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ABSTRACT 
 

This paper deals with the asymptotic behaviours, as the 

similarity variable ‘η’ tends to infinity, of the solutions of 
equations governing the steady laminar incompressible 
boundary layer flows over a rotating disk in the presence 
of magnetic field; the discussion being based on the 
asymptotic integration of second order linear differential 
equations. It has been found that the principal and linearity 
independent solutions will exhibit asymptotic nature only 
under certain extra physical conditions. 

 

1.  INTRODUCTION  
 
Similarity solutions have been the 

subject of considerable research in the last 
four decades due to their applications in 
boundary layer theory. These are very often 
used for the interpretation of a number of 
fluid motions with low and large Reynolds 
numbers. Moreover, the study of the flow 
over a rotating body is of vital significance 
in the design of rotodynamic machines, fibre 
coating applications, re-entry missile 
behaviour, etc. For these reasons, Von-
Karman14 studied the steady viscous flow 
over an infinitely large rotating disk placed 
in a fluid at rest using an integral method. 
Later, Cochran1 obtained a more general 
solution of the same problem by numerical 
integration of the equations. Recently, 
Watson et al.15 considered the deceleration 
of the porous rotating disk where the angular 

and the mass transfer velocities have been 
taken to be time-dependent of certain type. 
Later, Takhar13 extended the analysis of 
Watson et al.15 to include the magnetic field 
effect. 
 The study of the asymptotic 
behaviour of the solutions of equations 
governing the problems of physical 
signifycance in boundary layer theory is 
an interesting aspect of discussion in 
fluid-mechanics. One of the most 
important problems in the study of the 
differential or differential-difference 
equations and their applications is that of 
describing the nature of the solutions for 
large positive values of the independent 
variables and this purpose is completely 
served by the study of the asymptotic 
behaviours. Thus, the asymptotic 
behaviour pays particular attention 
towards a desired problem for finding 
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conditions under which a solution 
approaches ‘zero’ as the independent 
variable tends to infinity, or is “very 
small” for all the independent variables, 
or is ‘bounded’ as the independent 
variable tends to infinity. 
 On account of the above facts, 
the study of the asymptotic nature of the 
solutions of the Falkner-Skan2 equations 
governing steady two-dimensional flow 
of slightly viscous incompressible fluid 
past a wedge was initiated by Hartman3, 
and later by Singh4-6, Singh and Singh7-

10, Singh and Kumar11, Singh and 
Verma12, etc. 
 The objective of the present 
paper is to describe the asymptotic 
nature of the solutions of equations 
which govern steady laminar income-
pressible boundary layer flows of 
electrically conducting fluids using the 
method of asymptotic integrations of 
second order linear differential equa-
tions. 
 
2. ANALYSIS 
 

The equations governing the 
flow-field are (Takhar13) 
 

f″′ + 2f f″ + g2 - f′2 - Mf ′ = 0     (1) 
g″ + 2fg′ - (M+2f′)g = 0   (2) 
 

under the boundary conditions 
f = fw > 0,  f′ = 0, g = 0  at η = 0  (3) 
f ′ = g = 0   as η→∞    (4) 
 

Here the primes denote 
differentiation w.r.t. similarity variable 
‘ η’. The disk under consideration is 
insulated and is infinite in extent. It is 
rotating with a time-dependent angular 
velocity in a laminar incompressible 

electrically conducting fluid which is at 
rest. The magnetic field is perpendicular 
to the plane of the disk and the magnetic 
Reynolds number is very small. The 
fluid is having constant property all 
through and the flow is axi-symmetric. 
The symbol M denotes the magnetic 
field and fw is mass transfer parameter. 
Finally, f and g are dimensionless stream 
functions. 
Let us put f = F-η in (1), (2), (3) and (4) 
to obtain 
F″′ + 2 (F-η)F″ + g2 – (F′-1)2  
– M(F′-1) = 0      (5) 
g″ + 2 (F-η)g′ - [M+2(F′-1)]g = 0  (6) 
under the boundary conditions 
F = fw , F′ = 1 , g = 0 at η = 0  (7) 
F′→1,  g→ 0      η→∞   (8) 
Put h = F′+ε  in (5) to obtain 

h″ + 2(F-η)h′ + 
ε+'

1

F
 [g2 – (F′-1)2 – M 

(F′-1)] h = 0,       (9) 
where ε is a positive constant very near 
to zero (but not zero). 
Put 

h = x exp (-∫ −
η

ηη
0

)( dF )           (10) 

in equation (9) to obtain 
 x″ - q(η)x = 0 
where 

q(η) = (F-η)2 + (F′-1)+ 
ε+'

1

F
 {M(F ′-1)+ 

(F′-1)2 – g2 }                (12) 
Consequently, 
q1/2(η) ~ (F-η) +  
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                (13) 
q1/4(η) ~ C                (14) 
where C ≠ 0 is a constant. 
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Also, 

q′(η) ~ 2(F′-1) (F-η) + 
2)'(

1

ε+F
{2F′2F″ 

+ 4F′F″ + (2M-2+g2) F″ - 2gg′ (F′+ε)} 
 

q″ (η) ~ 
ε+'

1

F
 {4F″2 – 2g′2 – 2gg″} – 

{4F′ + 2F′2 + 2M – 2 + g2 }   
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From (8), F′~1 as η→∞. Hence F ~ η for 
large η. Also, F″ > 0 for all η∈(0,∞) by 
Hartman4. 
 Hence for large η, there exists a 
constant K ≠ 0 such that 
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Also, 

∫
∞

∞<ηd
q

q
2/5

2/1

  and  ∫
∞

∞<ηd
q

q
2/3

''
   (15) 

(cf. Singh and Singh7-9). 
 

