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ABSTRACT 
 

A set S of vertices of a graph G = (V,E) is called a vertex cover if 

each edge in E has at least one endpoint in S and the minimum 

cardinality takenover all vertex covering sets of G is called vertex 

covering number denoted by β(G). In this paper we have  obtained 

a necessary condition for trees to be invertible and also calculated 

the exact values of the covering and inverse covering numbersof 

invertible and factor critical trees and hence the relation between 

the covering parameters of  trees such as paths, stars, centipedes 

and banana trees are obtained. 
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1. INTRODUCTION 

 

 The covering and the inverse 

covering parameters play a vital role in 

coding theory, computer science, operations 

research, switching circuits, electrical 

networks etc.
4
. One of the best studied graph 

problems in theoretical computer science is 

the vertex cover problem which is a special 

class of the set cover problem. The vertex 

cover problem has many real world 

applications. An interesting field of 

application of the vertex cover problem is in 

bio-informatics, in the construction of 

polygenetic trees, in phenotype identification 

and in analysis of micro array data. It is also 
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useful in routing algorithms and in fault-

tolerance algorithms. It is well known that 

the vertex cover problem is NP complete for 

general graphs. Determining how well we 

can approximate vertex cover is one of the 

outstanding open problems in the 

complexity of approximation. While vertex 

cover has a trivial 2-approximation 

algorithm, no better algorithms are known. 

The best approximation algorithm currently 

known for arbitrary graph is due to 

Karakostas
6
. Also, Halperin E has developed 

an algorithm for vertex cover in 

hypergraphs. In cubic graphs, the minimum 

vertex cover problem is known to be APX 

approximable complete and NP hard in 

planar graphs, and admits a polynomial time 

approximation scheme in planar graphs
1
. On 

the other hand, minimum vertex cover is 

polynomial for several classes of graphs 

such as bipartite, chordal and graphs with 

bounded tree width etc. Therefore many 

attempts have been made to find the lower 

and upper bounds and exact values of ß(G) 

for special classes of graphs. Recently,  

Babak et al. Characterized minimum vertex 

cover in generalized Petersen graphs
3
 and 

Madhavi.L et.al obtained exact values of 

minimum vertex cover and minimum edge 

cover in Mangoldt graphs
9
. Guohui Lin et al. 

has studied vertex covering by paths on trees 

with its applications in machine translation
7
. 

 

2. BASIC CONCEPTS  
 

A graph G = (V,E) is a set of 

vertices V called nodes and a collection E of 

unordered pairs of vertices called edges. A 

graph G is said to be a connected graph, if 

every pair of vertices of G has a path from 

one vertex to another. All the graphs 

considered here are finite, connected and 

undirected with no loops and multiple edges. 

The independence number, α(G) of a graph 

G is the number of elements in the largest 

independent set in G. A perfect matching is 

a matching which matches all vertices of the 

graph, also called a one factor. A matching 

is perfect if and only if it has 
�

�
edges where n 

is the number of vertices of G. A graph 

Gisbipartite if the vertex set of G can be 

partitioned into two sets A and B such that 

ifuandvare in the same set, uandvare non-

adjacent. A tree is a connected graph without 

any cycles, or a tree is a connected acyclic 

graph. The edges of a tree are called 

branches. Every tree is a bipartite graph. The 

chromatic number of a graph G is the 

minimum number of colours required to 

colour it and is denoted by χ(G) . 

 

3. OVERVIEW OF THE PAPER  

 

This paper gives the exact values of 

the minimum vertex covering, edge covering 

and inverse covering numbers for invertible 

trees. We have given the necessary condition 

for a tree to be invertible and also studied 

the covering parameters of factor critical 

trees. In our study we have also found that 

certain trees like paths, stars, centipedes and 

banana trees are invertible. 
 

3.1 Minimum vertex cover problem 
 

A set S of vertices of a graph G = 

(V, E)is called a vertex cover, if each edge 

in E has at least one end point in S. The 

minimum vertex cover is a vertex cover of 

smallest size. The cardinality of the 

minimum vertex cover set is called the 

covering number of G, denoted by β(G). 

