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ABSTRACT 

 

A nano topological space became a new type of modern topology in terms 

of rough sets. 

The paper aims to analyze some real life problems using nano topology. 

Some new forms of topological structures on a simple directed graph and give more 

generalized nano topology induced by graphs will be established. 
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1.  INTRODUCTION  

 

Topology is a branch of mathematics, whose concepts exist not only in almost all 

branches of mathematics, but also in many real life applications. We believe that topological 

structure will be an important base for modification of knowledge extraction and processing. 

Rough set theory is a mathematical tool to deal with vagueness and uncertainty of 

imprecise data. The theory introduced by Pawlak (1982) has been developed and found 

applications in the fields of decision analysis, data analysis, pattern recognition, machine 

learning, expert systems, and knowledge discovery in databases, among others. Rough set 

theory represents an objective approach to imperfections in data, all computations are 

performed directly on data sets, Thus, there is no need for any additional information about 

data. The purpose of the present work is to put some applications of abstract topological theory 

into the rough set analysis. 

Graph theory has developed into an extensive and popular branch of mathematics, 

which has been applied to many problems in mathematics, computer science, and other 

scientific and not-so-scientific areas2,4. A graph is a pair 𝐺 = (𝑉 , 𝐸) of sets such that              
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𝐸 ⊆ [𝑉2]. The elements of 𝑉 are the vertices of the graph, the elements of 𝐸 are its edges . 

Thus, the elements of 𝐸 are 2 – element subsets of 𝑉. To avoid notational ambiguities, we shall 

always assume tacitly that 𝐸 ∩ 𝑉 = ∅. The usual way to picture a graph is by drawing a point 

for each vertex and joining two of these dots by a line if the corresponding two vertices form 

an edge3. 

Lellis Thivagar and Richard proposed the theory of a nano topology7,8. They also in6 

defined and studied nano topology induced by a direct simple graph. 

The present work aims to investigate some new forms of topological structures on a 

simple directed graph. We expand the nano topological spaces through an ideal whose points 

from the set of vertices of graphs or from data of information system. We study the effective 

of nano ideal topological structure on the properties of graphs or on the decision of a given 

data.     

 

2. PRELIMINARIES 

 

A topological space5 is a pair (𝑋 , 𝜏 ) consisting of a set 𝑋 and family 𝜏 of subsets of 

𝑋  satisfying the following conditions: 

 

(T1) 𝜑 ∈ 𝜏 and  𝑋 ∈ 𝜏 . 
(T2) 𝜏 is closed under arbitrary union. 

(T3) 𝜏 is closed under finite intersection. 
 

The elements of 𝑋 are called points of the space, the subsets of 𝑋 belonging to 𝜏 are 

called open sets in the space, the complement of the subsets of 𝑋 belonging to 𝜏 are called 

closed sets in the space, and the family of all 𝜏 − closed subsets of 𝑋 is denoted by 𝐹 ; the 

family 𝜏 of open subsets of 𝑋 is also called a topology for 𝑋 . 

A family 𝛽 ⊆ 𝜏 is called a base for (𝑋 , 𝜏 ) iff every nonempty open subset of 𝑋 can 

be represented as a union of subfamily of  . Clearly, a topological space can have many bases. 

A family 𝑆 ⊆ 𝜏 is called a subbase iff the family of all finite intersections is a base for (𝑋 , 𝜏 ). 
The 𝜏 -closure of a subset 𝐴 ⊆  𝑋 is denoted by 𝑐𝑙(𝐴) and is given by (𝐴)  = ∩ {𝐹 ⊆

𝑋 ∶  𝐴 ⊆  𝐹 𝑎𝑛𝑑 𝐹 ∈ 𝜏∗} . Evidently, 𝑐𝑙(𝐴) is the smallest closed subset of 𝑋 which contains 𝐴.  

The 𝜏 -interior of a subset 𝐴 ⊆  𝑋 is denoted by 𝑖𝑛𝑡(𝐴) and is given by 𝑖𝑛𝑡(𝐴)=∪
{𝐺 ⊆  𝑋 ∶ 𝐺 ⊆  𝐴 𝑎𝑛𝑑 𝐺 ∈ 𝜏 }. Evidently, 𝑖𝑛𝑡(𝐴) is the union of all open subsets of 𝑋 which 

contained in 𝐴. Note that 𝐴 is open iff 𝐴 =  𝑖𝑛𝑡(𝐴). The boundary of a subset 𝐴 ⊆  𝑋 is 

denoted by 𝑏(𝐴) and is given by 𝑏(𝐴) = 𝑐𝑙(𝐴) − 𝑖𝑛𝑡(𝐴). 
The subject of ideals in topological spaces has been studied by Kuratowski5 and 

Vaidyanathaswamy12. An ideal  𝐼 on a set 𝑋 is a nonempty collection of subsets of 𝑋 which 

satisfies: (1) 𝐴 ∈ 𝐼 𝑎𝑛𝑑 𝐵 ⊂ 𝐴 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐵 ∈ 𝐼 and (2) 𝐴 ∈ 𝐼, 𝐵 ∈ 𝐼 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝐴 ∪ 𝐵 ∈ 𝐼. 
A subset 𝐴 of an ideal topological space (𝑋, 𝜏, 𝐼) is said to be an 𝐼𝛼- open set1, if it 

satisfies that 𝐴 ⊆ 𝑖𝑛𝑡 [𝑐𝑙𝛼∗(𝑖𝑛𝑡(𝐴))]. The family of all 𝐼𝛼- open sets in an ideal topological 

space (𝑋, 𝜏, 𝐼) is denoted by 𝐼𝛼𝑂(𝑋). 
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Definition 1.1.15 Let (𝑋, 𝜏, 𝐼) be an ideal topological space and 𝑥 ∈ 𝐴 ⊆ 𝑋. Then 𝐴 is said to 

be an 𝐼𝛼- neighborhood of 𝑥 if there exist an 𝐼𝛼- open set 𝑈 such that 𝑥 ∈ 𝑈 ⊆ 𝐴, and simply 

write as 𝐼𝛼𝑁(𝑥) . If A is 𝐼𝛼- open set then it is 𝐼𝛼- open neighborhood for any element 𝑥 ∈ 𝐴. 
 

Definition 1.2.15 Let (X, τ, I) be an ideal topological space and  x ∈ A ⊆ X. Then x  is said to 

be an Iα- interior point of A if A contain an Iα- open neighborhood set for x. The set of all Iα- 

interior points of A is called Iα- interior set and simply is denoted by Iα- int(A). 
 

Definition 1.3.15 Let (𝑋, 𝜏, 𝐼) be an ideal topological space and 𝑥 ∈ 𝐴𝑐 ⊆ 𝑋. Then 𝑥  is said to 

be an 𝐼𝛼- exterior point of 𝐴 if 𝐴𝑐 contain 𝐼𝛼- open neighborhood set for 𝑥. The set of all 𝐼𝛼- 

exterior points of 𝐴 is called 𝐼𝛼- exterior set and simply is denoted by 𝐼𝛼- 𝑒𝑥𝑡(𝐴). 
 

Definition 1.4.15 Let (𝑋, 𝜏, 𝐼) be an ideal topological space and 𝐴 ⊆ 𝑋. 𝑥 ∈ 𝑋 is said to be an 

𝐼𝛼- boundary point of 𝐴 if for every 𝐼𝛼- open neighborhood set for  𝑥 satisfies that the  

intersection with 𝐴  and 𝐴𝑐 is nonempty set. The set of all 𝐼𝛼- boundary points of 𝐴 is called 

𝐼𝛼-boundary set of A and simply is denoted by 𝐼𝛼- 𝑏(𝐴). 
Definition 1.5.15 Let (𝑋, 𝜏, 𝐼) be an ideal topological space and 𝐴 ⊆ 𝑋 and 𝑥 ∈ 𝑋 is said to be 

an 𝐼𝛼- accumulation point of 𝐴 if for every 𝐼𝛼- open neighborhood for  𝑥 containing at least 

one element of 𝐴 which is not 𝑥. The set of all 𝐼𝛼-accumulation points of 𝐴 is called 𝐼𝛼-derived 

set of 𝐴 and simply is denoted by 𝐼𝛼- 𝑑(𝐴). 
Motivation for rough set theory has come from the need to represent subsets of a 

universe in terms of equivalence classes of a partition of that universe. The partition 

characterizes a topological space, called approximation space 𝐾 =  (𝑋 , 𝑅), where 𝑋 is a set 

called the universe and 𝑅 is an equivalence relation11,14. The equivalence classes of 𝑅 are also 

known as the granules, elementary sets or blocks; we shall use 𝑅𝑥 ⊆ 𝑋 to denote the 

equivalence class containing 𝑥 ∈  𝑋 , and 𝑋 / 𝑅 to denote the set of all elementary sets of  . In 

the approximation space, we consider two operators, the upper and lower approximations of 

subsets: Let  𝑥 ⊆  𝑋 , then the upper approximation (resp. the lower approximation) of 𝐴 is 

given by 

𝑈𝑅(𝐴)  =  {𝑥 ∈  𝑋: 𝑅𝑥  ∩  𝐴 ≠ 𝜑}   (𝑟𝑒𝑠𝑝. 𝐿𝑅(𝐴) =  {𝑥 ∈  𝑋: 𝑅𝑥 ⊆ 𝑋 }). 
 

