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ABSTRACT 
 

A numerical procedure for solving a multiparameter eigenvalue 
problem in the form of ordinary differential equations associated 
with certain boundary conditions is presented in this paper.  While 
trial and error method is used normally in finding rough estimates 
of eigenvalues of the problem,  in this paper a procedure based on 
Moment method is used for the purpose.  The resulting  algebraic 
equations obtained in applying Moment method on the problem 
are solved to find the rough estimates of the eigenvalues of the 
problem.  Rough estimates are used as starting approximations in 
the corresponding shooting method to obtain their  actual values. 
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INTRODUCTION  
 
Multiparameter (eigenvalue) 

problems appear when the method of 
separation of variables is applied to solve 
certain boundary value problems associated 
with partial differential equations. Accounts 
of multiparameter problems may be found 
in1,26. 

Compared to two or multiparameter 
problems, one-parameter (eigenvalue) 
problems are much developed both 
theoretically and numerically.  Unlike 
theoretical aspects, numerical methods 
developed for solving two or multiparameter 

problems are very limited. The references2-12 
may be cited for numerical treatment of the 
problem, mainly in two-parametric cases. 
Numerical methods applied even to a two-
parameter problem are thus limited and 
hence some contribution in this area are 
always in need. 

In this paper, we propose to 
investigate the two-parameter  problem 
expressed mathematically in the form of a 
linear ordinary differential equation 

 

y"(x) + { λ + µ f(x) + g(x)} y(x) = 0,    (1) 
 

subject to the three-point boundary 
conditions 
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y(a) = y(b) = y(c) = 0,      (2) 
 
where a < b < c, f(x) and g(x) are given real 
valued continuous functions of the 
independent variable x є [a, c],  f(x) is 
monotonic on [a, c], the three points a, b, c 
are specified.  We seek a pair (λ, µ) of the 
parameters λ and µ, called an eigenvalue of 
the problem (1)–(2), for which there exists a 
non-trivial solution y(x) of  (1)–(2), called 
an eigenfunction of the problem (1). 
 

 An account of the existence of 
eigenvalue pairs may be found in2. In11 
shooting method (xv) is used to estimate 
eigenvalue pairs (λ, µ) of (1)–(2), the 
solutions corresponding to which cross the 
axis of x, i.e. vanishes the requisite number 
of times in the intervals [a, b] and [b, c].  
The points at which the eigenfunction 
vanishes in [a, b] and [b, c] are called zeros 
of the eigenfunction.  The eigenfunction is 
said to be oscillatory in [a, b] or in [b, c], if 
there exists at least one zero in the interval.  
By virtue of the boundary conditions we 
must obtain eigenfunctions which are at best 
oscillatory in this case, the zeros being a and 
b in [a, b] as well as b and c in [b, c].  
 For the shooting method one needs 
starting values of the entities whose actual 
values are to be determined. The 
convergence of the shooting method and, if 
it exists, its rapidity both depend on the 
starting values.  In (xi) starting values of the 
eigenvalue pairs (λ, µ) are obtained by a trial 
and method and have estimated actual values 
by an application of the shooting method.  
For actual values of certain eigenvalue pairs 
(λ, µ), the number of zeros (m, n) of the 
corresponding eigenfunctions in each of the 
intervals (a, b) and (b, c) can be obtained 
through computation. 

 In this paper rough estimates of the 
eigenvalue pairs (λ, µ) are obtained by an 
application of Moment method which is 
based on the principle of Weighted Residual 
methods13,14.  Algebraic equations obtained 
in applying Moment method on the 
equations involving weighted integral of the 
residue are solved to find the rough 
estimates of the eigenvalues of the problem.  
Using the rough estimates as starting 
approximations in the corresponding 
shooting method of the problem,  actual 
values are obtained. 
 