Finding the minimum vertex cover is called 

the vertex cover problem. 
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Figure 1: Minimum vertex cover set = {1, 3, 5, 7}

 

3.2 Minimum edge cover problem  
 

A set C of edges of a graph G, such 

that each vertex of G is incident with a

one edge in C is called an edge cover. The 

minimum edge cover is an edge cover of 

smallest size and the cardinality of the 

minimum edge cover set is called the 

covering number denoted by ß
 

Figure 2: Minimum edge cover set = {(1,6), (2,

(4,5)} 

 

3.3. Minimum inverse vertex cover 

       problem 

 

Let D be a minimum vertex 

covering of G. A set S ⊆ V

vertex covering of G is called an inverse 

vertex covering of G with respect to the 

covering D. Then the inverse vertex 

covering number β
-1

(G) is the order of 

smallest inverse vertex covering of G. Note 

that β
-1

(G) need not exist for every graph. 

For example, the cycle graph on odd number 

of vertices has no inverse vertex cover. A 

graph G is said to be invertible if G admits 

an inverse vertex covering [4]. In figure 3, 

the minimum vertex cover set D = {1,3,5,7} 

or {2,4,6,8} and   β(G) = 4, whereas, the 

minimum inverse vertex cover set V
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Figure 1: Minimum vertex cover set = {1, 3, 5, 7} 

3.2 Minimum edge cover problem   

A set C of edges of a graph G, such 

that each vertex of G is incident with at least 

one edge in C is called an edge cover. The 

minimum edge cover is an edge cover of 

smallest size and the cardinality of the 

minimum edge cover set is called the edge 

denoted by ß
1
(G). 

 
set = {(1,6), (2, 3), 

Minimum inverse vertex cover  

Let D be a minimum vertex 

V- D which is a 

vertex covering of G is called an inverse 

vertex covering of G with respect to the 

covering D. Then the inverse vertex 

(G) is the order of 

smallest inverse vertex covering of G. Note 

(G) need not exist for every graph. 

For example, the cycle graph on odd number 

of vertices has no inverse vertex cover. A 

graph G is said to be invertible if G admits 

an inverse vertex covering [4]. In figure 3, 

the minimum vertex cover set D = {1,3,5,7} 

r {2,4,6,8} and   β(G) = 4, whereas, the 

minimum inverse vertex cover set V-D = 

{2,4,6,8} or {1,3,5,7} with respect to D and 

therefore,  β
-1

(G) = 4. 
 

 
Figure 3: Minimum inverse vertex cover set = {2, 4, 

6, 8} or 1, 3, 5, 7} 

 

We require the following theor

to investigate the behaviour of invertible 

graphs and to derive our results on invertible 

trees. 
 

3.4 Theorem: [ 2 ] 
 

Let G be a graph with chromatic 

number 2.               If G contains a 1

then β (G) =β
′
 (G)=

2

V
. 

 

3.5 Theorem: [Gallai’s theorem]
 

For any graph  with no isolated 

vertices, α (G) + β(G) = V . 
 

3.6 Theorem:[ Konig’s theorem ] 
 

Let G be a bipartite graph. Then 

(G) =α (G).  

 

4. MAIN RESULTS 

 

We now give the necessary 

condition for a bipartite graph to be 

invertible and hence for invertible trees.
 

4.1 Theorem: 
 

Let G be a bipartite graph.

contains a perfect matching then G is 

invertible. 
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{2,4,6,8} or {1,3,5,7} with respect to D and 

Figure 3: Minimum inverse vertex cover set = {2, 4, 

We require the following theorems 

to investigate the behaviour of invertible 

graphs and to derive our results on invertible 

Let G be a graph with chromatic 

number 2.               If G contains a 1-factor, 

’s theorem] 

For any graph  with no isolated 

[ Konig’s theorem ]  

Let G be a bipartite graph. Then β
′
 

We now give the necessary 

bipartite graph to be 

invertible and hence for invertible trees. 