Definition 1.5.14 Let 𝑋 be a nonempty finite set of objects called the universe and 𝑅 be an 

equivalence relation on 𝑋 named as the indiscernibility relation. Elements belonging to the 

same equivalence class are said to be indiscernible with one another. The pair (𝑋, 𝑅) is said 

the approximation space. Let 𝐴 ⊆ 𝑋.  

(i) The lower approximation of 𝐴 with respect to 𝑅 is the set of all objects, which can be for 

certain classified as 𝐴 with respect to 𝑅 and it is denoted by 𝐿𝑅(𝐴) that is 𝐿𝑅(𝐴) =
 ⋃ {𝑅𝑥: 𝑅𝑥 ⊆ 𝐴}𝑥∈𝑋  where 𝑅𝑥 denotes the equivalence class determined by 𝑥. 

(ii) The upper approximation of 𝐴 with respect to 𝑅 is the set of all objects, which can be 

possibly classified as 𝐴 with respect to 𝑅 and it is denoted by 𝑈𝑅(𝐴) that is 𝑈𝑅(𝐴) =
⋃ {𝑅𝑥: 𝑅𝑥  ∩  𝐴 ≠ 𝜑}𝑥∈𝑋  where 𝑅𝑥 denotes the equivalence class determined by 𝑥. 

(iii) The boundary approximation of 𝐴 with respect to 𝑅 is the set of all objects, which can 

be classified neither as 𝐴 nor as not 𝐴 with respect to 𝑅 and it is denoted by 𝐵𝑅(𝐴) that 

is 𝐵𝑅(𝐴) = 𝑈𝑅(𝐴) − 𝐿𝑅(𝐴) where 𝑅𝑥 denotes the equivalence class determined by 𝑥. 
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According to Pawlak, s definition 𝐴 is called a rough set if 𝑈𝑅(𝐴) ≠ 𝐿𝑅(𝐴). 
 

Definition 1.6.7, 8  Let 𝑋 be the universe and 𝑅 be an equivalence relation on 𝑋 and 𝜏𝑅(𝐴 )  =
 {𝑋 , ∅, 𝐿𝑅(𝐴),𝑈𝑅(𝐴), 𝐵𝑅(𝐴)}, where 𝐴 ⊆ 𝑋 and 𝜏𝑅(𝐴 ) satisfies the following axioms: 

(i) 𝑋 𝑎𝑛𝑑 ∅ ∈ 𝜏𝑅(𝐴 ) ; 
(ii) The union of elements of any subcollection of 𝜏𝑅(𝐴 ) is in 𝜏𝑅(𝐴 ); 
(iii) The intersection of the elements of any finite subcollection of 𝜏𝑅(𝐴 )  in 𝜏𝑅(𝐴 ). 
That is 𝜏𝑅(𝐴 ) forms a topology on  . (𝑋, 𝜏𝑅(𝐴 ) )is called a nano topological space. The 

elements of 𝜏𝑅(𝐴 )  are called nano open sets. 
 

Definition 1.7.6. Let 𝐺(𝑉 , 𝐸) be a graph and 𝑣 ∈ 𝑉 (𝐺) .The neighborhood of 𝑣 is 

𝑁(𝑣)  =  {𝑣} ∪ {𝑢 ∈ 𝑉 (𝐺) ∶  𝑣𝑢⃗⃗ ⃗⃗ ∈  𝐸(𝐺)}  
Let 𝐺(𝑉 , 𝐸) be a graph and 𝐻 be asubgraph of 𝐺 13. Then  

(i) The lower approximation 𝐿: 𝑃(𝑉(𝐺)) ⟶ 𝑃(𝑉(𝐺)) is 𝐿𝑁(𝑉(𝐻)) =  ⋃ {𝑣: 𝑁(𝑣) ⊆ 𝑉(𝐻)}𝑣∈𝑉(𝐺) ; 

(ii) The upper approximation 𝑈: 𝑃(𝑉(𝐺)) ⟶ 𝑃(𝑉(𝐺)) is 𝑈𝑁(𝑉(𝐻)) =  ⋃ {𝑣:𝑁(𝑣) ∩ 𝑉(𝐻) ≠ ∅}𝑣∈𝑉(𝐺) ; 

(iii) The boundary is 𝐵𝑁(𝑉(𝐻)) = 𝑈𝑁(𝑉(𝐻)) − 𝐿𝑁(𝑉(𝐻)). 

Let 𝐺 be a graph, 𝑁(𝑣) be a neighborhood of 𝑣 in 𝑉 and 𝐻 be a subgraph of  . 𝜏𝑁(𝑉(𝐻))  =

 {𝑉(𝐺) , ∅, 𝐿𝑁(𝑉(𝐻)),𝑈𝑁(𝑉(𝐻)), 𝐵𝑁(𝑉(𝐻))}forms a topology on 𝑉 (𝐺) called the nano 

topology on 𝑉 (𝐺) with respect to 𝑉 (𝐻) . (𝑉(𝐺), 𝜏𝑁(𝑉(𝐻))) is a nano topological space 

induced by a graph 𝐺.  

 

3.  IDEAL EXPANSION ON ROUGH SETS 
  

We introduce an ideal topological space and 𝐼𝛼- open sets on a topological space 

which is constructed from a nano topological space. We construct a nano ideal topological 

space using rough sets.  
 

Example 3.1. An example of decision table is presented in table 3.1. Four attributes 

[Temperature, Headache, Nausea and cough], one decision [flue] and six cases. 
 

Table3.1. A decision table 
 

Case 
Attributes Decision 

Temperature Headache Nausea Cough Flue 

1 High Yes no yes Yes 

2 very high Yes yes no Yes 

3 High No no no No 

4 High Yes yes yes Yes 

5 Normal Yes no no No 

6 normal No yes yes No 
 

Let 𝑅 = {𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒, 𝐻𝑒𝑎𝑑𝑎𝑐ℎ𝑒} , 𝐴 = {𝑥: [𝑥]Nausea = no} = {1,3,5}, the family of all 

equivalence classes of IND(R) is 𝑅∗ = {{1, 4}, {2}, {3}, {5}, {6}} and R-lower approximation 

of 𝐴 is 𝐿𝑅(𝐴) =  ⋃ {𝑅(𝑥): 𝑅(𝑥) ⊆ 𝐴} = {3,5}𝑥∈𝑋 , R-upper approximation of 𝐴 is 𝑈𝑅(𝐴) =
⋃ {𝑅(𝑥): 𝑅(𝑥) ∩ 𝐴 ≠ ∅} = {1,3,4,5}𝑥∈𝑋 , R-negative approximation of 𝐴 is 𝑁𝑒𝑔𝑅(𝐴) =  𝑋 ∖
𝑈𝑅(𝐴)={2,6} and R-boundary approximation of 𝐴 is 𝐵𝑅(𝐴) = 𝑈𝑅(𝐴) ∖ 𝐿𝑅(𝐴) = {1,4}. 
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𝜏𝑅(𝐴 )  =  {𝑋 , ∅, {3,5}, {1,3,4,5}, {1,4}}, where 𝐴 = {1,3,5}.  
Then (𝜏𝑅)𝛼 = {𝑈 , ∅, {1,4}, {3,5}, {1,3,4,5}, {1,2,3,4,5}, {1,3,4,5,6}},  

and if we take 𝐼 = {∅, {2}, {3}, {2,3}}, then 
(𝜏𝑅)

∗ = (𝜏𝑅)
𝛼∗ = {𝑋 , ∅, {3}, {5}, {1,4}, {3,5}, {1,3,4}, {1,4,5}, {1,2,4,6}, {1,3,4,5}, {1,2,3,4,6}, {1,2,4,5,6}} 

And (𝐼𝛼𝑂(𝑋))
𝑅
(𝐴) = {𝑋 , ∅, {1,4}, {3,5}, {1,3,4,5}, {1,2,3,4,5}, {1,3,4,5,6}}. 

