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ABSTRACT 

 

Let G =(V,E) be a graph. A vertex u strongly dominates a vertex v 
if uv ∈ E and  degu ≥ degv. A set D ⊑ V is a strong dominating set 
of G if every vertex in V−D is strongly dominated by at least one 
vertex of D. The minimum cardinality among all strong 
dominating sets of G is called the strong domination number of G 
is denoted by γ

��
(G). This parameter introduced by Sampathkumar 

and Pushpalatha. We investigate upper bounds 0n the strong 
domination number for a tree and a connected graph, also some 
present upper bounds on  γ

��
(G) depending on the existence of 

certain cycles in G. The sharpness of our results is established by 
characterizing of all graphs which achieve the given upper bound 
under our assumptions. 
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INTRODUCTION  
 

Let G=(V.E) be a graph, and let        
v ∈ V. The neighborhood of v, denoted by 
N(v), is defined as the set of vertices 
adjacent to v, that is N(v) = {u ∈ V| u v ∈ 
E}.For D ⊑ V, the neighborhood of D, 
denoted by N(D),is defined by N(D)= 
� N�v���� , and the closed neighborhood  
N[D]of D is the set N[D]= N(D) ∪ D. A set 
D ⊑ V is a dominating set of G if every 
vertex in V−D is adjacent to at least one 
vertex of D. The minimum cardinality 

among all dominating sets of G is called 
domination number of G and is denoted by  
γ(G). A vertex u strongly dominates a vertex 
v if uv ∈ E and degu ≥ degv. A set D ⊑ V is 
strong dominating set of G if every vertex in 
V−D is strongly dominated by at least one 
vertex of D. the minimum  cardinality 
among all strong dominating set of G is 
called strong domination number of G and is 
denoted by  γ��(G). This parameter was 
introduced by Sampathkumar and 
Pushpalatha who also introduced a similar 
parameter called weak domination number 
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of a graph which was studied further by 
Hattingh and Laskar.  We defined the strong 
neighborhood N� (v) of v in G to be the set 
N� (v) = {u|u∈N(v) and degu≥degv}. If D is 
a strong dominating set of G and v∈D then 
the set of all vertices w of V−D for which 
N� (w)∩ D = {v}is called the set of private 
strong neighbors of v and is denoted by P N� 
(v). 
        Let W(G) denote the set of all 
vertices of a graph G that only have vertices 
of lower degree in their neighborhood. It is 
clear that W(G) ⊑ D for any strong 
dominating set D of G. A  w(G)-alternating 
cycle in a graph G is a cycle C in which 
every second vertex belongs to W(G),  i.e  C 
= u�v� u�v�u�v� . . . x	 y	 and  x
 ∈ W(G) 
for i = 1,2,3,. . . p. 
   

It was proved that γ��(G) ≤ 
�	��

�
 ,  

for every connected graph G of order p ≥ 2 

and  γ��(G) ≤ 
�	��


    for every tree T of 

order p ≥ 2 different from an exceptional 

tree T�. 
 
Lemma 1:  Let G = (V,E) is a connected 
graph of order p, and W be the set of all 
vertices v of G satisfying  N� (v) = ∅;  i.e W 
= {v∈V| degv>degu  for all u∈N(v)}. Then 

γ
��

(G) ≤ 
	�|�|

�
. 

 

Proof: Among all minimum strong 
dominating sets of G, Let D be chosen to 
maximize the sum of the degrees of the 
vertices in D. Let A be the set of all vertices 
of D that have the property that a vertex W ∈ 
V−D such that  W∈ P N� (v). i.e  A consists 
of all vertices v of D satisfying P N� (v) ≠∅. 
Let A�= �  P N� �v���� . We note that | A�| ≥ 
|A| further we define, B = {v∈D−A/ N� 