Let G be a bipartite graph. If G 

contains a perfect matching then G is 
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Proof: 

Let G be a bipartite graph. If G has a 

perfect matching then from theorem 3.4, 

β(G) =
2

V
. By a property of vertex cover, 

the end points of a perfect matching always 

form a vertex cover. Since G is bipartite, 

β(G) equals the number of  end vertices of 

the perfect matching.  Hence V -β(G) =β
-

1
G) = 

2

V
. This implies inverse vertex 

cover exists. So G becomes invertible. 

 

4.2 Corollary: 

Let G be a bipartite graph. If G contains a 

perfect matching thenβ
-1

(G) =β(G) = 2

V

. 

 

4.3 Remark: 
 

We observe that for a tree T to be 

invertible the above condition is only 

necessary and not sufficient. That is, all 

invertible trees need not contain a perfect 

matching. Consider anexample in figure 4. 

 
Figure 4: Aninvertible tree with no perfect 

matching  
 

Since we are dealing with trees 

which have a perfect matching, we here 

define a spike tree. 

 

4.4 Definition: 

A spike tree is a tree with a perfect 

matching obtained from a smaller tree by 

adding a pendent edge to each vertex. 

The following result gives the exact 

value of the covering parameters on spike 

trees. 

 

4.5 Theorem:  

Let T be aspike tree, then ��� =
|�|

�
. 

 

Proof:  
Let T be a spike tree. We know that 

a spike tree is a tree with a perfect matching. 

Also, T is bipartite. Hence by theorem 3.4, 

we have, ��� =
|�|

�
. 

 

4.6 Theorem:  
 

Let T be aspike tree, then T is 

invertible and β
-1

(T) = β (T).  

 

Proof: 

Let T be aspike tree. Since spike tree 

is a tree with a perfect matching, from 

theorem 4.1, T is invertible and hence β (T) 

= β
-1

(T). 

The following theorem shows that 

for any tree the vertex covering number will 

never be greater than its edge covering 

number. 
 

4.7 Theorem:  
 

Let T be any tree, thenβ�(T) ≥

β�T�. Equality holds if T is a spike tree. 
 

Proof:  

Suppose if T contains a perfect 

matching then T is a spike tree. Hence from 

theorem 3.4, β (T) =β
′
 (T).  

To prove: β
′
 (T)>β (T), if T is any tree. 

Suppose β
′
 (T)<β (T).  

By konig’s theorem,  β
′
 (T)< V  - α (T). 

Thus β
′
(T) + α(T)< V .This is not possible.  
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Hence β
′
 (T)>β (T) for any tree T. 

 

4.8 Remark:  
 

From the above theorem we see that, 

if T is a spike tree then β(T) = β
′
(T). But the 

converse is not true. 

 

4.9 Theorem:  

 

Let T be any tree. If T is invertible, 

then β
-1

(T) = β
′
(T). 

 

Proof: 

Let T be an invertible tree. Then β
-

1
(T) ≠ 0. By the property of vertex cover, β

-

1
(T) = V  - β(T) = α (T).  

Now by Konig’s theorem, β
′
 (T) =α (T). 

Hence β
-1

(T) = β
′
(T). 

 

4.10 Lemma:  

Let G be an invertible tree. If G has 

no perfect matching then β
-1

(G)> β (G). 

 

Proof: 

Let G be an invertible tree. From 

theorem 4.7, for any tree we have β
′
(G)> 

β(G). Since G is invertible, using theorem 

4.9, β
-1

(G) =  β’ (G). This implies β
-1

(G) >  β 

(G). 

 

4.11 Theorem:  

 

Let G be an invertible graph. Then 

β
-1

(G) ≥β(G). 

 

Proof: 

Let G be an invertible graph. G has 

an inverse vertex cover and hence β
-1

(G) ≠ 0. 

G being a tree is bipartite. Two cases arise: 

Case(i) : If G has a perfect matching, then by  

theorem 4.1,β (G) = β
-1

(G). Case (ii): If G 

has no perfect matching, by lemma 4.10 we 

have β
-1

(G) >  β (G).Hence the proof. 