 

Table3.2.Topological properties 
 

𝐴 𝐼𝛼-𝑖𝑛𝑡(𝐴) 𝐼𝛼-𝑐𝑙(𝐴) 𝐼𝛼-𝑒𝑥𝑡(𝐴) 𝐼𝛼-𝑏(𝐴) 
{2} ∅ {2} {1,3,4,5} {2,6} 
{4} ∅ {1,2,4,6} {3,5} {1,2,4,6} 
{1,2} ∅ {1,2,4,6} {3,5} {1,2,4,6} 
{5,6} ∅ {2,3,5,6} {1,4} {2,3,5,6} 
{𝟏, 𝟑, 𝟓} {𝟑, 𝟓} 𝑿 ∅ {𝟏, 𝟐, 𝟒, 𝟔} 
{2,4,6} ∅ {1,2,4,6} ∅ {1,2,4,6} 
{1,2,3,4} {1,4} 𝑈 ∅ {2,3,5,6} 
{1,4,5,6} {1,4} 𝑈 ∅ {2,3,5,6} 
{1,2,3,4,5} {1,3,4,5} 𝑈 ∅ {2,6} 

 

Proposition 3.2. Let (𝐼𝛼𝑂(𝑋))
𝑅
(𝐴) be the set of all  𝐼𝛼- open sets in the ideal topological 

space (𝑋, 𝜏𝑅 , 𝐼), where (𝑋, 𝜏𝑅) is a nano topological space. If 𝐴 and 𝐵 are two subsets of  , 

then 

i. 𝐼𝛼-𝑖𝑛𝑡(𝐴)  ⊆  𝐴 ⊆ 𝐼𝛼-𝑐𝑙(𝐴)  . 
ii. 𝐼𝛼-𝑖𝑛𝑡(𝜑) =  𝐼𝛼-𝑐𝑙(𝜑) = 𝜑 and 𝐼𝛼-𝑖𝑛𝑡(𝑋) =  𝐼𝛼-𝑐𝑙(𝑋) =  𝑋 . 
iii. 𝐼𝑓 𝐴 ⊆  𝐵, 𝑡ℎ𝑒𝑛 𝐼𝛼-𝑖𝑛𝑡(𝐴) ⊆  𝐼𝛼-𝑖𝑛𝑡(𝐵). 
iv. 𝐼𝑓 𝐴 ⊆  𝐵, 𝑡ℎ𝑒𝑛 𝐼𝛼-𝑐𝑙(𝐴) ⊆ 𝐼𝛼-𝑐𝑙(𝐵). 
v. 𝐼𝛼-𝑖𝑛𝑡(𝐴 ∩  𝐵) ⊆  𝐼𝛼-𝑖𝑛𝑡(𝐴) ∩  𝐼𝛼-𝑖𝑛𝑡(𝐵). 
vi. 𝐼𝛼-𝑐𝑙(𝐴 ∪  𝐵) =  𝐼𝛼-𝑐𝑙(𝐴) ∪  𝐼𝛼-𝑐𝑙(𝐵). 
vii. 𝐼𝛼-𝑖𝑛𝑡(𝐴 ∪  𝐵) ⊇  𝐼𝛼-𝑖𝑛𝑡(𝐴) ∪  𝐼𝛼-𝑖𝑛𝑡(𝐵). 
viii. 𝐼𝛼-𝑐𝑙(𝐴 ∩  𝐵) ⊆  𝐼𝛼-𝑐𝑙(𝐴) ∩  𝐼𝛼-𝑐𝑙(𝐴). 
Proof:  

i.   Its clear from the definitions of 𝐼𝛼-𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑠𝑒𝑡 and 𝐼𝛼-𝑐𝑜𝑙𝑢𝑠𝑒𝑟 𝑠𝑒𝑡 . 
ii. Its simply to proof. 

iii. Take 𝑥 ∈ 𝐼𝛼-𝑖𝑛𝑡(𝐴)so there exist 𝑈 ∈ (𝐼𝛼𝑂(𝑋))
𝑅
(𝐴) such that 𝑥 ∈ 𝑈 ⊆ 𝐴. But 𝐴 ⊆

𝐵 so there exists  𝑥 ∈ 𝑈 ⊆ 𝐵and  𝑥 ∈ 𝐼𝛼-𝑖𝑛𝑡(𝐵). then  𝐼𝛼-𝑖𝑛𝑡(𝐴) ⊆  𝐼𝛼-𝑖𝑛𝑡(𝐵). 
iv. 𝐼𝛼-𝑐𝑙(𝐴) = 𝐴 ∪  𝐼𝛼-𝑑(𝐴) and 𝐴 ⊆ 𝐵 and  𝐼𝛼-𝑑(𝐴) ⊆ 𝐼𝛼-𝑑(𝐵). We get  𝐼𝛼-𝑐𝑙(𝐴) =

𝐴 ∪  𝐼𝛼-𝑑(𝐴) ⊆ 𝐵 ∪  𝐼𝛼-𝑑(𝐵) = 𝐼𝛼-𝑐𝑙(𝐵) and 𝐼𝛼-𝑐𝑙(𝐴) ⊆ 𝐼𝛼-𝑐𝑙(𝐵). 

v. We know that 𝐴 ∩ 𝐵 ⊆ 𝐴 ∧  𝐴 ∩ 𝐵 ⊆ 𝐵
(𝑖𝑖𝑖)
⇒   𝐼𝛼- 𝑖𝑛𝑡(𝐴 ∩ 𝐵) ⊆  𝐼𝛼- 𝑖𝑛𝑡(𝐴) ∧  𝐼𝛼- 

𝑖𝑛𝑡(𝐴 ∩ 𝐵) ⊆  𝐼𝛼- 𝑖𝑛𝑡(𝐵). Thus 𝐼𝛼- 𝑖𝑛𝑡 (𝐴 ∩ 𝐵) ⊆  𝐼𝛼- 𝑖𝑛𝑡(𝐴) ∩  𝐼𝛼- 𝑖𝑛𝑡(𝐵). 
vi. Since 𝐼𝛼-𝑐𝑙(𝐴 ∪ 𝐵) = (𝐴 ∪ 𝐵) ∪ 𝐼𝛼-𝑑(𝐴 ∪ 𝐵) = (𝐴 ∪ 𝐵) ∪ (𝐼𝛼-𝑑(𝐴) ∪ 𝐼𝛼-𝑑(𝐵))so 

we have 𝐼𝛼-𝑐𝑙(𝐴 ∪ 𝐵) = (𝐴 ∪  𝐼𝛼-𝑑(𝐴)) ∪ (𝐵 ∪  𝐼𝛼-𝑑(𝐵)) =  𝐼𝛼-𝑐𝑙(𝐴) ∪ 𝐼𝛼-𝑐𝑙(𝐵). 

vii. We know that 𝐴 ⊆ 𝐴 ∪ 𝐵 ∨  𝐵 ⊆ 𝐴 ∪ 𝐵
(𝑖𝑖𝑖)
⇒   𝐼𝛼- 𝑖𝑛𝑡(𝐴) ⊆  𝐼𝛼- 𝑖𝑛𝑡(𝐴 ∪ 𝐵) ∨  𝐼𝛼- 

𝑖𝑛𝑡(𝐵) ⊆  𝐼𝛼- 𝑖𝑛𝑡(𝐴 ∪ 𝐵). Thus 𝐼𝛼- 𝑖𝑛𝑡(𝐴) ∪ 𝐼𝛼- 𝑖𝑛𝑡(𝐵) ⊆ 𝐼𝛼- 𝑖𝑛𝑡(𝐴 ∪ 𝐵). 
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viii. Since 𝐼𝛼-𝑐𝑙(𝐴 ∩ 𝐵) = (𝐴 ∩ 𝐵) ∪  𝐼𝛼-𝑑(𝐴 ∩ 𝐵) ⊆ (𝐴 ∩ 𝐵) ∪ ( 𝐼𝛼-𝑑(𝐴) ∩  𝐼𝛼-𝑑(𝐵) 
therefore we have 𝐼𝛼-𝑐𝑙(𝐴 ∩ 𝐵) ⊆ (𝐴 ∪  𝐼𝛼-𝑑(𝐴)) ∩ (𝐵 ∪  𝐼𝛼-𝑑(𝐵))= 𝐼𝛼-𝑐𝑙(𝐴) ∩  𝐼𝛼-

𝑐𝑙(𝐵)and  𝐼𝛼-𝑐𝑙(𝐴 ∩ 𝐵) ⊆ 𝐼𝛼-𝑐𝑙(𝐴) ∩ 𝐼𝛼-𝑐𝑙(𝐵). 
 

Proposition 3.3. Let (𝐼𝛼𝑂(𝑋))
𝑅
(𝐴) be the set of all  𝐼𝛼- open sets in the ideal topological 

space (𝑋, 𝜏𝑅 , 𝐼), where (𝑋, 𝜏𝑅) ia a nano topological space. If 𝐴 and 𝐵 are two subsets of  , 

then 

i. 𝐼𝛼-𝑖𝑛𝑡 (𝐴 −  𝐵) ⊆  𝐼𝛼-𝑖𝑛𝑡 (𝐴)  −  𝐼𝛼-𝑖𝑛𝑡 (𝐵) . 
ii. 𝐼𝛼-𝑐𝑙(𝐴 −  𝐵)  ⊇  𝐼𝛼-𝑐𝑙(𝐴) −  𝐼𝛼-𝑐𝑙(𝐴). 
Proof:  

i.   Take 𝑥 ∈ 𝐼𝛼-𝑖𝑛𝑡(𝐴 –  𝐵)so there exist 𝑈 ∈ (𝐼𝛼𝑂(𝑋))
𝑅
(𝐴) such that 𝑥 ∈ 𝑈 ⊆ (𝐴 −  𝐵).            