(v)=∅} and C=D−(A∪B) each vertex C has 
the property that N� (v) ∩ D = ∅. 
Let C� =V−(D∪A�).  We show that | C�| ≥ 
|C|,  first we show that each vertex of C is 
strongly dominated by some vertex of C�. 
Let v∈C.  then there must exists a vertex w∈ 
V−D such that w is strongly dominates v. If 
W∈ A� then w ∈ PN� (a) for some vertex a 
in A and so degw >degv. Now consider the 
set D� = (D−{v}) ∪{w}. Since v does not 
have the property that the vertex w∈V−D  
such that w∈ P N� (v), Every vertex of V−D 
that is strongly dominated by v is also 
strongly dominated by some vertex of 
D−{v}. Hence D� is a strongly dominating 
set of G since  γ��(G) = |D|, D� is a 
minimum set . However the sum of the 
degrees of the vertices in  D� exceeds that of 
D. This contradicts of our choice of D. 
Hence w does not belongs to A� so w∈C�. 
We now show that  | C�| ≥ |C| since each 
vertex of C is  strongly dominated by some 
vertex of C�, the set (D−C)∪ C� is a strong 

dominating set of G. How ever since D is a 

minimum strong dominating set of G, It 
follows that  | C�| ≥ |C|  
Hence  |A|+ |C| ≤ | A�| +| C�| = |V � D| = 
P−γ��(G). Since B ⊑W, We have γ��(G) = 
|A|+ |B|+ |C| ≤ |W| + p−γ��(G). Hence  
γ��(G) ≤(p+ |W|)/2. 

 
Proposition 1:  Let D be a strong 
dominating set of a graph G. Then D is a 
minimal strong dominating set of G iff each 
v ∈ D has at least one of the following two 
properties. 
 
(i) there exists a vertex w∈V−D such that 
w∈ PN� (v). 
 
(ii) N� (v) ∩ D = ∅. 
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Corollary 1:  Let G is a connected graph of 
order p, if N� (v) ≠ ∅ for all v∈ V,  
then  γ

��
(G) ≤p/2.  

 
Theorem 1:  For any tree T of order p≥2 
that is different from the tree T� of  γ

��
(T) ≤ 

�	��


.  And this bound is  sharp. 

 
Proof: We prove by Induction on the 
number q of vertices in the tree whose strong 
neighborhoods are empty. The base case 
when q = 0 follows from corollary 1. So , we 
assume that for all trees T ′ of order p′ ≥2 
different from the tree  T�  and with less 
than q≥1 vertices whose strong 

neighborhoods are empty that γ
��

(T ′) ≤ 
�	′��


.  

Let T be a tree of order p with q vertices 
whose strong neighborhoods are empty. Let 
W be the set all vertices v of  T satisfying 
N� (v) = ∅. So  |W| = q≥1.Then W is an 
independent set. Since each vertex in N(W) 
is strongly dominated by some vertex of W, 
V− N(W)  is a strong dominating set of T. 
 
Lemma 2:   
(i)  γ

��
(T) ≤p−|N�W|. 

(ii) |N�R|≥ 3|R|+1.   

(iii) If |N�W|≥ 3|W|+1, Then  γ
��

(T) ≤ 
�	��


. 

 (iv) If each vertex of W has degree at least 

4, then   γ
��

(T) ≤ 
�	��


.  

 

Lemma 3:  If D contains a vertex u at 
distance  2 from other vertex w ∈ W, 

 then   γ
��

(T) ≤ 
�	��


.   

 

Proof:  Let u, v, w be the u-w path in  T, 
then degv = 2. Let T ′ be the tree obtained 
from T−{ u, v} by joining  w with an edge to 
each of the two neighbors of u in T different 

from v. then deg w  inT ′ is one more than its 
degree in T, while the degrees vertices of 
T ′are equal to their degrees in T. It follows 
that W−{u} is the set of vetices of T ′ whose 
strong neighbor hoods are empty. Thus T ′ is 
a tree of order p′ = p−2≥5 with q−1 vertices 
whose strong neighborhoods are empty. 
Furthermore, since T ′  contains a vertex 
namely w of degree at least 4, T ′  is different 
from the tree  T�. Hence by induction  

γ
��

(T ′) ≤ 
�	′��


 = (4p−9)/7. Let D′ be a 

minimum strong dominating set of T ′. Then  
D′ ∪ {u} is astrong dominating set of T of 
cardinality at most (4p−2) /7. 
 

Lemma 4: If R ≠ ∅, then    γ
��

(T) ≤ 
�	��


.  

