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ABSTRACT 
 
In this note the theory of NP-Completeness has been applied to 
determine the computational complexity of the harmonious graph 
labelling scheme and proves it to be NP-Complete.  
 

INTRODUCTION  
 

 The subject of computational 
complexity and development of algorithms 
is a closely related one. It is desirable to 
know the computational complexity status of 
a problem in order to develop its suitable 
algorithm. Stephen Cook1 laid the foundation 
of the theory of NP-Completeness. Garey 
and Johnson2 have given a detailed treatment 
of the theory of NP-Completeness. It also 
gives proof techniques to deduce complexity 
of  new problems. A problem is said to 
belong to NP (NP stands for nondeterministic 
polynomial) if given a candidate solution it 
is possible to determine in polynomial time 
whether the candidate solution is in fact an 
actual solution.  A computer algorithms is 
normally considered to be nondeterministic. 
Krishnaa4 has developed computer algori-
thms and software to check the existence of 
the major kinds of  graph labeling schemes 
namely harmonious, felicitous, sequential, 
graceful, magic and antimagic.  
         According to Garey and Johnson2, in 
the theory of NP_Completeness which is 

used in the studies of computational 
complexity, a problem is a question to ask 
and an instance of a problem is the input to 
which a decision problem gives the answer 
in YES/NO. The theory of NP-completeness 
is designed to apply only to decision 
problems, which give answer in YES/NO 
only. Let us look at some of the concepts 
discussed in this book. If f(n) is the 
maximum number of operations required by 
an algorithm on any problem instance of size 
n then the algorithm is said to be efficient or 
polynomial time. A problem is said to 
belong to NP if given a candidate solution, it 
is possible to determine in polynomial time 
whether the candidate solution is in fact an 
actual  solution.  The origin of candidate 
solution is immaterial. Rather, all that is 
needed is to verify in polynomial time, 
whether or not the candidate solution is a 
true solution (the answer is of the type 
YES/NO). Class NP problems includes all of 
class P. Cook1 emphasised the polynomial 
reduction of one problem to another i.e., a 
polynomial time algorithm for one problem 
can be converted to a corresponding 
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polynomial time algorithm for the other 
problem. Class P or P problems can be 
solved by polynomial time algorithms and 
emphasized these Class NP or NP problems 
which can be solved in polynomial time. 
       In the present work the theory of 
NP-Completeness has been applied to the 
harmonious graph labelling scheme to prove 
that it is NP-Complete using the theory 
given in Garey and Johnson2.  
      Class P problems are contained in 
class NP since every decision problem 
solvable by a polynomial time deterministic 
algorithm is also salvable by a polynomial 
time nondeterministic algorithm. So we get  
 

π∈P ⇒ π∈NP      (1) 
 
       Garey and Johnson2 have given 
following lemmas for proving the NP-
Completeness for decision problems: 
 
Lemma 1: If  L1α L2 then L2 π∈P implies L1 
∈ P 

π∈P  ⇔ P = NP     (2) 
 

Suppose π1 and π2 are two decision 
problems. The polynomial transformation 
for the decision problem π1 to π2 can be 
defined as a function f:Dπ1→Dπ2 fulfilling 
the following conditions: 
(i) f can be computed by a polynomial time 

algorithm       (3) 
(ii)  for all I∈ Dπ1, I∈ Yπ1⇔f(I) I∈ Yπ2;I is 

an instance, Y is the set of instances 
giving the answer YES. 
 

Lemma 2: If L 1α L2 and L2α L3 then L1α L3. 
 

The following lemma  gives 
definition of NP-Completeness which makes 

proving a new decision problem which is 
known to be NP-Complete. This lemma is 
for languages and can be used for decision 
problems as well. 

 
Lemma 3: L1 is NP-Complete and L1α L2 
⇒ L2 is NP-Complete ( L1 and L2 are 
languages and L1 transforms to L2) 

Therefore, the approach provided by 
the above lemma  to provide a decision 
problem π to be NP-Complete, the following 
needs to be shown: 

 
(i) π∈NP                   (4) 
(ii)  some known NP-Complete problem π’ 

transforms to π. 
 

Let us consider the well known 
Travelling Salesman Problem (TS) which is 
NP-Complete as given in Garey and 
Johnson2. 