         Thus 𝑥 ∈ 𝑈 ⊆ (𝐴 )𝑎𝑛𝑑  𝑥 ∈ 𝑈 ⊈ ( 𝐵) so  𝑥 ∈ 𝑈 ⊆ 𝐼𝛼-𝑖𝑛𝑡(𝐴 ) 𝑎𝑛𝑑 𝑥 ∈ 𝑈 ⊈  𝐼𝛼-

 𝑖𝑛𝑡( 𝐵) therefore 𝑥 ∈ 𝐼𝛼-𝑖𝑛𝑡(𝐴 )𝑎𝑛𝑑 𝑥 ∉ 𝐼𝛼-𝑖𝑛𝑡(𝐵 ) then 𝐼𝛼-𝑖𝑛𝑡 (𝐴 −  𝐵) ⊆  𝐼𝛼-

 𝑖𝑛𝑡 (𝐴)  −  𝐼𝛼-𝑖𝑛𝑡 (𝐵). 
ii. Take 𝑥 ∈ 𝐼𝛼-𝑐𝑙(𝐴 −  𝐵) so 𝑥 ∈ 𝐼𝛼-𝑐𝑙(𝐴 ) 𝑎𝑛𝑑 𝑥 ∉ 𝐼𝛼-𝑐𝑙( 𝐵) and 𝑥 ∈ [𝐴 ∪ 𝐼𝛼 −

𝑑(𝐴)] 𝑎𝑛𝑑 𝑥 ∉ [𝐵 ∪  𝐼𝛼-𝑑(𝐵)], thus (𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑥 ∉ 𝐵) 𝑜𝑟(𝑥 ∈ 𝐼𝛼 − 𝑑(𝐴) 𝑎𝑛𝑑 𝑥 ∉

𝐼𝛼 − 𝑑(𝐵)) so (𝑥 ∈ (𝐴 − 𝐵) ) 𝑜𝑟(𝑥 ∈ 𝐼𝛼 − 𝑑(𝐴 − 𝐵)). Therefore 𝑥 ∈ 𝐼𝛼- 𝑐𝑙(𝐴 −  𝐵)  
 

Remark 3.4. 𝐼𝛼-𝑐𝑙(𝐴) ⊉ 𝑈𝑅(𝐴). 
 

Example 3.5. From Table3.1., if we take 𝑅 = {𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒, 𝐻𝑒𝑎𝑑𝑎𝑐ℎ𝑒} and 𝐴 = {1,3,5}, 

then 𝑈𝑅(𝐴) = {1,3,4,5}. Take 𝐼 = { ∅, {2}, {3}, {2,3}}, then (𝐼𝛼𝑂(𝑋))
𝑅
(𝐴) =

{𝑋 , ∅, {1,4}, {3,5}, {1,3,4,5}, {1,2,3,4,5}, {1,3,4,5,6}}. But 𝐼𝛼-𝑐𝑙(𝐴) = X. 
 

Remark 3.6. 𝑁𝑒𝑔𝑅(𝐴) ⊉ 𝐼𝛼-𝑒𝑥𝑡(𝐴 ). 
 

Example 3.7. From Table3.1., if we take 𝑅 = {𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒, 𝐻𝑒𝑎𝑑𝑎𝑐ℎ𝑒} and 𝐴 = {1,3,5}, 

then 𝑁𝑒𝑔𝑅(𝐴) = {2,6}. Take 𝐼 = { ∅, {2}, {3}, {2,3}}, then (𝐼𝛼𝑂(𝑋))
𝑅
(𝐴) =

{𝑋 , ∅, {1,4}, {3,5}, {1,3,4,5}, {1,2,3,4,5}, {1,3,4,5,6}}. But 𝐼𝛼-𝑒𝑥𝑡(𝐴) = ∅. 
 

Remark 3.8. 𝐼𝛼-𝑏(𝐴) ⊉ 𝐵𝑅(𝐴). 
 

Example 3.9. From Table3.1., if we take 𝑅 = {𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒, 𝐻𝑒𝑎𝑑𝑎𝑐ℎ𝑒} and 𝐴 = {1,3,5}, 

then 𝐵𝑅(𝐴) = {1,4}. Take 𝐼 = { ∅, {2}, {3}, {2,3}}, then (𝐼𝛼𝑂(𝑋))
𝑅
(𝐴) =

{𝑋 , ∅, {1,4}, {3,5}, {1,3,4,5}, {1,2,3,4,5}, {1,3,4,5,6}}. But 𝐼𝛼-𝑏(𝐴) = {1,2,4,6}. 
 

Remark 3.10. let (𝑋, 𝜏, 𝐼) be an ideal topological space and (𝑋, 𝜏𝑅(𝐴)) be a nano topological 

space. Then 𝜏𝑅(𝐴) ⊆ (𝐼𝛼𝑂(𝑋))𝑅
(𝐴) ⊆ 𝜏 ⊆ 𝐼𝛼𝑂(𝑋). 

In the following examples we will show that the implication of the inclusion relation in remark 

3.10. is not reversible 
 

Example 3.11. From Table3.1., if we take 𝑅 = {𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒, 𝐻𝑒𝑎𝑑𝑎𝑐ℎ𝑒} and 𝐴 = {1,3,5}, 

then(𝐼𝛼𝑂(𝑋))
𝑅
(𝐴) = {𝑋 , ∅, {1,4}, {3,5}, {1,3,4,5}, {1,2,3,4,5}, {1,3,4,5,6}}. But 𝜏𝑅(𝐴 )  =

 {𝑋 , ∅, {3,5}, {1,3,4,5}, {1,4}}. 
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Example 3.12. From Table3.1., if we take 𝑅 = {𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒,𝐻𝑒𝑎𝑑𝑎𝑐ℎ𝑒} and 𝐴 = {1,3,5}, then 𝜏 =
{𝑋, ∅, {2}, {3}, {5}, {6}, {1,4}, {2,3}, {2,5}, {2,6}, {3,5}, {3,6}, {5,6}, {1,2,4}, {1,3,4}, {1,4,5}, {1,4,6}, {2,3,5}, {2,3,6},  
{2,5,6}, {3,5,6}, {1,2,3,4}, {1,2,4,5}, {1,2,4,6}, {1,3,4,5}, {1,3,4,6}, {1,4,5,6}, {2,3,5,6}, {1,2,3,4,5}, {1,2,3,4,6},  
{1,2,4,5,6}{1,3,4,5,6}}.  
But (𝐼𝛼𝑂(𝑋))

𝑅
(𝐴) = {𝑋 , ∅, {1,4}, {3,5}, {1,3,4,5}, {1,2,3,4,5}, {1,3,4,5,6}}. 

Example 3.13. From Table3.1., if we take 𝑅 = {𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒, 𝐻𝑒𝑎𝑑𝑎𝑐ℎ𝑒} and 𝐼 =

{ ∅, {2}, {3}, {2,3}}, then 
𝐼𝛼O(X) = {𝑋, ∅, {2}, {3}, {5}, {6}, {1,4}, {2,3}, {2,5}, {2,6}, {3,5}, {3, 6}, {5,6}, {1,2,4}, {1,3,4}, {1,4,5}, 

{1,4,6} , {2,3,5}, {2,3,6}, {2,5,6}, {3,5,6}, {1,2,3,4}, {1,2,4,5}, {1,2,4,6}, {1,3,4,5}, {1,3,4,6}, {1,2,4,6}, {1,3,4,6}, 
{1,4,5,6}, {2,3,5,6}, {1,2,3,4,5}, {1,2,3,4,6}, {1,34,5,6}}. 
But 𝜏 = {𝑋, ∅, {2}, {3}, {5}, {6}, {1,4}, {2,3}, {2,5}, {2,6}, {3,5}, {3,6}, {5,6}, {1,2,4}, {1,3,4}, {1,4,5}, {1,4,6},  
{2,3,5}, {2,3,6}, {2,5,6}, {3,5,6}, {1,2,3,4}, {1,2,4,5}, {1,2,4,6}, {1,3,4,5}, {1,3,4,6}, {1,4,5,6}, {2,3,5,6}, {1,2,3,4,5}, 
{1,2,3,4,6}, {1,2,4,5,6}{1,3,4,5,6}}.  

 

4.  IDEAL EXPANSION ON TOPOLOGICAL GRAPHS 
 

We introduce an ideal topological space and 𝐼𝛼- open sets on a topological space 

which is constructed from a nano topological space. We construct a nano ideal topological 

space using graphs. 
 

Example 4.1. Let 𝐺 be simple graph that has no loops and no multiple edges, as shown in 

Figure4.1. 