FORMULATION OF THE METHODS 
  

In solving boundary value problems, 
the Finite Element Method (FEM) approach 
differs from Finite Difference Method 
(FDM) mainly in two aspects.  First, in the 
FEM, the domain may be subdivided in an 
arbitrary manner. For example, in two-
dimension it is usually subdivided into 
triangles which are not necessarily of equal 
sizes.  This gives us the freedom to choose 
larger triangles in the part of the domain 
where variation in the solution is expected to 
be not too large and choose smaller triangles 
where solution may vary too sharply or it 
may be too sensitive over some part of the 
domain. These triangles (or polygons in 
general) are called ‘elements’ and vertices of 
the triangles (or polygons) as ‘nodes’.  It is 
required to find the solution at the nodes.  
The second difference is with regard to the 
mathematical strategy adopted in FEM 
which is totally different from FDM.  As the 
nodes are not positioned along the axes in 
FEM, the derivatives cannot be approximated 
by finite differences.  Instead, the value of 
some kind of integral is minimised over the 
entire domain and the process of 
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minimisation is carried out element-wise to 
get an over-all minimum.  
 As stated, some kind of integral is to 
be minimized in FEM.  Moment method is 
one such approach which uses this 
mathematical strategy of minimisation of 
integral and which falls under the broad 
category of “Weighted Residual methods”.  
The objective of this method is to seek some 
classical techniques in which a family of 
trial functions is used to obtain an 
approximate solution.  These techniques are 
very closely related to the FEM of analysis 
and that indeed the FEM can be regarded as 
an extension of these classical procedures.  
Therefore, here  we shall give brief outlines 
of   Weighted Residual methods followed by 
Moment method of our present interest. 
  
WEIGHTED  RESIDUAL  METHODS 
  

The weighted residual methods are 
the approximate methods which provide 
analytical procedure for obtaining solutions 
in the form of functions which are close in 
some sense to the exact solution of the 
boundary value problem or the initial value 
problem. We formulate the weighted 
residual methods for the boundary value 
problem (1)–(2), the general form of which 
defined by 

 

L[y]   =  f(x),  x є R      (3) 
Bi[y]  =  gi (x),     x є S      (4) 
 
where L[y] denotes a general differential 
operator involving y;  Bi[y] represents the 
appropriate number of boundary conditions, 
f(x), gi(x) are the functions of the 
independent variable x = (x1, x2,…, xm) and 
R is the domain with boundary S. Though 
the coordinate x is in multidimensional 

space, however, in the present study x is 
considered as a one dimensional coordinate.  
For the problem (1)–(2) the domain R with 
its boundary S is given by [a, c].  
 We assume an approximate solution 
y(x) of the boundary value problem (3)–(4) 
of the form 
 
y(x) ≈ w(x, a1, a2,…, am) = w(x, a)    (5) 
 
which depends on the arbitrary parameters  
a1, a2,…, am. If possible, special 
characteristics of the problem such as 
symmetry, monotonicity, trigonometric 
nature etc. are taken into account while 
writing this solution.  For the parameters  a1, 
a2,…, am  in (5) we have the following three 
cases. 
(i) The function w(x, a) satisfies the 
differential equation (3), but not the 
boundary conditions  (4): 
 
L [w(x, a)]  =  f(x),  x є R     (6) 
ei = Bi [w(x, a)] –  gi (x) ≠ 0,  x є S    (7) 
 
(ii) The function w(x, a) satisfies the 
boundary conditions (4), but not the 
differential equation (3): 
 

E(x, a) = L [w(x, a)] – f(x) ≠ 0,  x є R       (8)                                               
Bi [w(x, a)] =  gi (x)   x є S                         (9) 
 