We shall now consider trees with 

near perfect matching. We require the 

following lemma to prove results on factor 

critical trees. 

 

4.12 Lemma:  

Let T be a factor critical tree and     

T – v is not a forest for any v ϵ V. Then β(T 

- v) = β(T). 

 

Proof: 

Let T be a factor critical tree. Since 

T – v is not a forest, v must be a leaf in T. 

Since v is a leaf, removal of a leaf vertex of 

T does not alter the value of β(T).Hence β(T 

- v) = β(T). 

 

4.13 Lemma: 
Let T be a factor critical tree and T – v is not 

a forest for any v ϵ V. Then β
′
 (T) = β

′
(T - v) 

+ 1. 

 

Proof: 

Let T be a factor critical tree. Since 

T – v is not a forest, v must be a leaf in T. If 

one vertex v is removed from T then by the 

definition of minimum edge cover β
′
 (T) = β

′
 

(T - v) + 1. 
 

4.14 Theorem: 
 

Let T be a factor critical tree, then 

β
′
(T) = β(T) + 1 = 













2

V
, provided T – v is 

not a forest for any v ϵ V. 
 

Proof: 

Let T be factor critical. Then T will 

have a near perfect matching. That is 
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removing a vertex  v ϵ V gives a perfect 

matching. Hence using lemma 4.13,β
′
 (T)= β

′
 

(T - v) + 1. Since T – v contains a perfect 

matching, β
′
(T) = β(T - v) + 1. Also from 

lemma 4.12, we have, β(T - v) =β(T). Hence 

β
′
(T) = β(T) + 1 = 

2

V
+1 =













2

V
. 

4.15 Corollary: 

Let T be a factor critical tree, 

provided T – v is not a forest for any v ϵ V,  

then β(T) = 








2

V

. 

 

Proof: 

Let T be a factor critical tree, 

provided T – v is not a forest for any v ϵ V. 

Then, from theorem 4.14,β
′
(T) = β(T) + 1 = 













2

V
. Therefore, β(T) = β

′
(T) – 1 = 









2

V

. 

In the following section we consider certain 

trees which are both factor critical and have 

perfect matching. A path graph is an 

example for such a tree. 

 

5. PATH GRAPH 

 

A path graph Pn is a tree that can be 

drawn so that all of its vertices and edges lie 

on a single straight line. It is a tree with two 

vertices of degree 1, and the other n-2 

vertices of degree 2.A simple path that 

includes every vertex of the graph is known 

as a Hamiltonian path. Two paths are vertex-

independent if they do not have any internal 

vertex in common. Similarly, two paths are 

edge-independent if they do not have any 

internal edge in common. The length of a 

path is the number of edges that the path 

uses, counting multiple edges multiple 

times. The length can be zero for the case of 

a single vertex. Paths are fundamental 

concepts in graph theory with many 

applications.  
 

 
Figure 4: Path graph P4 

 

5.1 Theorem: 

 

Let G be a path graph Pn. Then β (G) 

= 








2

V

for all n. 

 

Proof:  

Let G be a path graph Pn. If n is even 

then by theorem 3.4, β(G) = 
2

V
. If n is 

odd, then Pn is factor critical and so from 

corollary 4.11,β(G) = 








2

V

. Hence for all 

n, β(G) = 








2

V

. 

 

5.2 Theorem:  

 

Let G be a path graph Pn, with even 

number of vertices then,  β(G) = β
′
 (G). 

 

Proof: Let G be a path graph Pn, with even 

number of vertices, then Pn will contain a 

perfect matching. Since Pn is bipartite, we 

have , β (G) = β
′
 (G). 

 

5.3 Theorem: 

 

Let G be a path graph Pn, having odd 

number of vertices then, β
′
 (G) = β (G) + 1. 
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Proof: If n is odd, then Pn is factor critical. 

Hence by theorem 4.10 we have β

(G) + 1. 

 

5.4Theorem:  

 

Let G be a tree. Then β

if G is a path. 