 
Figure4.1.Directed simple graph 

 

(𝐺) = {𝑣1, 𝑣2, 𝑣3, 𝑣4}, 𝑉(𝐻) = {𝑣1, 𝑣2}, thus 𝐿𝑁(𝑉(𝐻)) = {𝑣3}, 𝑈𝑁(𝑉(𝐻)) = 𝑉(𝐺), 𝐵𝑁(𝑉(𝐻)) =
{𝑣1, 𝑣2, 𝑣4}, Therefore the nano topological space induced by a graph 𝐺 is 𝜏𝑁(𝑉(𝐻) )  =
 {𝑉(𝐺) , ∅, {𝑣3}, {𝑣1, 𝑣2, 𝑣4}} and (𝜏𝑁(𝑉(𝐻) ))𝛼  =  {𝑉(𝐺) , ∅, {𝑣3}, {𝑣1, 𝑣2, 𝑣4}}, and if we 

take 𝐼 = {∅, {𝑣4}}  

then (𝜏𝑁(𝑉(𝐻) ))
∗  = (𝜏𝑁(𝑉(𝐻) ))

𝛼∗ = {𝑉(𝐺) , ∅, {𝑣3}, {𝑣1, 𝑣2}, {𝑣1, 𝑣2, 𝑣3}, {𝑣1, 𝑣2, 𝑣4}},  

for (𝜏𝑁(𝑉(𝐻) ))𝛼 = 𝜏𝑁(𝑉(𝐻) ) .𝐼𝛼𝑂(𝑉(𝐻)) = {𝑉(𝐺) , ∅, {𝑣3}, {𝑣1, 𝑣2, 𝑣4}} 
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Table4.1: Topological properties 
 

𝑉(𝐻) 𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻)) 𝐼𝛼-𝑐𝑙(𝑉(𝐻)) 𝐼𝛼-𝑒𝑥𝑡(𝑉(𝐻)) 𝐼𝛼-𝑏(𝑉(𝐻)) 

{𝑣1} ∅ {𝑣1, 𝑣2, 𝑣4} {𝑣3} {𝑣1, 𝑣2, 𝑣4} 
{𝑣2} ∅ {𝑣1, 𝑣2, 𝑣4} {𝑣3} {𝑣1, 𝑣2, 𝑣4} 
{𝑣3} {𝑣3} {𝑣3} {𝑣1, 𝑣2, 𝑣4} ∅ 

{𝑣4} ∅ {𝑣1, 𝑣2, 𝑣4} {𝑣3} {𝑣1, 𝑣2, 𝑣4} 
{𝒗𝟏, 𝒗𝟐} ∅ {𝒗𝟏, 𝒗𝟐, 𝒗𝟒} {𝒗𝟑} {𝒗𝟏, 𝒗𝟐, 𝒗𝟒} 
{𝑣1, 𝑣3} {𝑣3} 𝑉(𝐺) ∅ {𝑣1, 𝑣2, 𝑣4} 
{𝑣1, 𝑣4} ∅ {𝑣1, 𝑣2, 𝑣4} {𝑣3} {𝑣1, 𝑣2, 𝑣4} 
{𝑣2, 𝑣3} {𝑣3} 𝑉(𝐺) ∅ {𝑣1, 𝑣2, 𝑣4} 
{𝑣2, 𝑣4} ∅ {𝑣1, 𝑣2, 𝑣4} {𝑣3} {𝑣1, 𝑣2, 𝑣4} 
{𝑣3, 𝑣4} {𝑣3} 𝑉(𝐺) ∅ {𝑣1, 𝑣2, 𝑣4} 
{𝑣1, 𝑣2, 𝑣3} {𝑣3} 𝑉(𝐺) ∅ {𝑣1, 𝑣2, 𝑣4} 
{𝑣1, 𝑣2, 𝑣4} {𝑣1, 𝑣2, 𝑣4} {𝑣1, 𝑣2, 𝑣4} {𝑣3} ∅ 
{𝑣1, 𝑣3, 𝑣4} {𝑣3} 𝑉(𝐺) ∅ {𝑣1, 𝑣2, 𝑣4} 
{𝑣2, 𝑣3, 𝑣4} {𝑣3} 𝑉(𝐺) ∅ {𝑣1, 𝑣2, 𝑣4} 

 

Proposition 4.2. Let 𝐺(𝑉 , 𝐸) be a graph, 𝐻1 and 𝐻2 are two subgraphs of 𝐺. Then the 

following are hold: 

i.  𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻1))  ⊆  𝑉(𝐻1)  ⊆ 𝐼𝛼-𝑐𝑙(𝑉(𝐻1))  . 

ii. 𝐼𝛼-𝑖𝑛𝑡(𝜑) =  𝐼𝛼-𝑐𝑙(𝜑) = 𝜑 and 𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐺)) =  𝐼𝛼-𝑐𝑙(𝑉(𝐺)) =  𝑉(𝐺) . 

iii. 𝐼𝑓 𝑉(𝐻1)  ⊆  𝑉(𝐻2), 𝑡ℎ𝑒𝑛 𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻1)) ⊆  𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻2)). 

iv. 𝐼𝑓 𝑉(𝐻1)  ⊆ 𝑉(𝐻2), 𝑡ℎ𝑒𝑛 𝐼𝛼-𝑐𝑙(𝑉(𝐻1)) ⊆ 𝐼𝛼-𝑐𝑙(𝑉(𝐻2)). 

v. 𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻1) ∩  𝑉(𝐻2)) ⊆  𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻1)) ∩  𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻2)). 

vi. 𝐼𝛼-𝑐𝑙(𝑉(𝐻1) ∪  𝑉(𝐻2)) =  𝐼𝛼-𝑐𝑙(𝑉(𝐻1)) ∪  𝐼𝛼-𝑐𝑙(𝑉(𝐻2)). 

vii. 𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻1) ∪  𝑉(𝐻2)) ⊇  𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻1)) ∪  𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻2)). 

viii. 𝐼𝛼-𝑐𝑙(𝑉(𝐻1) ∩  𝑉(𝐻2))  ⊆  𝐼𝛼-𝑐𝑙(𝑉(𝐻1)) ∩  𝐼𝛼-𝑐𝑙(𝑉(𝐻2)) . 
 

Proof:  

i.   Its clear from the definitions of 𝐼𝛼-𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑠𝑒𝑡 and 𝐼𝛼-𝑐𝑜𝑙𝑢𝑠𝑒𝑟 𝑠𝑒𝑡 . 
ii. Its simply to proof 

iii. Take 𝑥 ∈ 𝐼𝛼-int(𝑉(𝐻1))so there exist 𝑉(𝐻3) ∈ 𝐼𝛼𝑂(X) such that 𝑥 ∈ 𝑉(𝐻3) ⊆ 𝑉(𝐻1). 

But 𝑉(𝐻1) ⊆ 𝑉(𝐻2) so there exists  𝑥 ∈ 𝑉(𝐻3) ⊆ 𝑉(𝐻2)and  𝑥 ∈ 𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻2)). then 

 𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻1)) ⊆  𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻2)). 

iv. 𝐼𝛼-𝑐𝑙(𝑉(𝐻1)) = 𝑉(𝐻1) ∪  𝐼𝛼-𝑑(𝑉(𝐻1)) and 𝑉(𝐻1) ⊆ 𝑉(𝐻2) and  𝐼𝛼-𝑑(𝑉(𝐻1)) ⊆ 𝐼𝛼-

𝑑(𝑉(𝐻2)). We get  𝐼𝛼-𝑐𝑙(𝑉(𝐻1)) = 𝑉(𝐻1) ∪  𝐼𝛼-𝑑(𝑉(𝐻1)) ⊆ 𝑉(𝐻2) ∪  𝐼𝛼-

𝑑(𝑉(𝐻2)) = 𝐼𝛼-𝑐𝑙(𝑉(𝐻2)) and 𝐼𝛼-𝑐𝑙(𝑉(𝐻1)) ⊆ 𝐼𝛼-𝑐𝑙(𝑉(𝐻2)). 

v. We know that[ 𝑉(𝐻1) ∩ 𝑉(𝐻2) ⊆ 𝑉(𝐻1)]  ∧  [𝑉(𝐻1) ∩ 𝑉(𝐻2) ⊆ 𝑉(𝐻2)]
(iii)
⇒   [𝐼𝛼- 

𝑖𝑛𝑡(𝑉(𝐻1) ∩ 𝑉(𝐻2)) ⊆  𝐼𝛼- 𝑖𝑛𝑡(𝑉(𝐻1)]) ∧ [𝐼𝛼- 𝑖𝑛𝑡(𝑉(𝐻1) ∩ 𝑉(𝐻2)) ⊆  𝐼𝛼- 

𝑖𝑛𝑡(𝑉(𝐻2))]. Thus 𝐼𝛼- 𝑖𝑛𝑡 (𝑉(𝐻1) ∩ 𝑉(𝐻2)) ⊆  𝐼𝛼- 𝑖𝑛𝑡(𝑉(𝐻1)) ∩  𝐼𝛼- 𝑖𝑛𝑡(𝑉(𝐻2)). 
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vi. Since 𝐼𝛼-𝑐𝑙(𝑉(𝐻1) ∪ 𝑉(𝐻2)) = (𝑉(𝐻1) ∪ 𝑉(𝐻2)) ∪ 𝐼𝛼-𝑑(𝑉(𝐻1) ∪ 𝑉(𝐻2)) = (𝑉(𝐻1) ∪

𝑉(𝐻2)) ∪ (𝐼𝛼-𝑑(𝑉(𝐻1)) ∪ 𝐼𝛼-𝑑(𝑉(𝐻2))) so we have 𝐼𝛼-𝑐𝑙(𝑉(𝐻1) ∪ 𝑉(𝐻2)) =

(𝑉(𝐻1) ∪  𝐼𝛼-𝑑(𝑉(𝐻1))) ∪ (𝑉(𝐻2) ∪  𝐼𝛼-𝑑(𝑉(𝐻2))) =  𝐼𝛼-𝑐𝑙(𝑉(𝐻1)) ∪ 𝐼𝛼-𝑐𝑙(𝑉(𝐻2)). 