(iii) The function w(x, a) satisfies neither 
the differential equation (3) nor the 
boundary conditions  (4). 
 The problem is then to determine the 
parameters a1, a2,…, am  in (5) such that the 
error ei  given by (7) or E(x, a) given by (8) is 
as small as possible in some sense.  If ei is 
approximate to zero, then the method is 
called boundary method while if E(x, a) is 
approximated to zero, then the method is 
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called an interior method.  In the third case,  
the method is called a mixed method.  In the 
case of the interior method,  we write w(x, a) 
in the form 
                                                                                       
w(x, a) =  w(x, a1, a2,…,am)  
     m  
= φ0 (x) + ∑aj φj (x)    (10)                          

    j = 1 
 

where φj(x) are prescribed functions taken 
from a complete set of functions (preferably 
orthogonal) over R. Also, φ0(x) satisfies the 
inhomogeneous boundary conditions and 
φj(x), j = 1,2,…, m, satisfy the homogeneous 
boundary conditions 
 
Bi [φ0 (x)] =  gi (x)    (11) 
Bi [φj (x)] =  0,      j = 1,2,…, m   (12) 
 
Substituting the approximate solution (5) in 
the differential equation (3), we get the error 
or residue in the differential equation 
 

E(x, a) = L[w(x, a)] – f(x)    (13) 
 
where a = (a1, a2,…, am).  This gives the 
measure of the extent to which the function 
w(x, a) satisfies the differential equation. As 
the number m of the functions φj(x) is 
increased in successive approximations, we 
hope that the residue E(x, a) will become 
smaller. The exact solution is obtained when 
the residue is identically  zero. 
 Since it is not possible to make the 
error E(x, a) identically zero, we shall try to 
make E(x, a) as small as possible in some 
sense. In the error distributing methods, the 
error function E(x, a) is made to 
approximate the zero function, in the sense 
that each of the weighted integral of the 
residue 

∫R E(x, a) Wj dx     (14) 
 
of E(x, a) with respect to the weight 
functions Wj, j = 1,2,…, m is equal to zero.                                                     
If  w(x, a) is the exact solution then the 
equations (14) are satisfied regardless of the 
choice of the weight functions.  The weight 
functions can be chosen in different ways, 
and each choice corresponds to a different 
criterion in approximate methods.  Once a 
choice is made, the equations  (14) provide a 
system of m linear or nonlinear algebraic 
equations for the determination of the 
parameters a1, a2,…, am.  This system can be 
solved by standard methods.  The solution of 
these equations is substituted into (5) to give 
the approximate solution to the problem (3)–
(4). The successive approximations are 
obtained by increasing m and solving the 
system of equations again.  The approximate 
methods  based on  (14) are called the 
weighted residual methods.  As already 
stated, in this paper we consider Moment 
method based on this principle as described 
below :  
 
MOMENT METHOD 
 
              In this method,  the weight functions 
Wj  are taken as   
 
Wj  =   Pj (x), j = 1, 2,…, m,   (15) 
 
where  Pj (x)  are polynomials.  The 
weighted integral of the residue equations 
given by (14)  in  this method become 
 

∫R E(x, a) Pj (x) dx = 0,  j = 1, 2, …, m.  (16) 
 
This gives a system of linear or nonlinear 
equations for the solution of the parameters  
a1, a2,…, am . 
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A NUMERICAL EXAMPLE 
 
For numerical example of the 

problem (1)–(2) which is of the form (3)–
(4),  here we consider the two-parameter 
problem defined by the equations 

 
y"(x) +  (λ + µ x + x2) y(x) = 0,   (17) 
 
subject to the three-point boundary 
conditions 
y(–1) = y(0) = y(1) = 0,    (18) 
where the domain R with its boundary S is 
given by  [–1, 1]. 

In applying the Moment method on 
the equations involving weighted integral of 
the residue of the two-parameter problem 
(17)–(18), here it is aimed at to generate 
enough equations to determine the aj’s in (5) 
and the required λ and µ. This can be 
achieved by considering the problem (17)–
(18) separately, one in the interval [–1, 0] 
and the other in the interval [0, 1].  By virtue 
of the equations (16) of Moment method 
involving the weight functions Wj, j = 
1,2,…, m, it will lead to two sets of  
algebraic equations, one in the interval [–1, 