 

Proof:  
If Pn contains even number of 

vertices then, β (G) =β
′
 (G)=

implies β (G)+β
′
 (G) = V .Hence, 

V  - β (G) = β
-1

(G). 

 If Pn contains odd number of vertices then,  

by corollary 4.11, β(G) = 




= V  - β (G) = V - 




−

2

V

From the above results we conclude that a 

path is an invertible tree for all values of n. 

Suppose if we attach pendent edges to each 

vertex on the path Pn we get an n

graph also called n-centipede graph. The 

interesting fact is, we found that the n

centipede is also an invertible tree.

 

6. N-CENTIPEDE GRAPH

 

A caterpillar is an n

which any leaf is at a distance exactly one 

from a central path called spine. A n

centipede is an n-leaf caterpillar, in which 

the edges incident to the leaves produce a 

perfect matching. In other words, the n

centipede is the tree on 2n nodes and 2n

edges obtained by joining the bottoms of n 

et al., J. Comp. & Math. Sci. Vol.5 (2), 141-149 (2014) 

Journal of Computer and Mathematical Sciences Vol. 5, Issue 2, 30 April, 2014 Pages (123 - 257)

is factor critical. 

Hence by theorem 4.10 we have β
′
 (G) =β 

Let G be a tree. Then β
′
 (G) = β

-1
(G) 

contains even number of 

(G)=
2

V
. This 

.Hence, β
′
 (G) = 

contains odd number of vertices then,  






2

V

. Butβ
-1

(G) 







2

1
= 













2

V
.  

From the above results we conclude that a 

path is an invertible tree for all values of n. 

Suppose if we attach pendent edges to each 

we get an n-comb 

centipede graph. The 

interesting fact is, we found that the n-

centipede is also an invertible tree. 

CENTIPEDE GRAPH 

caterpillar is an n-leaf tree for 

which any leaf is at a distance exactly one 

from a central path called spine. A n-

leaf caterpillar, in which 

the edges incident to the leaves produce a 

perfect matching. In other words, the n-

the tree on 2n nodes and 2n-1 

edges obtained by joining the bottoms of n 

copies of the path graph P2 laid in a row with 

edges. The following theorem shows that the 

n-centipede graph has all its covering 

parameters equal to half the number of its 

vertices. 

Figure4:   5-centipede graph

 

6.1 Theorem: 

 

Every centipede with 2n number of 

vertices hasβ (G) =β
′
 (G) = β

-1
(G) = 

 

Proof:  

The proof of this theorem follows 

from theorem 3.4 and theorem 4.6.

 

7. STAR GRAPH  
 

The star graph Sn of order n, is a tree 

on n nodes with one node having degree n

and the other n-1 nodes having degree 1. 

The star graph Sn is therefore isomorphic to 

the complete bipartite graph k1,n-1.

 
Figure 7:  Star graph S9

 

7.1 Theorem:  
 

Let T be a tree, then �
and only if  T is a star. 
 

Proof:  

Let T be a star.To prove: 

Since all the edges of a star are incident on  

the middle vertex, we have 

Conversely Let���� � 1. To prove : T is a 
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laid in a row with 

edges. The following theorem shows that the 

centipede graph has all its covering 

parameters equal to half the number of its 

 
centipede graph 

Every centipede with 2n number of 

(G) = n. 

The proof of this theorem follows 

from theorem 3.4 and theorem 4.6. 

of order n, is a tree 

on n nodes with one node having degree n-1 

1 nodes having degree 1. 

is therefore isomorphic to 

1. 

9 

���� � 1, if 

Let T be a star.To prove: ���� � 1. 

Since all the edges of a star are incident on  

the middle vertex, we have ���� � 1
. 

. To prove : T is a 
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star graph. Two possible cases are: (i) T can 

be an isolated vertex or (ii) T c

complete bipartite graph K1,n

which is isomorphic to the star graph 

hence the proof. 

 

7.2 Theorem: 
 

Let T be a tree. Then β

and only if T is a Star where n is the number 

of vertices of T. 