 
Proof: By lemma 2(ii), |N�R|≥ 3|R|+1.  
Hence   
|N�W| � |N�D�| + |N�R�| ≥  
3|D|+3|R|+1=3|W|+1. Thus by lemma  

2(iii),  γ
��

(T) ≤ 
�	��


. 

 
Lemma 5: If  W = D, then  γ

��
(T) ≤ 

�	


. 

 

Proof:  We may assume that W=D, for other 

wise γ
��

(T) ≤ 
�	��


  by lemma 4. Thus by 

lemma 5,  we know that γ
��

(T) ≤ 
�	


.  It 

remains to show that  if γ
��

(T) = 
�	


, then T 

must be the tree T�  suppose that γ
��

(T) = 
�	


. 

Then all the inequalities in lemma -1  and 
lemma -2 must be equalities. Hence γ

��
(T) = 

(p+|W|/2) and   γ
��

(T) = (p−3|W|).  Thus 
p=7|W| and V−N(W) is a minimum strong 
dominating set of T.  Let X=V−N[W]. Then 
|X| = 3|W|, Since each vertex N(W) has 
degree at most 2, each vertex of N(W)is 
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adjacent to at most one vertex of X. 
Consequently, each vertex of N(W) has 
degree exactly two and is adjacent to a 
vertex  of  W and to a vertex of X, while 
each vertex of X is adjacent to a unique  

vertex of N(W).  Furthermore we note 

that X is an independent set, for if x,y ∈ X  
with x,y ∈ E(T), then W ∪ (X−{x}) or  W ∪ 
(X−{y}) would be a strong dominating set 

of T, contradicting the fact that W ∪ X is  a 
minimum strong dominating set of T. It 

follows , therefore ,that if  γ��(T)= 
�	


 , then 

T must be the tree  T�.  Since W= D, |N�W�| 
=  3|W|.  Therefore lemma-1 and lemma-2 

to obtained the desired result. 
 
Theorem 2:  For  connected graph G of 

order p ≥ 3, γ
��

(T) ≤ 
��	���

�
. 

 

Proof:  If p = 3, then  γ
��

(T) = 1< 
��	���

�
.  So 

we may assume that p ≥ 4.  Let W be the set 
of all vertices v of G satisfying  N� (v) = ∅. 
Then W is an independent set, and V− N(w) 
is a strong dominating set of G, so γ

��
(G) ≤ 

p−|N�W�|. Since p ≥ 4, each vertex of W 
has degree at least 3. Let W={w�, w�, . . 
. w�}, so |W| = k. If |N�W�| ≥ k+2, then  
γ

��
(G) ≤ p−|N�W�| ≤ p−k−2. Thus |W| = k ≤ 

p− γ
��

(G)−2. Hence by lemma-1, γ
��

(G)  
≤(p+|W|)/2 ≤ (2p−γ

��
(G)−2)/2; or,  

equivalently, γ
��

(G) ≤ 
��	���

�
. 

 
Lemma 6: Let G be a graph of order p and 
W = W(G), then  
 
(i)    γ

��
(G) ≤( p+|W|)/2, 

(ii)   γ
��

(G) ≤( p−|N�W�|)   and 
(iii)  W is an independent set. 

Lemma 7:  Let G be a graph of order p and 
W = W(G) ≠ ∅. If  |N�W�| ≥ a|W|+b for 

some a,b ∈ ℕ, then γ
��

(G) ≤  
�����	��

����
.  

Equality holds, iff  γ
��

(G) = ( p+|W|)/2 
=p−(a|W|+b)  and |N�W�| =  a|W|+b . 
 
Proof:  By lemma -6(ii), We have γ

��
(G) ≤( 

p−|N�W�|) ≤ p−(a|W|+b) and hence |W| ≤ 
(p− γ

��
(G) −b)/a. Thus lemma-6(i), we have 

γ
��

(G) ≤( p+(p−γ
��

�G�  � b�/a)/2. Which is 
equivalent to  γ

��
(G) ≤((a+1)p �b�/2a !

