approximation are 
almost the same if there are no special 
algorithms for Padé approximation. But with 
Rayleigh damping and symmetric property, 
the proposed unconditionally stable PTI 
method with the modified Padé approxima-
tion will be more efficient than other PTI 
methods. 
5.3  A Truss Structure with Six Layers  
       and Three Lattices 

Figure 7 shows a truss with six 
layers and three lattices. It has 28 nodal 
points, 60 truss elements and 48 degrees of 
freedom. The Young’s modulus of each 
element, whose cross-sectional area is 5x10-3 
m², is 200 GPa. In the truss structure, the 
height of each layer and the width of each 
lattice are 3m and 4m, respectively. The 
lumped mass at each node of the truss is 
Mi=500kg, (i = 5,    6,   …   28). The 
loading, {r(t)}, is a trapezoidal function as 
shown in the Figure 7. 

               (45) 
 

The excitation can be approximated by 
Fourier series5 as 

   (46) 

where,  
In this example, h=104 and T = 6.0s. 
 

Normally, if the periodic excitation 
is described by piecewise functions, the 
current PTI methods would approximate the 
external load by Fourier series5. The 
accuracy and efficiency therefore related to 
the number of the Fourier terms. Though the 
PTI methods could only do one step iterative 
computation, the computational effort is still 
very high. Hence, in order to reduce the 
computational effort, the method by using 
the periodic property16 instead of Fourier 
series approximating to the excitation was 
employed. The computing matrices 
calculated in the first period can be used in 
the remaining computational process. This 
method can work well when the number of 

the sub-functions in the piecewise function 
in one period is not too many. The only 
disadvantage is that the time-step size must 
be restricted according to the period. Here, 
only four sets (From r1 to r4, in Figure 7) of 
response matrices need be evaluated in the 
whole computing process. 

The computational costs of PTI 
methods with two kinds of excitation form 
are listed in Table 5. The computational 
costs of the PTI methods when the excitation 
is approximated by Fourier series are about 
five times, even six times more than the cost 
of the PTI methods with periodic excitation. 
From Table 5, it can be seen that the 
computing speed of the current 
unconditionally stable PTI method is much 
faster than that of the PTI method5. Though 
the present method is only slight efficient 
than the PTI method16. This example still 
can show that the current unconditionally 
stable PTI method could solve the periodic 
excitation problems efficiently. 
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Figure 1 (a) h(t) and its modified Padé 
approximations (ξ=0,ω=1) 

 
 
 

 
 

Figure 2 (a) g(t) and its modified Padé 
approximations (ξ=0,ω=1) 

 

 

 
 

Figure 3 (a) h(t) and its modified Padé 
approximations (ξ=1,ω=1) 

 
 

Figure 1 (b) h(t) and its Taylor approximations 
(ξ=0,ω=1) 

 
 
 

 
 

Figure 2 (b) h(t) and its Taylor approximations 
(ξ=0,ω=1) 

 
 
 

 
 

Figure 3 (b) h(t) and its Taylor approximations 
(ξ=1,ω=1) 



 Chen ZhenLin, et al., J. Comp. & Math. Sci. Vol.4 (1), 5-20 (2013) 15 

Journal of Computer and Mathematical Sciences Vol. 4, Issue 1, 28 February, 2013 Pages (1-79) 

 
 

Figure 4 (a) g(t) and its modified Padé 
approximations (ξ=1,ω=1) 

 
 

 
 

Figure 5 (a) h(t) and its modified Padé 
approximations (ξ=2,ω=1) 

 
 

 
 

Figure 6 (a) g(t) and its modified Padé 
approximations (ξ=2,ω=1) 

 
 

Figure 4 (b) g(t) and its Taylor approximations 
(ξ=1,ω=1) 

 
 
 

 
 

Figure 5 (b) h(t) and its Taylor  
approximations (ξ=2,ω=1) 

 
 

 
 

Figure 6 (b) g(t) and its Taylor approximations 
(ξ=2,ω=1) 
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Figure 7 The truss with six layers and three lattices and the excitation 
 
 

Table 1. Formulae of first four-order new Padé approximations to h(t) 
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Table 2. Formulae of first four-order new Padé approximations to  
 

 

                  
 
 

Table 3. Stability analysis of the presented algorithm 
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Table 4. Computational effort to evaluate the result  

 

 
 

Table 5．．．．Computational effort to evaluate the result at t=12.0s in Example 5.3 
 

 
 
Notes: relative error is 10-7; p is the number of terms of Fourier series. 
 
 

6. CONCLUSIONS 
 

This study discussed the 
characteristics of the PTI method with the 
new modified Padé approximation in 
considerable detail. The new modified Padé 
 approximation is generated and employed in 
the PTI method by step-response and 
impulsive-response matrices to improve the 

efficiency and stability. The computational 
effort of the presented unconditionally stable 
PTI algorithm is comparable to other PTI 
algorithms with comparable accuracy. It is 
shown in this paper that: 
 
1.  The calculation formula of the new Padé  

approximation proposed in this paper is 
relatively simple, and it is convenient to 
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be applied to solve second-order 
differential equations. 

2.  The PTI method with the new Padé  
approximation presented for solving 
structural dynamic equations in this 
paper is unconditionally stable. 

3.  With Rayleigh damping, the explicit 
unconditionally stable algorithm could 
tackle structural dynamic equations 
(SDOF and MDOF) efficiently.  

4.  More computational effort can be saved 
because the modified step-response and 
impulsive-response matrices can be 
expressed in terms of two symmetric 
matrices. 
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