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ABSTRACT 
 
       In this paper we propose an extension of the ABC matrix of undirected graph 
to mixed graph. The ABC matrix, which is a modified version of the classical 
adjacency matrix related to the ABC index, defined for an undirected graph. The 
objective of this work is twofold. First we study the spectral properties of this extension 
of the ABC matrix. Second we establish some results related to analogous graph energy. 
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1.  INTRODUCTION  
 

Chemical graph theory is the branch of mathematical chemistry which deals with the 
application of graph theory to solve various molecular properties. A molecular graph is a 
representation of a molecular structure by considering the atoms as vertices and the molecular 
bonds as edges. A topological index or molecular descriptor is a numerical value associated 
with chemical constitution for correlation of chemical compounds with various physio-
chemical properties (for example: boiling point, enthalpy of vaporization, stability and so on) 
or biological activities. In last few decades, thousands of topological indices were defined and 
studied based on degree, distance between the vertices etc. Some popular degree-based 
topological indices may be found in10. In a paper published in 1972, Trinajstić and Gutman9 
discussed the dependency of total electron π-energy of alternant hydrocarbons on molecular 
structure in the form of a graph G and found two terms that occur in its approximate 
expressions which are of the form: 
푀 (퐺) = ∑ (푑 + 푑 )	 	 ( )    
 

푀 (퐺) = ∑ 	푑 푑	 	 ( ) , 
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where 푑  is the degree of the vertex u in G. in case of mixed graph M it is the degree of u in 
the underlying graph of M. Immediately, they were proposed to measure the branching of 
carbon-atom skeleton8 for their proportional behaviour with the extent of branching. Few years 
later only, Balaban et al.,1 used the terminology first and second Zagreb indices' (more 
precisely Zagreb group indices) for M1 and M2 respectively and called them as topological 
indices.  Hence from this point of view, Randi푐́ or connectivity index (initially called as 
branching index) that was put forwarded by Milan Randi푐́ in 1975 in his paper titled 
“Characterization of molecular branching" is another topological index based on degree of 
vertices15. A general Randi푐́ index of a graph G is defined as follows: 
푅 (퐺) = ∑

( )	 	 ( )  . 
A relatively recent addition to the wide list of topological indices is the ABC index, proposed 
by Estrada et al.,4. The ABC index has proven to be a valuable predictive index in the study 
of the heat of formation in alkanes. The mathematical properties of this index were reported in 
numerous papers for reference one may consult2. The ABC index of a graph G is defined as follows: 

퐴퐵퐶(퐺) = ∑ 	 	 ( )  . 

 In 2005, Rodr횤́guez initiated the study of spectral properties of topological indices by 
associating weighted adjacency matrices to the indices16. Since then a reasonable number of 
works were reported on the study of spectral properties of the topological indices3,5,14,17,18. 
Recently Chen3 and Estrada5 communicated some results on ABC matrix, ABC energy and 
ABC Estrada index of graphs. In these studies researchers consider only undirected graphs, 
but in last few years some attempts are also published where the idea in extended to oriented 
as well as mixed graphs for Randi푐́ index6,13.  
 The Hermitian-adjacency matrix of a mixed graph M of order n is the n × n matrix 
H(M) = (hkl), where hkl = -hlk = i (i =√-1) if (vk, vl) is an arc of M, hkl = hlk = 1 if vkvl is an 
undirected edge of M, and hkl = 0 otherwise. Obviously, H(M) = H(M)∗ := 퐻(푀)T . Thus all 
its eigenvalues are real. This matrix was introduced by Liu and Li in12 and independently by 
Guo and Mohar in7. From the above we can see that if we add ABC weight to every edge and 
arc in M, then we can get a new weighted Hermitian-adjacency matrix. What are the properties 
of this new matrix? This motivates us to define the Hermitian-ABC matrix, 퐻 (푀) of a mixed 
graph M. Let us denote and arc 푣 → 푣  by (p, q) and an edge (undirected or both directed) 
푣 −푣 	표푟	푣 ↔ 푣 		by simply pq. The matrix 퐻 (푀) can be defined as follows: 

