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ABSTRACT
Motivated by the studies of grammatical formalism for picture generation in
two dimensional plane using polygons like triangle, square and hexagon, we have
considered equilateral triangles. In this paper we propose a new kind of P system
called linear equi-triangular array P system. We show that linear equi-triangular array
P system with two membranes has more generative power than linear equi-triangular
array P system with one membrane. We also introduce parallel linear equi-triangular
array P system and prove that parallel linear equi-triangular array P system with two
membranes is properly included in the family of linear equi-triangular array P system
with six membranes.
Keywords: Linear array, equilateral triangle, membrane computing.

1. INTRODUCTION
In the theory of formal languages various syntactic techniques have been developed
by researches to generate picture languages in two dimensional plane. Polygons like triangle,
square and hexagon have been used widely. Two variants of equi-triangular array grammar
has been recently introduced. Motivated by the structure of membranes and the working of
living cells, P system in the area of membrane computing was introduced by Paun (2000) 5,6.
The idea of P system and grammars for the generation of arrays1 and picture languages7 have
been studied.
In this paper we have studied the concepts of P system combined with one of the
variants of equi-triangular array grammar, namely, linear equi-triangular array grammar.
2. PRELIMINARIES
Definition 2.1
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(a) Et-tile: An equilateral triangle with unit side length is named as et-tile.
(b) Equi-triangular array: An equi-triangular array is a portion in the two dimensional plane
made of et-tiles joined together by a vertex and the mid-point of the edge.
Definition 2.2
A linear equi-triangular array grammar (LINet-AG) is a structure G = (N,T,P,S) where
N is a finite nonempty set of et-tiles labelled by nonterminal symbols, T is a finite nonempty
set of et-tiles labelled by terminal symbols and N∩T = ∅. An et-tile in N is labelled by the start
symbol S. The set P consists of linear rules of the following forms:

where A is a nonterminal symbol and a is a terminal symbol. Note that the first and the third
rules given above are in fact the rules of a regular et-array grammar. In the right side of the
rules, vertex to edge catenation of the et-tiles is done. Similar rules corresponding to each side
of the et-tile labelled A can be given. In an application of a rule of any of the forms mentioned
above, the et-tile with the circled label replaces the et-tile with the label A. For convenience,
sometimes we mention only the label of an et-tile instead of giving it as an equilateral triangle
with a label. Also the use of the circle surrounding a label is only for the purpose of indicating
how the rule is applied and is not retained after the application of the rule.
The linear et-array language of G, denoted by L(G) , consists of et-arrays such that
all the et-tiles are labelled by terminal symbols. The family of linear et-array language is
denoted by L(et-LIN).
3. LINEAR EQUI-TRIANGULAR ARRAY P SYSTEM
Definition 3.1
A linear equi-triangular array P system of degree m ≥ 1, is deﬁned as
Π = (V, T, µ, 𝐹1 , 𝐹2 ,…, 𝐹𝑚 , 𝑅1 , 𝑅2 ,…, 𝑅𝑚 , 𝑖0 ) , where V is the ﬁnite set of et-tiles, T ⊂ V is
the ﬁnite set of et-tiles, called terminal et-tiles, µ is a membrane structure with m labelled
regions, each having a distinct label taken from the set {1, …, m } ; 𝐹1 , 𝐹2 ,…, 𝐹𝑚 are ﬁnite
sets of et- arrays over V , with 𝐹𝑖 in the region i of µ; 𝑅1 , 𝑅2 ,…, 𝑅𝑚 are ﬁnite sets of linear
equi-triangular array grammar rules, with 𝑅𝑖 in the region i of the membrane structure µ. The
rules have target indications tar ∈ {here, out, in}. If the target is here, then the evolved etarray stays in the same region; if the target is in then the evolved et-array enters the immediate
inner region; if the target is out, the evolved et-array enters the immediate outer region; 𝑖0 is
the label of output region of µ. In a region, at a time only one rule, which is applicable to an
et-array in that region, is applied. A computation in the system is said to be successful if it
halts when no rule can be applied to the objects in the regions and the generated picture of an
et-array reaches the output membrane and is collected in the language of the system Π, denoted
by et-AL(Π).
We consider the evolution rules to be linear et-array grammar kind of rules mentioned
in definition 2.2.
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The family of all et-array languages generated by linear equi-triangular P systems of
degree at most m, is denoted by 𝑒𝑡𝐴𝑃𝑚 (LINet-AG).
We illustrate with an example. Here again, for convenience, we mention only the
labels of et-tiles.
Example 3.2
Consider a linear equi-triangular array P system Π1 , having 6 membranes and rules
of linear et-array grammar kind of rules given by Π1 = ({𝐴1 ,𝐴2 ,𝐴3 ,𝐴4 ,𝐴5 ,𝐴6 }, {a}, 𝜇,
𝐹1 ,𝐹2 , 𝐹3 , 𝐹4 , 𝐹5 , 𝐹6 ,𝑅1 , 𝑅2,𝑅3 , 𝑅4 ,𝑅5 , 𝑅6,6) where the membrane structure is
𝜇=[1 [2 ]2 [3 ]3 [4 ]4 [5 ]5 [6 ]6 ]1 . 𝐹1 consists of et-array initially present in region 1 as in Figure
3.3(A) and 𝐹2 , 𝐹3 , 𝐹4 , 𝐹5 and 𝐹6 are all empty indicating that they have no initial et-arrays. The
region 6 is the output region.
The set of rules are given by
𝑅1 = {(𝑟11,𝑖𝑛2 )(𝑟12 ,𝑖𝑛2 )} ; 𝑅2 = { (𝑟21,𝑖𝑛3 )(𝑟22,𝑖𝑛3 )};𝑅3 = { (𝑟31,𝑖𝑛4 )(𝑟32, 𝑖𝑛4 )}
𝑅4 = {(𝑟41 , 𝑖𝑛5 )(𝑟42 , 𝑖𝑛5 )}; 𝑅5 = {(𝑟51, 𝑖𝑛6 )(𝑟52, 𝑖𝑛6 )}; 𝑅6 = { (𝑟61,𝑜𝑢𝑡1 )(𝑟62,ℎ𝑒𝑟𝑒6 )}
→𝒓𝟏𝟏