vii. We know that[ 𝑉(𝐻1) ⊆ 𝑉(𝐻1) ∪ 𝑉(𝐻2)] ∨ [ 𝑉(𝐻2) ⊆ 𝑉(𝐻1) ∪ 𝑉(𝐻2)]
(iii)
⇒   [𝐼𝛼- 

𝑖𝑛𝑡(𝑉(𝐻1)) ⊆  𝐼𝛼- 𝑖𝑛𝑡(𝑉(𝐻1) ∪ 𝑉(𝐻2))] ∨ [𝐼𝛼- 𝑖𝑛𝑡(𝑉(𝐻2)) ⊆  𝐼𝛼- 𝑖𝑛𝑡(𝑉(𝐻1) ∪

𝑉(𝐻2))]. Thus 𝐼𝛼- 𝑖𝑛𝑡(𝑉(𝐻1)) ∪ 𝐼𝛼- 𝑖𝑛𝑡(𝑉(𝐻2)) ⊆ 𝐼𝛼- 𝑖𝑛𝑡(𝑉(𝐻1) ∪ 𝑉(𝐻2)). 

viii. Since 𝐼𝛼-𝑐𝑙(𝑉(𝐻1) ∩ 𝑉(𝐻2)) = (𝑉(𝐻1) ∩ 𝑉(𝐻2)) ∪  𝐼𝛼-𝑑(𝑉(𝐻1) ∩ 𝑉(𝐻2)) ⊆

(𝑉(𝐻1) ∩ 𝑉(𝐻2)) ∪ ( 𝐼𝛼-𝑑(𝑉(𝐻1)) ∩  𝐼𝛼-𝑑(𝑉(𝐻2)) therefore  we have 𝐼𝛼-𝑐𝑙(𝑉(𝐻1) ∩

𝑉(𝐻2)) ⊆ (𝑉(𝐻1) ∪  𝐼𝛼-𝑑(𝑉(𝐻1))) ∩ (𝑉(𝐻2) ∪  𝐼𝛼-𝑑(𝑉(𝐻2)))= 𝐼𝛼-𝑐𝑙(𝑉(𝐻1)) ∩  𝐼𝛼-

𝑐𝑙(𝑉(𝐻2))and  𝐼𝛼-𝑐𝑙(𝑉(𝐻1) ∩ 𝑉(𝐻2)) ⊆ 𝐼𝛼-𝑐𝑙(𝑉(𝐻1)) ∩ 𝐼𝛼-𝑐𝑙(𝑉(𝐻2)). 
 

Remark 4.3. Let 𝐺(𝑉 , 𝐸) be a graph, 𝐻1 and 𝐻2 are two subgraphs of 𝐺. Then from Example 

4.1, we state some properties as follows: 

 

i. 𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻1) ∪ 𝑉( 𝐻2)) ⊄ 𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻1)) ∪ 𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻2)). Because of in Example 

4.1, 𝑉( 𝐻1) ∪ 𝑉( 𝐻2) = {𝑣1, 𝑣2, 𝑣4}, 𝐼𝛼-𝑖𝑛𝑡({𝑣1, 𝑣2, 𝑣4}) = {𝑣1, 𝑣2, 𝑣4}. But 𝐼𝛼-

𝑖𝑛𝑡({𝑣1}) = ∅ and 𝐼𝛼-𝑖𝑛𝑡({𝑣2, 𝑣4}) = ∅ . Then 𝐼𝛼-𝑖𝑛𝑡({𝑣1} ∪ {𝑣2, 𝑣4}) = ∅. 

ii. 𝐼𝛼-𝑐𝑙(𝑉( 𝐻1)) ∩ 𝐼𝛼-𝑐𝑙(𝑉( 𝐻2)) ⊄ 𝐼𝛼-𝑐𝑙(𝑉( 𝐻1) ∩ 𝑉( 𝐻2)). Because of in Example 4.1, 

𝐼𝛼-𝑐𝑙({𝑣1}) = {𝑣1, 𝑣2, 𝑣4} and 𝐼𝛼-𝑐𝑙({𝑣2}) = {𝑣1, 𝑣2, 𝑣4}. Then 𝐼𝛼-𝑐𝑙({𝑣1}) ∩  𝐼𝛼-

𝑐𝑙({𝑣2}) = {𝑣1, 𝑣2, 𝑣4}. But 𝐼𝛼-𝑐𝑙({𝑣1} ∩ {𝑣2}) = 𝐼𝛼-𝑐𝑙(∅) = ∅. 

iii. 𝐼𝛼-𝑖𝑛𝑡[𝐼𝛼-𝑐𝑙(𝑉( 𝐻))] ⊄ 𝑉( 𝐻). take 𝑉( 𝐻) = { 𝑣4}, then 𝐼𝛼-𝑐𝑙({𝑣4}) = {𝑣1, 𝑣2, 𝑣4}, and 

so 𝐼𝛼-𝑖𝑛𝑡[𝐼𝛼-𝑐𝑙({𝑣4})] = {𝑣1, 𝑣2, 𝑣4}. 

iv. 𝑉( 𝐻) ⊄ 𝐼𝛼-𝑐𝑙[𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻))]. take 𝑉( 𝐻) = { 𝑣1, 𝑣2}, then 𝐼𝛼-𝑖𝑛𝑡({ 𝑣1, 𝑣2}) = ∅, and 

so𝐼𝛼-𝑐𝑙[𝐼𝛼-𝑖𝑛𝑡({ 𝑣1, 𝑣2})] = ∅. 

 

Proposition 4.4. Let 𝐺(𝑉 , 𝐸) be a graph, 𝐻 is a subgraph of 𝐺. Then the following are hold: 
 

i. 𝐼𝛼-𝑐𝑙[𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻))] ⊆ 𝑉( 𝐻) ⊆ 𝐼𝛼-𝑖𝑛𝑡[𝐼𝛼-𝑐𝑙(𝑉( 𝐻))]. 

ii. 𝐼𝛼-𝑖𝑛𝑡[𝐼𝛼-𝑐𝑙[𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻))]]= 𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻)). 

iii. 𝐼𝛼-𝑐𝑙[𝐼𝛼-𝑖𝑛𝑡[𝐼𝛼-𝑐𝑙(𝑉( 𝐻))]]= 𝐼𝛼-𝑐𝑙(𝑉( 𝐻)). 
 

Proof:  
 

i.  Let 𝑥 ∈ 𝐼𝛼-𝑐𝑙[𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻))]so 𝑥 ∈ 𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻)) ∪  𝐼𝛼-𝑑(𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻))) so there exist  

      𝑉(𝐻1) ∈ 𝐼𝛼𝑂(X) such that 𝑥 ∈ 𝑉(𝐻1) ⊆ 𝑉(𝐻) or there exist 𝑦 ∈ 𝑉( 𝐻)such that 𝑥 ∈  𝐼𝛼-

𝑁(𝑦) ⊆ 𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻)) ⊆ 𝑉( 𝐻) thus 𝐼𝛼-𝑐𝑙[𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻))]] ⊆ 𝑉( 𝐻). Now,  since 𝑥 ∈

𝑉(𝐻), then 𝐼𝛼-𝑁(𝑦) ⊆ 𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻)) implies 𝑥 ∈ 𝐼𝛼-𝑁(𝑦) ⊆ 𝐼𝛼- 𝑖𝑛𝑡(𝑉( 𝐻)) ⊆ 𝐼𝛼-

𝑖𝑛𝑡[𝐼𝛼-𝑐𝑙(𝑉( 𝐻))]. 
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ii. Necessity, form (i) 𝐼𝛼-𝑐𝑙[𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻))] ⊆ 𝑉( 𝐻) so 𝐼𝛼-𝑖𝑛𝑡[𝐼𝛼-𝑐𝑙[𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻))]]⊆

 𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻)). Sufficiently,let 𝑥 ∈ 𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻)) then 𝐼𝛼-𝑁(𝑥) ∈ 𝐼𝛼-𝑐𝑙[𝐼𝛼-

𝑖𝑛𝑡(𝑉( 𝐻))] so 𝑥 ∈ 𝐼𝛼-𝑖𝑛𝑡[𝐼𝛼-𝑐𝑙[𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻))]]. 

iii. Form (ii)  𝐼𝛼-𝑖𝑛𝑡[𝐼𝛼-𝑐𝑙(𝑉( 𝐻))= (𝑉( 𝐻)), implies 𝐼𝛼-𝑐𝑙[𝐼𝛼-𝑖𝑛𝑡[𝐼𝛼-𝑐𝑙(𝑉( 𝐻))]]=  𝐼𝛼-

𝑐𝑙(𝑉( 𝐻)). 
 

Proposition 4.5. Let 𝐺(𝑉 , 𝐸) be a graph, 𝐻1 and 𝐻2 are two subgraphs of 𝐺. Then the 

following are hold: 

i. 𝐼𝛼-𝑖𝑛𝑡 (𝑉( 𝐻1)  −  𝑉( 𝐻2)) ⊆  𝐼𝛼-𝑖𝑛𝑡 (𝑉( 𝐻1))  −  𝐼𝛼-𝑖𝑛𝑡 (𝑉( 𝐻2)) . 

ii. 𝐼𝛼-𝑐𝑙(𝑉( 𝐻1) −  𝑉( 𝐻2))  ⊇  𝐼𝛼-𝑐𝑙(𝑉( 𝐻1)) −  𝐼𝛼-𝑐𝑙(𝑉( 𝐻2)). 
 