퐻 (푀) = (ℎ ) 	 =

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧푖

푑 + 푑 − 2
푑 푑

						푖푓	(푝, 푞)휖퐸(푀)

−푖
푑 + 푑 − 2

푑 푑
		푖푓	(푞,푝)휖퐸(푀)

푑 + 푑 − 2
푑 푑

								푖푓	푝푞	휖	퐸(푀)

										0														푂푡ℎ푒푟푤푖푠푒.
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In 1978, Gutman introduced the concept of graph energy11. Since then many extensions of this 
graph invariant have been proposed. In this paper we also define an extension of this graph 
invariant based on the eigenvalues of the above proposed Hermitian-ABC matrix. 
 The rest of the paper is organized as follows. In the next section we study the spectral 
properties of the Hermitian-ABC matrix. In section 3, we report some results on the first 
Hermitian-ABC energy. In section 4, conclusions are made. 
 
2. PROPERTIES OF THE HERMITIAN-ABC Matrix 
 

In this section first we analyze the matrix 퐻 (푀) in terms of its structure and spectral 
properties. It is clear that 퐻 (푀)	is	a	hermitian	matrix	and	if the graph M is undirected then 
퐻 (푀) = 푍(푀),	 where Z(M) is the symmetric matrix proposed by Chen et al., in3.  Again if 
M is an oriented graph 퐻 (푀) = 푖퐻 (푀), where 퐻 (푀) is a skew-symmetric matrix.  
 
Theorem 2.1: Let 퐻 (푀) be the Hermitian-ABC matrix of a mixed graph M and 푅 (푀 ) is 
the general Randi푐́ index of the underlying graph 푀 	of M for α= -1Then 
a) Trace(퐻 (푀)=0. 
b) If 푀  be the underlying graph of M and 푀  is r-regular, then 퐻 (푀) = √  H(M). 
c) If λ1, λ2, λ3, …, λn be the eigenvalues of 퐻 (푀), then  
i. they are all real, also ∑ λ = 0. 
ii. ∑ λ = 2푛 − 4푅 (푀 ) and ∑ λ λ = 4푅 (푀 ) − 2푛. 
 
Proof: Expression (a) and (b) can easily be proved from the definition of the matrix 퐻 (푀). 
To prove the first result of (c) we can use the fact that 퐻 (푀) is Hermitian, and the eigenvalues 
of a Hermitian matrix are always real. And also ∑ λ = 푇푟푎푐푒 퐻 (푀) . 
 Again to prove the second result of (c), we use the fact that  
	∑ λ = 	푇푟푎푐푒(퐻 (푀) ). So, we have the following 

λ = 	 (ℎ 	) 	(ℎ 	)
∗ 

   = 2 ∑ (ℎ 	) (ℎ 	)( , ) 	 ( ) 	+ 2 ∑ (ℎ 	) (ℎ 	)	 	 ( )  
 In the above expression we have considered only those values of l and k for which 
either (l, k) or (k, l) is an arc, or lk is an edge. This is because, otherwise (ℎ 	) = 0, and it is 
not going to contribute anything to the summation. If (l, k)( or (k, l)) is an arc then  

(ℎ 	) = 푖  (or −푖 ). Again if lk is an edge, then  (ℎ 	) = . In all 

the cases it is easy to verify that (ℎ 	) (ℎ 	) = 	 . And hence  
 

∑ λ = 2	 ∑ 		 	 ( ) 	= 2 ∑ ( +
	
−

	
)	 	 ( ) =2(푛 − 2푅 (푀 )). 
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The last part (c) can be easily proved by using the identity (∑ λ ) = ∑ λ +  
∑ λ λ .  
 
Theorem 2.2: Let λ1, λ2, λ3, …, λn be the eigenvalues of 퐻 (푀) and λ = 푚푖푛  λ . Then  
	λ ≥ ( ( ))

( )
. 