→𝒓𝟏𝟐

→𝒓𝟐𝟏

→𝒓𝟐𝟐

→𝒓𝟑𝟏

→𝒓𝟑𝟐

→𝒓𝟒𝟏

→𝒓𝟒𝟐

→𝒓𝟓𝟏

→𝒓𝟓𝟐

→𝒓𝟔𝟏

→𝒓𝟔𝟐
Figure 1
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(A)

(B)
Figure 2

The derivation starts with the initial array 𝐹1 . The generation of the picture is carried
on by applying the rules 𝑟11 , 𝑟21 , 𝑟31 , 𝑟41 , 𝑟51 , 𝑟61 and the termination of the picture is done
using the rules 𝑟12 , 𝑟22 , 𝑟32 , 𝑟42 , 𝑟52 , 𝑟62 . The generated language consists of et-arrays in the
shape of a star. Thus this language is in the family 𝑒𝑡𝐴𝑃6 (LINet-AG).
Theorem 3.3
𝑒𝑡𝐴𝑃1 (LINet-AG)

𝑒𝑡𝐴𝑃2 (LINet-AG)

Proof

For proving proper inclusion, we consider a linear equi-triangular array P system Π2 ,
given by Π2 =({S,A,B},{a,b},𝜇,𝐹1 ,𝐹2 ,𝑅1 ,𝑅2 ,2) having rules that are linear et-array grammar
kind of rules, where the membrane structure 𝜇=[1 [2 ]2 ]1 consists of two membranes with
membrane labelled 2 inside the membrane labelled 1. 𝐹1 consists of an et-array initially present
in region 1 as in Figure 3.4(A) and 𝐹2 is empty indicating that the region with label 2 has no
initial et-array in it. The region 2 is the output region. The rule sets are given by:
𝑅1 = ((r1, in) (r3, in)) 𝑅2 = ((r2, out) (r4, here))
→𝒓𝟏

→𝒓𝟐

→𝒓𝟑

→𝒓𝟒
Figure 3
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(A)