Since q(η) is a continuous function 
satisfying the condition (15), the 
principal solution of the differential 
equation (11) as η→∞ will be of the 
form 

x ~ C1 q
-1/4 exp ( - ∫

η

dssq )(2/1 )         (16) 

where C1 ≠ 0 is a constant, while linearly 
independent solutions satisfy 

x ~ C1 q
-1/4 exp ( ∫

η

dssq )(2/1 )            (17) 

(cf. Hartman4). 
Using (13) and (14) and taking F ~ η for 
large η in (16) and (17), we get 
 x ~ C1 η-5/4             (18) 
and 
 x ~ C1 η3/4             (19) 
Using (10) in (18) and (19), we get 
 h = + ε + F′ ~ C2 η-5/4            (20) 
 h = + ε + F′ ~ C2 η3/4             (21) 
as η→∞, where C2 ≠ 0 and ε ≈ 0 (but not 
zero). 
Differentiating (9) w.r.t. η and then 
making necessary manipulations, we get 

    h″′ + 2 [F-η]h″ + 0
''

']'2[ =
F

hgg
     (22) 

Treating the equation (22) as the second 
order equation in h′ and proceeding in 
the same way as (9) was handled, (22) 
has the principal solution as η→∞, 
satisfying, 
F″ = h ′ ~ C3 η-3/4 exp {(2M+2)η}     (23) 
where C3 ≠ 0, while linearly independent 
solutions satisfy 
 
F″ = h ′ ~ C3 η-1/4 exp {- (2M+2)η}  (24) 
From (20), (23) and (21), (24), we have 
 
F″ ~ C4 η1/2 exp{(2M + 2)η}( ε+F′)   (25) 
and  
F″ ~ C4 η-1 exp {-(2M+2)η}( ε + F′)  (26) 
where C4 ≠ 0. 
 
Similarly, the principal solution as 
η→∞, satisfying (6), will be 
 g ~ C5 η5/4               (27) 
where C5 ≠ 0, while linearly independent 
solutions satisfy 
 g ~ C5 η-9/4                (28) 
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3.  RESULTS AND DISCUSSIONS 
 

For the study of the asymptotic 
behaviours as the similarity variable η 
tends to infinity. We shall impose the 
conditions (8) on the LHS’ and RHS’ of 
the solutions and observe whether RHS’ 
behave in the similar fashion as LHS’ 
do. If it is so, the solutions will show 
asymptotic nature as η→∞, otherwise 
not. We shall also impose certain extra 
conditions on RHS’ of solutions, 
wherever possible, to make them show 
asymptotic character. While imposing 
the extra conditions, their practical 
utility will also be taken into 
consideration. The conditions of 
theoretical significance are always 
avoidable. 
 Now we shall study the 
asymptotic nature of the principal 
solution (20) based on the concept of 
boundedness of RHS. Here both the LHS 
and RHS are bounded as η→∞. So, the 
principal solution (20) will exhibit 
asymptotic nature as η→∞. On the 
contrary, the LHS of the linearly 
independent solution (21) is bounded but 
the RHS is not bounded as η→∞. So, the 
linearly independent solution (21) will 
not exhibit asymptotic character. 
 But, the principal solution (23) 
will not show asymptotic nature as 
η→∞, whereas the linearly independent 
solution (24) will show. This is simply 
because of the fact that both the sides of 
the solution (24) are bounded as η→∞. 
Thus, the higher derivatives of the 
velocity profiles tend to unboundness as 
η→∞ in case of principal solutions. In 
case of linearly independent solutions, 
the case is totally reversed. This nature 

of the velocity profiles is again justified 
by the principal and linearly independent 
solutions (25) and (26) for the 
independent variable η→∞. 
 In case of the temperature 
profiles, the principal solutions (27) do 
not show asymptotic character, whereas 
the linearly independent solutions (28) 
show the asymptotic character as η→∞. 
This character is shown by the solutions 
for all the values of the magnetic field. 
Thus, the magnitude of the magnetic 
field does not play any role in deciding 
the asymptotic behaviour of the velocity 
and temperature profiles for large values 
of the independent variable ‘η’. 
 
4. CONCLUDING REMARKS 
 

The asymptotic integration 
method to find out the solutions of non-
linear boundary layer equations is the 
corner-stone of Applied Mathematics. 
This is a method to find the approximate 
solutions for velocity profiles for very 
large values of the independent 
variables. One of the other corner-stones 
of Applied Mathematics is scientific 
computing and it is interesting to note 
that these two subjects have grown 
together. However, this is not 
unexpected given their respective 
capabilities. By using computer, one is 
capable of solving problems that are 
non-linear, non-homogeneous and multi-
dimensional. Moreover, it is possible to 
achieve very high accuracy. The 
drawbacks are that the computer 
solutions do not provide much insight 
into the physics of the problem, 
particularly for those who do not have 
access to the appropriate software or 
computer, and there is always the 
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question as to whether or not the 
computed solution is correct. On the 
other hand, the asymptotic integration 
methods are also capable of dealing with 
non-linear, non-homogeneous and multi-
dimensional problems. So, the main 
objective behind the use of the 
asymptotic integration method, at least 
as far as the author is concerned, is to 
provide reasonably accurate expression 
for the solution for large values of η. By 
doing this one is able to derive an 
understanding of the physics of the 
problem. Also, one can use the result in 
conjunction with the original problem, to 
obtain the more efficient numerical 
procedures for computing the solution. 
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