0] and the other in the interval [0, 1].   The 
algebraic equations obtained thus can be 
solved to find the rough estimates of the 
eigenvalues of the problem (17)–(18).  
Finally using the rough estimates as starting 
approximations in the corresponding  
shooting method of the problem,  actual 
values can be obtained.  These aspects are 
explained in the numerical example 
considered here. 
 Here we consider the approximate 
solution of (17) satisfying the boundary 
conditions (18) as  
 

w(x) =  x (1 + x) (1 – x) (a1 + a2x) .  (19)  
Substituting the approximate solution (19) in 
the problem (17)–(18), we get 
 
E(x, a) = 2a2 – 6a1x –12a2x

2 + (λ + µ x + x2) 
(a1x + a2x

2 – a1x
3 – a2x

4)         (20) 
 
For exemplification, the weight functions are 
considered as  
 

W1 =  1  and   W2 =  x .    (21) 
 
Using equations (16) in the intervals [–1, 0] 
and [0, 1], we obtain: 

 
  0 
∫ E(x, a) W1dx  = (– 0.25000 λ + 0.13333 µ + 2.91667) a1 +  
–1                                             ( 0.13333 λ – 0.08333 µ –  1.94286) a2 = 0,              (22) 
 

  1 
∫ E(x, a) W1dx  = ( 0.25000 λ + 0.13333 µ – 2.91667 ) a1 +  
 0                                            (  0.13333 λ + 0.08333 µ –  1.94286 ) a2 = 0,              (23) 
 

  0 
∫ E(x, a) W2dx  = ( 0.13333 λ –  0.08333 µ – 1.94286 ) a1 +  
–1                                          (– 0.08333 λ + 0.05714 µ + 1.95833 ) a2 = 0,               (24) 
 

  1 
∫ E(x, a) W2dx  = ( 0.13333 λ + 0.08333 µ – 1.94286) a1 +  
 0                                             ( 0.08333 λ + 0.05714 µ – 1.95833) a2 = 0.                (25) 



634 Arun Kumar Baruah, J. Comp. & Math. Sci. Vol.2 (4), 629-636 (2011) 

Journal of Computer and Mathematical Sciences Vol. 2, Issue 4, 31 August, 2011 Pages (581-692) 

Eliminating a1 and  a2 from the equations (22)–(25) pair-wise, i.e. from  (22) and (23), (23) 
and (24),  (24) and (25),  (22) and  (24),  (23) and (25) as well as (22) and (25), we obtain a 
set of six algebraic equations as 
 
–0.06667 λ2 +0.02222 µ2+ 0.00000 λµ+ 1.74919 λ + 0.00000 µ–11.33336 = 0,(26) 
–0.03861 λ2 + 0.01456 µ2+ 0.00318 λµ+ 1.25071 λ + 0.09445 µ– 9.48651 = 0,(27) 
 0.02222 λ2 – 0.00952 µ2 + 0.00000 λµ– 0.84601 λ + 0.00000 µ + 7.60952 = 0,(28) 
 0.00306 λ2 + 0.00068 µ2 – 0.00318 λµ –0.21455 λ + 0.10397 µ + 1.93710 = 0,(29) 
 0.00306 λ2 + 0.00068 µ2 + 0.00318 λµ –0.21455 λ – 0.10397 µ + 1.93710 = 0,(30) 
–0.03861 λ2 + 0.01456 µ2– 0.00318 λµ+ 1.25071 λ – 0.09445 µ– 9.48651 = 0.(31) 
 
 