Proof:  

i.  Take 𝑥 ∈ 𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻1) –  𝑉( 𝐻2))so there exist 𝑉( 𝐻3) ∈ 𝐼𝛼𝑂(𝑋) such that 𝑥 ∈ 𝑉( 𝐻3) ⊆ 

     (𝑉( 𝐻1)  −  𝑉( 𝐻2)). Thus  𝑥 ∈ 𝑉( 𝐻3) ⊆ (𝑉( 𝐻1) )𝑎𝑛𝑑  𝑥 ∈ 𝑉( 𝐻3) ⊈  so  𝑥 ∈ 𝑉( 𝐻3) ⊆

𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻1) ) 𝑎𝑛𝑑 𝑥 ∈ 𝑉( 𝐻3) ⊈  𝐼𝛼-𝑖𝑛𝑡( 𝑉( 𝐻2)) therefore 𝑥 ∈ 𝐼𝛼-

𝑖𝑛𝑡(𝑉( 𝐻1) )𝑎𝑛𝑑 𝑥 ∉ 𝐼𝛼-𝑖𝑛𝑡(𝑉( 𝐻2) ) . then 𝐼𝛼-𝑖𝑛𝑡 (𝑉( 𝐻1)  −  𝑉( 𝐻2)) ⊆  𝐼𝛼-

𝑖𝑛𝑡 (𝑉( 𝐻1)) −  𝐼𝛼-𝑖𝑛𝑡 (𝑉( 𝐻2)). 

ii. Take 𝑥 ∈ 𝐼𝛼-𝑐𝑙(𝑉( 𝐻1)  −  𝑉( 𝐻2)) so 𝑥 ∈ 𝐼𝛼-𝑐𝑙(𝑉( 𝐻1) ) 𝑎𝑛𝑑 𝑥 ∉ 𝐼𝛼-𝑐𝑙( 𝑉( 𝐻2)) and 

𝑥 ∈ [𝑉( 𝐻1) ∪ 𝐼𝛼 − 𝑑(𝑉( 𝐻1))] 𝑎𝑛𝑑 𝑥 ∉ [𝑉( 𝐻2) ∪  𝐼𝛼-𝑑(𝑉( 𝐻2))], thus (𝑥 ∈

𝑉( 𝐻1) 𝑎𝑛𝑑 𝑥 ∉ 𝑉( 𝐻2)) 𝑜𝑟 (𝑥 ∈ 𝐼𝛼 − 𝑑(𝑉( 𝐻1)) 𝑎𝑛𝑑 𝑥 ∉ 𝐼𝛼 − 𝑑(𝑉( 𝐻2))) so (𝑥 ∈

(𝑉( 𝐻1) − 𝑉( 𝐻2)) ) 𝑜𝑟 (𝑥 ∈ 𝐼𝛼 − 𝑑(𝑉( 𝐻1) − 𝑉( 𝐻2))). Therefore 𝑥 ∈ 𝐼𝛼-

 𝑐𝑙(𝑉( 𝐻1) −  𝑉( 𝐻2)). 
 

Remark 4.6. 𝑈𝑁(𝑉(𝐻)) ⊉ 𝐼𝛼-𝑐𝑙(𝑉(𝐻)). 
 

Example 4.7. From Example4.1., if we take 𝑉(𝐺) = {𝑣1, 𝑣2, 𝑣3, 𝑣4} and 𝑉(𝐻) = {𝑣1, 𝑣2}, then 

𝑈𝑅(𝑉(𝐻)) = 𝑉(𝐺). Take 𝐼 = {∅, {𝑣4}}, then 𝐼𝛼𝑂(𝑉(𝐻)) = {𝑉(𝐺) , ∅, {𝑣3}, {𝑣1, 𝑣2, 𝑣4}}. But 

𝐼𝛼-𝑐𝑙(𝑉(𝐻)) = {𝑣1, 𝑣2, 𝑣4}. 
 

Remark 4.8. 𝐼𝛼-𝑒𝑥𝑡(𝑉(𝐻) ) ⊉ 𝑁𝑒𝑔𝑅(𝑉(𝐻)). 
 

Example 4.9. From Example4.1., if we take 𝑉(𝐺) = {𝑣1, 𝑣2, 𝑣3, 𝑣4} and 𝑉(𝐻) = {𝑣1, 𝑣2}, then 

𝑁𝑒𝑔𝑅(𝑉(𝐻)) = ∅. Take 𝐼 = {∅, {𝑣4}}, then 𝐼𝛼𝑂(𝑉(𝐻)) = {𝑉(𝐺) , ∅, {𝑣3}, {𝑣1, 𝑣2, 𝑣4}}. But 

𝐼𝛼-𝑒𝑥𝑡(𝑉(𝐻)) = {𝑣3}. 
 

Remark 4.10. 𝐿𝑅(𝑉(𝐻)) ⊉ 𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻)). 
 

Example 4.11. From Example4.1., if we take 𝑉(𝐺) = {𝑣1, 𝑣2, 𝑣3, 𝑣4} and 𝑉(𝐻) = {𝑣1, 𝑣2}, 

then 𝐿𝑅(𝑉(𝐻)) = {𝑣3}. Take 𝐼 = {∅, {𝑣4}}, then 𝐼𝛼𝑂(𝑉(𝐻)) = {𝑉(𝐺) , ∅, {𝑣3}, {𝑣1, 𝑣2, 𝑣4}}. 

But 𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻)) = ∅. 
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5.   APPLICATION 

 

Example 5.1. In this example, we will apply ideal expansion on topological graphs on 

our medical application. We conclude that the graph must be connected to modifying the 

medical state. Figure 4 shows a graph G; we can classify the heart into a set of vertices and set 

of edges. So it is easy to generate the nano topology 𝜏𝐺 on it. We have 𝑉(𝐺) =
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, 𝑉(𝐻) = {𝑣1, 𝑣3, 𝑣5, 𝑣10}, thus 𝐿𝑁(𝑉(𝐻)) = {𝑣1, 𝑣10}, 

𝑈𝑁(𝑉(𝐻)) = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣9, 𝑣10}, 𝐵𝑁(𝑉(𝐻)) = {𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣9}, Therefore the nano 

topological space induced by a graph 𝐺 is  

𝜏𝑁(𝑉(𝐻) )  =  {𝑉(𝐺) , ∅, {𝑣1, 𝑣10}, {𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣9}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣9, 𝑣10}} 
 

 
Figure 5.1. The blood circulation of human body9,10  [Colour figure can be viewed at wileyonlinelibrary.com] 

 

Let 𝐼 = {∅, {𝑣3}}, then  
(𝜏𝛼)𝐺 = {𝑉(𝐺), ∅, {𝑣1, 𝑣10}, {𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣9}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣9, 𝑣10} , 
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10},  
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10}}, and  
(𝛽𝛼∗)𝐺 = {𝑉(𝐺), ∅, {𝑣1, 𝑣10}, {𝑣2, 𝑣4, 𝑣5, 𝑣9}, {𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣9}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣8, 𝑣9, 𝑣10}, 
 {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣7, 𝑣9, 𝑣10},   {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣8, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10},  
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10},  
{𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣9, 𝑣10}} = (𝜏

𝛼∗)𝐺, therefore we have   

𝐼𝛼𝑂(𝑉(𝐺)) = {𝑉(𝐺), ∅, {𝑣1, 𝑣10}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟏𝟎}, {𝑣1, 𝑣3, 𝑣10} , {𝑣1, 𝑣4, 𝑣10}, {𝑣1, 𝑣5, 𝑣10}, 
{𝑣1, 𝑣6, 𝑣10}, {𝑣1, 𝑣7, 𝑣10}, {𝑣1, 𝑣8, 𝑣10}, {𝑣1, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟏𝟎}, {𝑣1, 𝑣2, 𝑣4, 𝑣10}, {𝑣1, 𝑣2, 𝑣5, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣6, 𝑣10}, {𝑣1, 𝑣2, 𝑣7, 𝑣10}, {𝑣1, 𝑣2, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟑, 𝒗𝟒, 𝒗𝟏𝟎}, {𝑣1, 𝑣3, 𝑣5, 𝑣10}, 
{𝑣1, 𝑣3, 𝑣6, 𝑣10}, {𝑣1, 𝑣3, 𝑣7, 𝑣10}, {𝑣1, 𝑣3, 𝑣8, 𝑣10}, {𝑣1, 𝑣3, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟒, 𝒗𝟓, 𝒗𝟏𝟎}, {𝑣1, 𝑣4, 𝑣6, 𝑣10}, 
{𝑣1, 𝑣4, 𝑣7, 𝑣10}, {𝑣1, 𝑣4, 𝑣8, 𝑣10}, {𝑣1, 𝑣4, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟓, 𝒗𝟔, 𝒗𝟏𝟎}, {𝑣1, 𝑣5, 𝑣7, 𝑣10}, {𝑣1, 𝑣5, 𝑣8, 𝑣10}, 
{𝑣1, 𝑣5, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟔, 𝒗𝟕, 𝒗𝟏𝟎}, {𝑣1, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣6, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, {𝑣1, 𝑣7, 𝑣9, 𝑣10}, 
{𝒗𝟏, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟏𝟎}, {𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣6, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣7, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣6, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣7, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣4, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣5, 𝑣6, 𝑣10}, {𝑣1, 𝑣2, 𝑣5, 𝑣7, 𝑣10}, {𝑣1, 𝑣2, 𝑣5, 𝑣8, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣5, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣6, 𝑣7, 𝑣10}, {𝑣1, 𝑣2, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣6, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣7, 𝑣8, 𝑣10}, 