(B)
Figure 4

The computation starts with the initial et-array in region 1.The application of the rule
r1 will generate et-array in upper part. Then the et-array moves to the region 2 as the target
indication is ‘in’. In region 2, the rule r2 is applied and the evolved et-array is sent to region 1
as the target indication is ‘out’. The process is repeated using the rules r1 and r2. In region 1
the growth is terminated using rule r3 and in region 2 the growth is terminated using rule r4.
The terminated et-arrays are collected in the output region 2.
The et-arrays are generated in such a way that there are equal number of tiles to the
upper and lower part of the tile ‘d’ as shown in Figure 4 (B). The generated language is in the
family 𝑒𝑡𝐴𝑃2 (LINet-AG). But this language does not belong to 𝑒𝑡𝐴𝑃1 (LINet-AG), since the
pattern of equal growth of et-arrays above and below the tile ‘d’, cannot be maintained.
Corollary 3.4
𝑒𝑡𝐴𝑃2 (LINet-AG) – L (et-Lin)
where
is the empty set.
Proof
The result follows from the construction of the proof of theorem 3.3 because the et-array
shown in Figure 4(B) which involves the number of triangles labelled ‘a’ and the number of
triangles labelled ‘b’ are equal in number. But this feature cannot be handled by linear equitriangular array grammar rules.
4. PARALLEL LINEAR EQUI-TRIANGULAR ARRAY P SYSTEM
Definition 4.1
A parallel linear et-array P system is a construct
Π = (V, T, µ, 𝐹1 , 𝐹2 ,…, 𝐹𝑚 , 𝑅1 , 𝑅2 ,…, 𝑅𝑚 , 𝑖0 )
where every term in the construct is the same as linear et-array P system. The rules applied are
linear et-array grammar kind of rules. The rules having the same target indication, ‘here’, ‘in’
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or ‘out’ are applied in a parallel manner. In a region, if the set of rules does not have the same
target indications then the computation does not take place and the et-array remains in the
same region.
The family of all array languages generated by a parallel linear et-array P system is
denoted by 𝑃𝑒𝑡𝐴𝑃𝑚 (LINet-AG).
Theorem 4.2
There exists an equi-triangular array language which is generated by a linear et-array P system
involving six membranes while it is generated in a parallel linear array P system with only two
membranes.
Proof
In example 3.2 we have constructed a linear equi-triangular array p system with 6 membranes
generating a language consisting of et-arrays in the shape of a star with six arms as shown in
figure 2(B).
To construct a parallel linear equi-triangular array P system Π2 = ({𝐴1 ,𝐴2 ,𝐴3 ,𝐴4 ,𝐴5 ,𝐴6 }, {a},
𝜇, 𝐹1 ,𝐹2 , 𝑅1 ,2) where the rules are ri1,ri2 where i= 1 to 6 , and 𝐹1 are same as in example 3.2.
𝐹2 is empty indicating the fact that there is no initial et-array in region 2. Membrane 2 is the
output membrane.
𝑅1 = {(𝑟11 ,here) (𝑟21 ,here) (𝑟31 ,here) (𝑟41 ,here) (𝑟51 ,here) (𝑟61 ,here) (𝑟12 ,in) (𝑟22 ,in)
(𝑟32 ,in) (𝑟42 ,in) (𝑟52 ,in) (𝑟62 ,in)}

Figure 5

For the rules 𝑟11 , 𝑟21 , 𝑟31 , 𝑟41 , 𝑟51 , 𝑟61 , when the target indication is ‘here’, the initial
et-array grows by one tile in all the six directions as rules applied are parallel in nature. The
process of applying the non-terminal rules with target indication ‘here’ is repeated to grow the
star shaped et-array to bigger size. We apply the rules 𝑟12 , 𝑟22 , 𝑟32 , 𝑟42 , 𝑟52 , 𝑟62 with target
indication ‘in’ to terminate the et-array and it is sent to region 2 in which the output is collected.
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Hence the language generated by this grammar 𝑃𝑒𝑡𝐴𝑃2 (LINet-AG) consists of et-arrays in
the shape of a star with six arms.
Thus we have proved that there exists an equi-triangular array language which is
generated by a linear et-array P system involving six membranes could also be generated by a
parallel linear et-array P system with only two membranes.
5. CONCLUSION
We have introduced a new model named linear equi-triangular array P system and
studied its generative power. The study of P system for one more variant of equi-triangular
array grammar named basic puzzle equi-triangular array P system is for future work.
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