 

INSTANCE: A finite set C={c1,…,cm} of 
cities, distance d(ci,cj) ∈ Z+  for each pair of 
cities   ci,cj ∈ C and a bound B ∈ Z+  (where 
Z+  denotes positive integers) 
 
QUESTION: Is there a “tour” of all the 
cities in C having total length no more than 
B i.e., an ordering <cπ(1),cπ(2),…,cπ(m)> of C 
such that  
i=m-1 
{ Σd(cπ(i),cπ(i+1)} + d(cπ(m),cπ(1)) ≤ B   ? 
i=1 
 

The tour starting at city cπ(1), visits 
each city in sequence and then returns 
directly to cπ(1) from the last city cπ(m). No 
city except the home city is visited twice.  
          Now we consider labelling of a graph 
G(V,E). Vertex labelling of a graph G is an 
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assignment f of labels to the vertices of G 
that induces a label exy for each edge 
depending on the vertex labels f(x) and f(y). 
Graphs provide the mathematical model to 
be used in a wide range of applications like 
astronomy, behaviour sciences, circuit 
design, communication network addressing, 
coding theory, x-ray crystallography etc. 
Harmonious labelling : Let G be a connected 
graph with q edges. A harmonious labelling 
of G is a one-one mapping 
 
                G:V(G)→Zq{0,1,…,q-1} 
 
     Such that the induced mapping 
g*(e)=(g(x)+g(y)) mod q for each edge xy ∈ 
E(G) is bijective. 
 
Repetition of one vertex label is allowed for 
trees.  
        

It is found that the harmonious 
labelling is NP-Complete. The proof makes 
use of the concept of lexicographic ordering 
given in Liu6. The twenty four permutations 
in lexicographic order for 4! are as follows : 
          

1234→1243→1324→1342→1423→1432→ 
2134→2143→2314→2341→2413→2431→ 
3124→3142→3214→3241→3412→3421→ 
4123→4132→4213→4231→4312→4321. 
 

The fifteen combinations in 
lexicographic order for 6C4 are given as 
follows : 
          
`1234→1235→1236→1246→1256→1345
→1346→1356→1456→2345→2346→2456
→3456. 
 
     Specialized software has been 
developed based on this for checking 

existence of graph labellings for the major 
graph labelling schemes namely 
harmonious, sequential, felicitous, graceful, 
magic and antimagic for any kind of graph 
in Krishnaa4. The computer programs and 
algorithms for generating permutations and 
combinations for any number n and any nCr 
in lexicographic order are given in Krishnaa 
A. and Dulawat5. It may be remembered that 
the computer results depend on the speed 
and memory of the computer used.  
 
Theorem: Harmonious labelling is NP-
Complete. 
 
Proof:  Let us formulate the harmonious 
graph problem as follows: 
 
Harmonious Graph:  
 
INSTANCE: Given a graph G(V,E), |V|=no. 
of vertices=p,|E|=q; with a given set of 
vertex labels being elements from {0,1,…q-
1} and the edge list. 
 

QUESTION : Is this labelling harmonious 
i.e., are all the q edge labels distinct with the 
edge labels given by (g(x)+g(y)) mod q 
being all elements from {0,1,…,q-1} 
appearing exactly once except in tree where 
repetition of one element is allowed and 
satisfying the bound  
     B=q(q-1)/2 ?  (B is the sum of 
integers 0,1,2,…,q-1).  
  

Draw the p cities as vertices of a 
graph. The distances between these vertices 
are the weights of the edges. The software in 
Krishnaa A.4 calculates permutations and 
combinations of vertex labels in 
lexicographic order for the vertex labelling 
schemes. When the edge label between two 
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vertices (cities) is calculated the software 
may be modified to store the distance 
(weight) between them. When all the edge 
labels are calculated the total sum of all the 
weights (distances) is given. A certain vertex 
may be assigned the home city and the 
vertex with the last vertex label calculated 
may be joined to this home city i.e., the 
distance/weight between these vertices may 
be stored. When all the  permutations, 
combinations are calculated then all the sum 
totals of the tours along with the minimum 
sum of weights(distances) / the existence or 
non-existence of harmonious labellings are 
given. Thus basically the same software can 
be used to solve both the travelling salesman 
problem as well as the harmonious graph 
problem. Thus this modified software is a 
nondeterministic computer algorithm which 
can solve the harmonious graph problem and 
also calculate the minimum length tour of 
the travelling salesman problem fulfilling 
the condition (i) of (4) of NP-Completeness. 
Also in other words a known NP-Complete 
travelling salesman problem transforms to 
the harmonious graph problem fulfilling the 
conditions (ii) of (4) of NP-Completeness. 
Thus both the conditions of NP-
Completeness are fulfilled by the 
harmonious graph problem. 

 

     Therefore, the harmonious graph 
problem or the harmonious labelling scheme 
is NP-Complete.  
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