 A. M. Kozae, et al., Comp. & Math. Sci. Vol.9 (11), 1639-1652 (2018)  

1650 

{𝑣1, 𝑣2, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓, 𝒗𝟏𝟎}, {𝑣1, 𝑣3, 𝑣4, 𝑣6, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣7, 𝑣10}, 
{𝑣1, 𝑣3, 𝑣4, 𝑣8, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣5, 𝑣6, 𝑣10}, {𝑣1, 𝑣3, 𝑣5, 𝑣7, 𝑣10}, {𝑣1, 𝑣3, 𝑣5, 𝑣8, 𝑣10}, 
{𝑣1, 𝑣3, 𝑣5, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣6, 𝑣7, 𝑣10}, {𝑣1, 𝑣3, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣3, 𝑣6, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣7, 𝑣8, 𝑣10}, 
{𝑣1, 𝑣3, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟏𝟎}, {𝑣1, 𝑣4, 𝑣5, 𝑣7, 𝑣10}, {𝑣1, 𝑣4, 𝑣5, 𝑣8, 𝑣10}, 
{𝑣1, 𝑣4, 𝑣5, 𝑣9, 𝑣10}, {𝑣1, 𝑣4, 𝑣6, 𝑣7, 𝑣10}, {𝑣1, 𝑣4, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣4, 𝑣6, 𝑣9, 𝑣10}, {𝑣1, 𝑣4, 𝑣7, 𝑣8, 𝑣10}, 
{𝑣1, 𝑣4, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣4, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟏𝟎}, {𝑣1, 𝑣5, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣5, 𝑣6, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣5, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣5, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣5, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, {𝑣1, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓, 𝒗𝟏𝟎}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣6, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣7, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣6, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣7, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣6, 𝑣7, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣6, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣7, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟏𝟎}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣7, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣8, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣6, 𝑣7, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣6, 𝑣9, 𝑣10},  
{𝑣1, 𝑣2, 𝑣4, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟏𝟎}, 
{𝑣1, 𝑣2, 𝑣5, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣5, 𝑣6, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣5, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣5, 𝑣7, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣5, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, {𝑣1, 𝑣2, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, 
{𝒗𝟏, 𝒗𝟐, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, {𝒗𝟏, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟏𝟎}, {𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣7, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣8, 𝑣10}, 
{𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣6, 𝑣7, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣6, 𝑣9, 𝑣10},  
{𝑣1, 𝑣3, 𝑣4, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟑, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟏𝟎}, 
{𝑣1, 𝑣3, 𝑣5, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣3, 𝑣5, 𝑣6, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣5, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣3, 𝑣5, 𝑣7, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣3, 𝑣5, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟑, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, {𝑣1, 𝑣3, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, 
{𝒗𝟏, 𝒗𝟑, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, {𝒗𝟏, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟏𝟎}, {𝑣1, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣10}, 
{𝑣1, 𝑣4, 𝑣5, 𝑣6, 𝑣9, 𝑣10}, {𝑣1, 𝑣4, 𝑣5, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣4, 𝑣5, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣4, 𝑣5, 𝑣8, 𝑣9, 𝑣10}, 
 {𝒗𝟏, 𝒗𝟒, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, {𝑣1, 𝑣4, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣4, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟒, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, 
{𝒗𝟏, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, {𝑣1, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟓, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, 
, {𝒗𝟏, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟏𝟎}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣7, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟔, 𝒗𝟕, 𝒗𝟏𝟎}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣6, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣7, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎},{𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟏𝟎}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣6, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣7, 𝑣8, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣6, 𝑣7, 𝑣9, 𝑣10}{𝑣1, 𝑣2, 𝑣3, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, 
{𝒗𝟏, 𝒗𝟐, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟏𝟎}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣9, 𝑣10},  
{𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣8, 𝑣9, 𝑣10},  
{𝒗𝟏, 𝒗𝟐, 𝒗𝟒, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, {𝑣1, 𝑣2, 𝑣4, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣6, 𝑣8, 𝑣9, 𝑣10},  
{𝒗𝟏, 𝒗𝟐, 𝒗𝟒, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, {𝑣1, 𝑣2, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣5, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, 
{𝒗𝟏, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟏𝟎}, {𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣8, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣3, 𝑣4, 𝑣6, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣3, 𝑣4, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟑, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, {𝑣1, 𝑣3, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣3, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣5, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟑, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, 
{𝒗𝟏, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, {𝑣1, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣4, 𝑣5, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟒, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, {𝒗𝟏, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, 
{𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟏𝟎}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣8, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣6, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣6, 𝑣7, 𝑣8, 𝑣9, 𝑣10},  
{𝒗𝟏, 𝒗𝟐, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, 
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{𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣4, 𝑣6, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, 
{𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣8, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣3, 𝑣4, 𝑣6, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, {𝒗𝟏, 𝒗𝟑, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, 
{𝒗𝟏, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, {𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟏𝟎}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10}, 
{𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣6, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, {𝑣1, 𝑣2, 𝑣3, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣9, 𝑣10}, 
{𝒗𝟏, 𝒗𝟐, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, {𝒗𝟏, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓, 𝒗𝟔, 𝒗𝟕, 𝒗𝟖, 𝒗𝟗, 𝒗𝟏𝟎}, {𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣9}} 

Thus 𝑖𝑛𝑡(𝑉(𝐻)) = {𝑣1, 𝑣10}, 𝑐𝑙(𝑉(𝐻)) = 𝑉(𝐺) and 𝑏(𝑉(𝐻)) = {𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣9} but 𝐼𝛼-

𝑖𝑛𝑡(𝑉(𝐻)) = {𝑣1, 𝑣3, 𝑣5, 𝑣10}, 𝐼𝛼-𝑐𝑙(𝑉(𝐻)) = 𝑉(𝐺) and 𝐼𝛼-𝑏(𝑉(𝐻)) = {𝑣2, 𝑣4, 𝑣6, 𝑣7, 𝑣8, 𝑣9}. 
 

Remark 5.2. 𝐼𝛼-𝑐𝑙(𝑉(𝐻)) ⊉ 𝑈𝑁(𝑉(𝐻)). 
 

Example 5.3. From Example5.1., if we take 𝑉(𝐺) = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣9, 𝑣10} and 

𝑉(𝐻) = {𝑣1, 𝑣3, 𝑣5, 𝑣10}, then 𝑈𝑁(𝑉(𝐻)) = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣9, 𝑣10}. Take 𝐼 = {∅, {𝑣3}}, 

then 𝐼𝛼-𝑐𝑙(𝑉(𝐻)) = 𝑉(𝐺). 
 

Remark 5.4.  𝑁𝑒𝑔𝑅(𝑉(𝐻)) ⊉  𝐼𝛼-𝑒𝑥𝑡(𝑉(𝐻) ). 
 

Example 5.5. From Example5.1., if we take 𝑉(𝐺) = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣9, 𝑣10} and 

𝑉(𝐻) = {𝑣1, 𝑣3, 𝑣5, 𝑣10}, then 𝑁𝑒𝑔𝑁(𝑉(𝐻)) = {𝑣6, 𝑣7, 𝑣8}. Take 𝐼 = {∅, {𝑣3}}, then 𝐼𝛼-

𝑒𝑥𝑡(𝑉(𝐻)) = ∅. 
 

Remark 5.6. 𝐼𝛼-𝑖𝑛𝑡(𝑉(𝐻)) ⊉ 𝐿𝑅(𝑉(𝐻)). 
 

Example 5.7. From Example5.1., if we take 𝑉(𝐺) = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣9, 𝑣10} and 

𝑉(𝐻) = {𝑣1, 𝑣3, 𝑣5, 𝑣10}, then 𝐿𝑁(𝑉(𝐻)) = {𝑣1, 𝑣10}. Take 𝐼 = {∅, {𝑣3}}, then 𝐼𝛼-

𝑖𝑛𝑡(𝑉(𝐻)) = {𝑣1, 𝑣3, 𝑣5, 𝑣10}. 
 

6.  CONCLUSION 

 

The field of mathematical science which goes under the name of topology is concerned 

with all questions directly or indirectly related to continuity. Therefore, the theory of nano 

topology is one of the most important subject in topology. On the other hand, topology plays 

a signi_cant rule in quantum physics, hight energy physics. Thus, we study the approximations 

of some structues by a relation which may have possible applications in quantum physics and 

superstring theory. 
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