 

Proof: 

Let T be a star. Since all th

of T are incident on a single middle vertex

β
′
(T) = n- 1. Conversely, let β

This implies that the minimum edge cover 

set contains all the edges of T which means 

that T must be a star. 
 

7.3Theorem:  
 

Let T be a tree. Then β

if T is a Star. 
 

Proof:  

If T is a star ��� � 1

V  - β (T) = n – 1 = β
′
 (T). 

We now define a banana tree which 

is obtained from a star graph and show that 

it is also invertible. 

 

8. (N,K)-BANANA TREE  

 

An (n,k)-banana tree, is a graph 

obtained by connecting one leaf of each of n 

copies of an k-star graph with a single root 

vertex that is distinct from all the stars.     

Figure 8:  (3, 5)-banana tree

et al., J. Comp. & Math. Sci. Vol.5 (2), 141-149 (2014) 

Journal of Computer and Mathematical Sciences Vol. 5, Issue 2, 30 April, 2014 Pages (123 - 257)

star graph. Two possible cases are: (i) T can 

be an isolated vertex or (ii) T can be a 

1,n  where n ≥ 1, 

which is isomorphic to the star graph Sn. 

Let T be a tree. Then β
′
 (T) = n-1 if 

and only if T is a Star where n is the number 

Since all the edges 

single middle vertex 

1. Conversely, let β
′
 (T) = n-1. 

This implies that the minimum edge cover 

set contains all the edges of T which means 

Let T be a tree. Then β
′
 (T) = β

-1
(T) 

1 . Now, β
-1

(T) = 

 

We now define a banana tree which 

is obtained from a star graph and show that 

 

banana tree, is a graph 

obtained by connecting one leaf of each of n 

star graph with a single root 

vertex that is distinct from all the stars.      

 
banana tree 

8.1Theorem: 

 

Let G  be a banana tree then 

(i) β(G) = n+1.  (ii) β
′
 (G) = n(k

k>2. 

 

Proof:  
(i) The minimum vertex cover set of G 

consists of n + 1 vertices. This is 

because to cover all the edges of G we 

choose one vertex from each copies of a 

k-star plus the common vertex 

connecting all k-stars. Thus β(G) = n+1.

(ii) Similarly from n copies of 

choose k-1 edges from each k

cover all the vertices of G. Hence β

= n(k-1) for all k>2. 

 

8.2Theorem: 

 

Let G be a banana tree, then β

β
-1

(G).       
 

Proof:  
Let G  be a banana tree. Then β

= V  - β (G). Since the number of vertices 

in a banana tree is nk+1, we have   

(nk+1) – (n + 1) = n(k – 1) = β
′
 (G).

 

9. CONCLUSION 

 

We have given the necessary 

condition for a tree to be invertible. Further 

we have also found the exact values of the 

covering parameters of trees which are 

invertible and factor critical and using this 

we have also obtained the relation between 

vertex, edge and inverse covering numbers 

for trees such as paths, stars, centipedes and 

banana trees. Interestingly, using this 

of the minimum vertex cover problem for 

257) 

Let G  be a banana tree then  

(G) = n(k-1) for all 

(i) The minimum vertex cover set of G 

consists of n + 1 vertices. This is 

because to cover all the edges of G we 

choose one vertex from each copies of a 

star plus the common vertex 

β(G) = n+1. 

(ii) Similarly from n copies of k-star, we 

1 edges from each k-star to 

cover all the vertices of G. Hence β
′
 (G) 

then β
′
 (G) = 

Let G  be a banana tree. Then β
-1

(G) 

β (G). Since the number of vertices 

in a banana tree is nk+1, we have   β
-1

(G)= 

(G). 

We have given the necessary 

condition for a tree to be invertible. Further 

we have also found the exact values of the 

overing parameters of trees which are 

invertible and factor critical and using this 

we have also obtained the relation between 

vertex, edge and inverse covering numbers 

paths, stars, centipedes and 

Interestingly, using this study 

of the minimum vertex cover problem for 
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trees can be considered for other 

architectures. 
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