Table  1 
Rough Estimates of Eigenvalue Pairs  (λ, µ)  for Shooting Method 

 
Equations Rough estimates of  (λ, µ) 
(26) & (27) (11.40298, 1.59242), (–5.08752, 31.43579), (36.93783, – 41.18347) 
(27) & (28) (13.25524,–5.60930), ( 41.30373, 33.32648), (–28.27574,71.95964) 
(28) & (29) (13.25206, 5.61695), (41.44537,–33.54733),(–26.63055,–69.43451) 
(29) & (30) (10.64475,0.00000),  (32.69497, 51.54360),  (32.69497, –51.54360) 
(30) & (31) (11.39634, –1.60650), (37.32449, 41.86189),(– 29.17177,73.63814) 
(26) & (28) (14.56938, 0.16111), (14.56938, –0.16111),  (–29.79286, 74.28749) 
(27) & (29) (11.39634,1.60649), (37.32449,–41.86188), (–29.17182,–73.63823) 
(28) & (30) (13.25206, –5.61695), (41.44537, 33.54733), (–26.63055,69.43451) 
(29) & (31) (13.25380,5.62073), (41.44646,–33.54517), (–30.29816,–75.48703) 
(26) & (29) (11.39770, 1.60941), (37.32645,–41.85786), (–4.83564,– 30.99808) 
(27) & (30) (13.25378,– 5.62068), (41.44646, 33.54516), (– 4.80294, 30.93642) 
(28) & (31) (13.25528,5.60920),(41.30432,–33.32740), (–28.27577, –71.95968) 
(26) & (30) (11.39770, – 1.60941), (37.32645, 41.85786), (–4.83564, 30.99808) 
(27) & (31) (–29.70123, 74.44596),(–29.70123,–74.44605),(12.11841, 0.00000) 
(26) & (31) (11.40295,–1.59251), (–31.23002,76.77828), (–5.08766,–31.43604) 

 
 
Solving the algebraic equations (26)–(31) 
pair-wise as simultaneous equations, fifteen 
pairs in number, viz. (26) and (27), (27) and 
(28), (28) and (29), (29) and (30), (30) and 
(31), (26) and (28),  (27) and (29), (28) and 
(30),  (29) and (31), (26) and (29), (27) and 
(30),  (28) and (31), (26) and (30), (27) and 
(31), (26) and (31), we get a set of rough 

estimates of the eigenvalue pairs (λ, µ) of the 
problem (17)–(18) as shown in the  Table 1. 
 Finally using the rough estimates of  
(λ, µ) from Table 1 as starting 
approximations in the corresponding  
shooting method of the problem (17)–(18),  
we obtain a set of distinct actual values of 
the eigenvalue pairs  (λ, µ) as (9.67240, –
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3.93846), (23.12762, 21.00901), (45.07182, 
65.61823), (74.49004, 133.85283), 
(39.68785, – 16.04247),  the corresponding 
eigenfunctions of which have the number of 
zeros (m, n) in each of the intervals  (–1, 0) 
and  (0, 1) respectively as (0, 0),  (0, 1), (0, 
2), (0, 3), (1, 1). 

 In the above example, for the same 
the approximate solution (19) of the problem 
(17)–(18), there are other values of the rough 
estimates of  (λ, µ) for each pair of equations 
of  Table 1, which we have not computed.  
These rough estimates may be attributed to 
the starting approximations of the 
eigenvalue pairs (λ, µ), the corresponding 
eigenfunctions of which may possess 
different number of zeros (m, n) other than 
those we have evaluated above.  The 
procedure can be repeated by choosing 
different number of  aj’s in the approximate 
solution w(x) and the corresponding number 
of  weight functions  Wj  defined by  (15). 
 
CONCLUSION 
 

 In the procedure described above, 
the starting approximations of the 
eigenvalue pairs  (λ, µ) of the problem (1)–
(2) are governed by the equations (16), 
which are dependent on the choice of 
approximate solutions involving a particular 
number unknowns aj’s together with λ and µ.  
The problem (1)–(2) defined in the domain 
[a, c] are considered separately, one in [a, b] 
and the other in  [b, c] so that by virtue of 
the equations (16) enough algebraic 
equations can be generated for finding 
unknowns aj’s together with λ and µ. Thus 
by choosing different approximate solutions, 
different starting approximations of the 
eigenvalue pairs  (λ, µ) of the problem (1)–
(2) can be obtained. However, a systematic 

mathematical procedure as the one described 
here is more logical compared to a trial and 
error method adopted in11. 
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