1).If γ
��

(G) =((a+1)p �b�/2a ! 1),then 

γ
��

(G) ≤ 
	�|�|

�
 ≤

	��	�γ
��

��� ���/��

�
 =  

γ
��

(G),which implies γ
��

(G) = 
	�|�|

�
  

and|W| =
�	�γ

��
��� ���

�
 .This last equality is 

equivalent to γ
��

(G) = p−a|W| �b. Thus 
γ

��
(G) = p−a|W| �b ≤ p−|N�W�|, which 

yields  a|W| !b = |N�W�|. 
 

Lemma 8:  Let G be a connected graph and 
u,w ∈ W(G) such that N(u,G) = {v�, v�, v�},   
v� ∈ N�w, G� and v� ∉ N�w, G�. Define the 
graph G′ as follows,  V(G′) = V(G)−{ u, v�} 
and E(G′)= E(G[V(G′)]) ∪{ #v�, w v�}.  
Then (i) G′  is connected, (ii) W(G′)= W(G) 
–{u} and (iii) γ

��
(G) ≤γ

��
(G′) +1.  (iv)  If G′ 

contains a W(G′) – alternating cycle or a pair 
of  non edge disjoint W(G′) – alternating 
cycle, then G contains W(G) alternating 
cycle or a pair non edge disjoint W(G) 
alternating cycles. 
 

Proof:  Since u.w ∈ W(G) and d(u,G) = 3,  
We have d(v
, G) ≤ 2, for i= 1,2,3  and 
d(w,G) ≥ 3.  Condition (i)  is trivial. Set D = 
D′ ∪ {u} for a strong dominating set  D′ of  
G′. We have d(x. G′) = d(x,G) for all x 
$ V�G�/{w,  v�}. If w  v� ∉ E(G) then d(w, 
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G′) = d(w,G) +1 and d(v�, G′) = d(v�,G), and 
if w  v� ∈ E(G) then  d(w, G′) = d(w,G) and 
d(v�, G′) = d(v�,G)−1 = 1. This implies (ii).  
Since u ∈ D  strongly dominates v� and v�  

and w ∈ D strongly dominates all its 
neighbor as  w ∈ W(G), the set D is a 

strong dominating set of G which implies 
(iii) It remains to show (iv). Suppose that  
G′   contains W(G′)- alternating cycles C� or  
a pair of non edge –disjoint W(G′)- 
alternating cycles C� and  C�. For any 
W(G)alternating  cycles C in  G′.  We will 
now construct a corresponding cycle  C′  in 
G. If w v� ∈ E(G), the cycle C can not 
contain the edge w v� as d(v�, G′) =1. Hence 
, If we assume w v� ∈ E(C) in follows, we 
implicitly understand that w v� ∉ E(G). If 
the cycles C contains none of the edges 
#v�, w v�, then set  C′ = C. If C  contains 
both these edges, then G contains a cycles  
C′ in which v� w v� is replaced by  v� u v�. 
If C uses only #v�  and not w v�,  then G 
contains a cycles C′ in which #v� is 
replaced by  w v�u v�. If  C uses only w v� 
and not #v�, then G contains cycle  C′ in 
which w v�  is replaced by w v�u v�. C′ is a 
W(G)-alternating cycle by (ii).  If we 
accomplish this construction for the cycles  
C� and  C� then also  C�

′  and  C�
′  are non 

edge disjoint. And hence the proof. 
 

Theorem 3:  For any connected graph G of 
order p ≥2 which is different from the tree  
T� and which contains no W(G) alternating 

cycle ,  γ��(G) ≤ 
�	��


. 

 

Theorem 4:  For any connected graph G of 
order p ≥3 which is different from the tree  
T� and which  any two W(G) alternating 

cycles are edge disjoint,  γ��(G) ≤ 
�	��

�
. 

Theorem 5: Let G be a connected graph of 
order p and set δ���� = min{d(x,G)/ x 
∈W(G)}. If G contains no W(G) alternating 
cycles and  δ���� ≥ δ ≥ 4, then   γ��(G) ≤ 
�	��

����
  and if no two W(G) –alternating cycles 

in G have an edge in common and  δ���� ≥ 

δ ≥ 4, then   γ��(G) ≤ 
������	���

����
 . 
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