 
Proof: We start with the identity that ∑ (λ − λ )= ∑ λ − 푛λ =−푛λ , as from 
Theorem 2.1(a) ∑ λ = 0. Squaring both sides we have, 
      ∑ (λ − λ ) + ζ = (푛λ ) , 
where ζ=∑ (λ − λ )(λ − λ ) is a non-negative number. Hence 
∑ (λ − λ ) ≤		푛 λ  
 ∑ λ + 푛λ ≤		푛 λ . 
Hence the result follows from Theorem 2(c).  
 
Theorem 2.3: Let λ1, λ2, λ3, …, λn be the eigenvalues of 퐻 (푀) and λ = 푚푎푥  λ . 
Then 

λ ≤	 ( )( ( )), 

equality holds iff 퐻 (푀) has at most two distinct eigenvalues. 
 

Proof: We know that ∑ λ = 0 and ∑ λ = 2(푛 − 2푅 (푀 )).  
Let λ = 	 λ .	Applying Cauchy-Schwarz inequality on the sets  
λ , λ , … , λ , λ , … , λ  and {1, 1, 1, … ,1}, each of these sets contains (n-1) elements. We 

have 

											( λ
,			

. 1) ≤	 (푛 − 1) 	 |λ |
,			

 

  λ  ≤ (푛 − 1)	(2(푛 − 2푅 (푀 )) − λ 	), 
On simplification we have the bound. 
 Equality of the bound is obtained iff  λ , λ , … , λ , λ , … , λ 	satisfies equality 
condition of Cauchy-Schwarz inequality i.e., λ = λ  = …=λ = λ =λ . Hence for 
equality only λ  can be different from the rest of the eigenvalues. Hence the theorem. 
Now we will give an expression of determinant and the characteristic polynomial of 퐻 (푀). 
To obtain the expression we first need to introduce some basic definitions. The value of a 
mixed walk W=v1v2…vk is W=	ℎ 	(W)= 	(ℎ 	) 		(ℎ 	) 		(ℎ 	) … 	 	(ℎ 	)( ) . A mixed 
walk is called positive (negative) if this value for that walk is positive (negative). For sign we 
will consider the sign of the value ignoring real or complex. Note that for one direction the 
value of a mixed walk or a mixed cycle is α, then for the reversed direction its value is 훼. If 
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each mixed cycle is positive (resp. negative) in a mixed graph M, then M is positive (resp. 
negative). A mixed graph M is called an elementary graph if every component of M is an edge, 
an arc or a mixed cycle, where every edge-component in M is defined to be positive. A real 
spanning elementary subgraph of a mixed graph M is an elementary subgraph such that it 
contains all vertices of M and all its mixed cycles are real.  
Now we will give two results which are similar to those in13. The proofs of these results are 
avoided because they are similar to the ones done by Lu et al., in13. 
 
Theorem 2.4: Let 퐻 (푀) be the Hermitian-ABC matrix of a mixed graph M of order n. Then 
det 퐻 (푀) = ∑ (−1) 2 푊(푀 ), 
where the summation is over all real spanning elementary subgraphs 푀 of M, r(푀 ) = n – 
c(푀 ), c(푀 ) denotes the number of components of 푀 , l(푀 ) denotes the number of negative 
mixed cycles of 푀 , s(푀 ) denotes the number of mixed cycles with length ≥ 3 in 푀 , 푊(푀 ) =

∏( , ) 	 	 ( )	 . 

 
Theorem 2.5: For a mixed graph M, if we consider the kth coefficients of 퐻 -characteristic 
polynomial to be ak, then 

(−1) 푎 = (−1) 2 푊(푀 ), 

where undefined symbols are as in theorem 2.4. 
 
Theorem 2.6: If M is a positive mixed graph, then 퐻 (푀)	spectrum of M and 푀  are same. 
 
Proof: It can be proved from the fact the for a positive graph M,  

(−1) 2 푊(푀 ) = (−1) ( )2 푊(푀 ) = (−1) ( )2 푊(푀 )	. 
 
3. HERMITIAN-ABC ENERGY 
 

Analogous to the graph energy proposed by Gutman, we define the Hermitian-ABC 
energy, 퐸퐻 (푀) of a mixed graph M as follows. If λ1, λ2, λ3,…, λn be the eigenvalues of 
퐻 (푀), then 퐸퐻 (푀) = ∑ λ . 
 
Lemma 3.1: Let M be a mixed graph of order n and λ1, λ2, λ3,…, λn be the Hermitian-ABC 
spectrum of 퐻 (푀). Then |λ | = |λ | = ⋯ = |λ | iff there exists some constant η, such 
that	 휆 = η for all p and 퐻 (푀) = η퐼 . 
 
Proof:  Given that λ1, λ2, λ3,…, λn is the Hermitian-ABC spectrum of 퐻 (푀). Then there exists 
a unitary matrix Ʋ such that  
Ʋ∗퐻 (푀)Ʋ = Ʋ퐻 (푀)∗Ʋ∗ = 푑푖푎푔(휆 , 휆 , 휆 , … , 휆 ). 
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Now if |λ | = |λ | = ⋯ = |λ |	then	clearly there exists some constant η, such that	 휆 = η 
for all p. Also (Ʋ∗퐻 (푀)Ʋ)(Ʋ∗퐻 (푀)∗Ʋ) = 푑푖푎푔(	|휆 | , |휆 | , … , |휆 | ). As 퐻 (푀)	is 
Hermitian, we can write the above expression as Ʋ∗퐻 (푀) Ʋ= η퐼 . From which the result 
follows.  
Now we establish some sharp bounds of 퐸퐻 (푀) and using Lemma 3.1 we can obtain the 
equality conditions for these bounds. 
 
Theorem 3.2: Let M be a mixed graph of order n, and λ1, λ2, λ3,…, λn be the Hermitian-ABC 
spectrum of 퐻 (푀).	If 휌=|det	((푀)) then  

2(푛 − 2푅 (푀 )) + 푛(푛 − 1)휌 /  ≤ 퐸퐻 (푀)≤ 2푛(푛 − 2푅 (푀 )), 
equalities hold iff there exists some constant η, such that	 휆 = η for all p and 퐻 (푀) = η퐼 . 
 
Proof: From Theorem 2.1(c), we know that ∑ |λ | = 2(푛 − 2푅 (푀 )). Now using 

Cauchy-Schwarz inequality we have ∑ λ . 1 	≤	 푛	 ∑ |λ |  = 2(푛 − 2푅 (푀 )). 

On the other hand	|퐸퐻 (푀)| = (∑ λ ) = ∑ |λ | + ∑ |λ λ |                      (3.1) 
Using AM-GM inequality, we can show that ∑ |λ λ |≥ n(n-1)	휌 /                (3.2) 
From expression (3.1) and (3.2) we have 2(푛 − 2푅 (푀 )) + 푛(푛 − 1)휌 /  ≤ 퐸퐻 (푀). 
 Now for equality in both the bounds we must have equality in the corresponding 
Cauchy-Schwarz inequality and AM-GM inequality. And in the both inequalities, equality 
holds iff |λ | = |λ | = ⋯ = |λ |.	Now using Lemma 3.1 we have the desired result.     
 
4. CONCLUSIONS 
 

In this paper we define a weighted Hermitian adjacency matrix which is an extension 
of the classical adjacency matrix for mixed graphs, corresponding to ABC index and then we 
study this matrix for its spectral properties. We establish few bounds of the novel extension of 
graph energy, we call it “Hermitian-ABC energy”. In future work we plan to study this matrix 
for oriented graphs for which we commonly define a skew symmetric matrix. The study of 
graph invariant analogous to Estrada index can be an interesting direction for future work. 
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